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Quasi-continuous higher-order sliding mode control for
attitudes of re-entry vehicle

FAN Jin-suo1, ZHANG He-xin1, ZHOU Xin1, LÜ Yong-jia2

(1. Department of Automation, The Second Artillery Engineering University, Xi’an Shaanxi 710025, China;
2. The Unit 96612 of Chinese People’s Liberation Army, Xuanhua Hebei 075100, China)

Abstract: We propose a quasi-continuous higher-order sliding mode control strategy for the re-entry vehicle in the
presence of parameter uncertainties and external disturbances. This attitude control system is divided into fast loop and
slow loop based on singular perturbation. The sign function is replaced by the norm-type switching function for the
continuous virtual control in the slow loop. The fast loop consists of the integral fast terminal sliding mode control, the
feedback control and the quasi-continuous higher-order sliding mode control. Theoretical analysis and simulation results
show strong robustness and weak chattering.

Key words: re-entry attitude control; norm-type switching function; quasi-continuous higher-order sliding mode; ro-
bustness.
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2 (Mathematical model
of re-entry vehicle)

(MIMO) . ,
(

,
),
. 3

,
, .

, Ω = [α β γ]T, ω =
[ωx ωy ωz]T, u = [δx δy δz]T,

Ω̇ = fs(Ω) + gs(Ω)ω + Δfs(Ω), (1a)

ω̇ = f(Ω, ω) + Δf(Ω, ω) + (g + Δg)u =

f(Ω, ω) + gu + d, (1b)

:

fs(Ω) = [−Y/(mv cos β) Z/(mv) 0]T,

gs(Ω) =⎡
⎣− cos α tanβ sin α tanβ 1

sin α cos α 0
1 − tanϕ cos γ tanϕ sin γ

⎤
⎦ ,

f(Ω, ω) =⎡
⎣ [(Iy − Iz)ωzωy + qSl2mωx

x ωx/v]/Ix

[(Iz−Ix)ωzωx+qSl2m
ωy
y ωy/v+qSlmβ

yβ]/Iy

[(Ix−Iy)ωxωy+qSl2mωz
z ωz/v+qSlmα

z α]/Iz

⎤
⎦ ,

g = qSl

⎡
⎢⎣mδx

x /Ix m
δy
x /Ix mδz

x /Ix

0 m
δy
y /Iy 0

0 0 mδz
z /Iz

⎤
⎥⎦ .

: x,y,z 3 ;
α, β, γ ; ωx, ωy, ωz

3 ; Ix, Iy, Iz

, ,
; δx, δy, δz 3

; Δfs(Ω), Δf(Ω, ω), Δg

, d .
[10].

3 (Basic
principle of quasi-continuous higher-order
sliding mode control)

,
; r σ = σ̇ = · · · =

σ(r−1) = 0 , .
,

,
[3].

SISO :{
ξ̇ = a(t, ξ) + b(t, ξ)u, ξ ∈ R

m, u ∈ R,

σ : (t, ξ) �→ σ(t, ξ),
(2)

: σ , u , a,

b, σ . r,

σ(r) = h(t, ξ) + g(t, ξ)u, g(t, ξ) �= 0, (3)

h(t, ξ) = σ(r)|u=0, g(t, ξ) =
∂σ(r)

∂u
.

:

0 < Km � ∂σ(r)

∂u
� KM, |σ(r)|u=0| � C, (4)

Km, KM, C > 0. (3)−(4)

σ(r) ∈ [−C, C] + [Km, KM]u (5)

.

1⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ϕ0,r = σ, N0,r = |σ|, ψ0,r = ϕ0,r/N0,r,

ϕi,r = σ(i) + βiN
(r−i)/(r−i+1)
i−1,r ψi−1,r,

Ni,r = |σ(i)| + βiN
(r−i)/(r−i+1)
i−1,r ,

ψi,r = ϕi,r/Ni,r .

(6)

β1, · · · , βr−1, α > 0,
(7) (2) r

σ = σ̇ = · · · = σ(r−1) = 0,
σ = σ̇ = · · · = σ(r−1) = 0 [3]:

