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New robust filtering algorithm and its application to
micro-electro-mechanical system-based inertial navigation

system/global positioning system
SHI Jing1, MIAO Ling-juan1, NI Mao-lin2

(1. Institute of Automation, Beijing Institute of Technology, Beijing 100081, China;
2. National Key Laboratory of Science and Technology on Space Intelligent Control,

Beijing Institute of Control Engineering, Beijing 100190, China)

Abstract: A new robust filtering algorithm is proposed for enhancing the system robustness to uncertain disturbances
and keeping a high accuracy. When the system is detectable and stabilizable, by introducing suitable filter gain matrix,
we develop an exponentially stable filter to restrain the impact from uncertain disturbances to estimation errors. The new
algorithm is verified offline with experimental data from an micro-electro-mechanical system-based inertial navigation
system/global positioning system integrated navigation system; results show that the system operates in a low calculation
complexity, but keeps a high accuracy in the presence of uncertain disturbances.
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,
. , MEMS–INS/GPS

.

2 (System description)
:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x(k + 1) = A(k + 1, k)x(k) + Bd(k)d(k),

y(k) = C(k)x(k) + Dd(k)d(k),

z(k) = L(k)x(k),

x(0) = x0,

(1)

: x(k) ∈ R
n , y(k) ∈ R

m

, z(k) ∈ R
p , d(k) ∈ R

nd

. , (1)
tk .

N
∧= [0 1 2 · · · n], (1)

d(k) ∈ L2[0, n]. ,
,

Bd(i)DT
d (j) = 0, i, j ∈ N. (2)

(1), :
, (C(k + 1), A(k +

1, k) , (A(k + 1, k), Bd(k)) ,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̂(k + 1) =

A(k + 1, k)x̂(k) + K(k + 1)[y(k + 1)−
C(k + 1)A(k + 1, k)x̂(k)],

ẑ(k) = L(k)x̂(k),

x̂(0) = x̂0.

(3)

x̃(k) = x(k)− x̂(k), (1) (3)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x̃(k + 1) =
(I − K(k + 1)C(k + 1))A(k + 1, k)x̃(k)+
(I − K(k + 1)C(k + 1))Bd(k)d(k)−
K(k + 1)Dd(k + 1)d(k + 1),
e(k) = L(k)x̃(k),

(4)
e(k) = z(k) − ẑ(k) .

‖ged‖∞ d(k) e(k)
H∞ , ∀k ∈ N

‖ged‖∞,[0,k] = sup
d∈L2[0,k]

k∑
i=0

‖e(i)‖2

‖e(0)‖2 +
k∑

i=0

‖d(i)‖2

. (5)

H∞ :

K(k),

‖ged‖∞,[0,k] < γ. (6)

3 (Main results)
(6) .

1 (1), (C(k + 1), A(k +
1, k) , (A(k + 1, k), Bd(k)) ,

K(k + 1) = P (k + 1, k)CT(k + 1)[C(k + 1) ·
P (k + 1, k)CT(k + 1) +

Dd(k + 1)DT
d (k + 1)]−1 (7)

,

P (k + 1, k) = A(k + 1, k)P (k)AT(k + 1, k) +

Bd(k)BT
d (k). (8)

P (k) � 0 Riccati :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

P (k+1) =A(k + 1, k)P (k)AT(k + 1, k)+
Bd(k)BT

d (k) − K(k + 1)·
[C(k + 1)P (k + 1, k)CT(k + 1)+
Dd(k+1)DT

d (k+1)]−1KT(k+1),
P (0) = I, K(0) = 0.

(9)
(4)⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Φ(k, i) =

k−1∏
j=i

[A(j + 1, j) − K(j + 1)·
C(j + 1)A(j + 1, j)],

Φ(k, k) = I, i � k − 1.

(10)

dk = col{x̃(0), {d(i)}k
i=0},

ek = col {e(i)}k

i=0 ,

ged(k) =

[gx̃(k, 0) gd(k, 0) · · · gd(k, k − 1)

−L(k)K(k)Dd(k)], (11)

gx̃(k, 0) = L(k)Φ(k, 0), (12)

gd(k, i) = L(k)Φ(k, i + 1)[I −
K(i + 1)C(i + 1)]Bd(i) −
L(k)Φ(k, i)K(i)Dd(i), (13)

K(0) = 0.

ek = Hed(k)dk, (14)
:

Hed(k) =

⎡
⎢⎢⎢⎢⎣

gx̃(0, 0) 0 0 0 · · · 0 0
gx̃(1, 0) gd(1, 0) −L(1)K(1)Dd(1) 0 · · · 0 0

...
...

...
... · · · 0 0

gx̃(k, 0) gd(k, 0) gd(k, 1) gd(k, 2) · · · gd(k, k − 1) −L(k)K(k)Dd(k)

⎤
⎥⎥⎥⎥⎦ . (15)
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(5) (14)

‖ged‖∞,[0,k] = ‖Hed(k)‖2. (16)

(11)−(13)

[ged(0) 0 ]gT
ed(j) = L(0)ΦT(j, 0)LT(j), (17)

[ged(j) 0 ]gT
ed(i)=L(j)(P (j) − 2K(j)Dd(j)·

DT
d (j)KT (j))ΦT(i, j)LT(i),

(18)

ged(i)gT
ed(i) = L(i)P (i)LT(i). (19)

(1) (C(k + 1), A(k + 1, k))
(A(k +1, k), Bd(k)) , (7) K(k
+ 1) A(k + 1, k) − K(k + 1)C(k + 1)A(k +
1, k) [11–13], , (16)−(19) ,

∃γ > 0,

‖ged‖∞,[0,k] = ‖Hed(k)‖2 < γ. (20)

.

1 (7) H∞
[8–10] , ,

.

4 MEMS–INS/GPS (Application
in MEMS–INS/GPS)

4.1 MEMS–INS/GPS (Mathematical
model of MEMS–INS/GPS)

MEMS–INS/GPS ,

x = (φE, φN, φU, VE, VN, VU, L, λ, h,

εx, εy, εz,∇x,∇y,∇z)T, (21)

: φE, φN, φU , VE, VN, VU

, L, λ, h

, εx, εy, εz ,
∇x,∇y,∇z .

ẋ(t) = Φ(t)x(t) + G(t)w(t), (22)

: Φ(t) G(t) 15 × 15 t

, w(t) .

INS GPS

y(t) =

[
VINS − VGPS

PINS − PGPS

]
= C(t)x(t) + v(t), (23)

: VINS VGPS INS GPS
; PINS PGPS INS GPS

; v(t) ; C(t) = [I6×6 06×9 ]
.

(22) (23) [14]
.

1.

1
Table 1 The parameters of gyro and accelerometer

20.3(◦)/h 50.1(◦)/h
5 × 10−3 g 5 × 10−3 g

4.2 (Experimental verification)

MEMS–INS/GPS
, .

1.

, ,
50.1(◦)/h∼100.3(◦)/h,
5×10−3 g∼5×10−2 g,

. , GPS
,

. : 0.2 m/s∼
0.6 m/s, 22 m∼38 m,

.

, 1. ,
, [10] H∞ (

H∞ ) 2, Kalman
3. 2 3

2000 .

(a)
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(b)

1
Fig. 1 Velocity errors and position ones by the proposed

algorithm

(a) H∞

(b) H∞
2 H∞

Fig. 2 Velocity errors and position errors by the H∞ filtering
algorithm

(a) Kalman

(b) Kalman

3 Kalman
Fig. 3 Velocity errors and position errors by the Kalman

filtering algorithm

1(a) 1(b) ,
0.3 m/s,

7 m. 2(a) 2(b) , H∞
0.4 m/s,

9 m. 3(a) 3(b)
, Kalman

1 m/s, 20 m.
1−3 ,

GPS ,
,

.

2 , 2000
, Kalman ,
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Kalman 0.00292 s, H∞
0.37804 s.

2 3
Table 2 Time for the three algorithms

H∞ Kalman

/s 0.48643 0.86447 0.48351

, 3 ,
Kalman , ; H∞

, ;
, Kalman

0.00292 s. ,
MEMS–INS/GPS

.

5 (Conclution)

.
,

H∞
, .

MEMS–INS/GPS
,

.
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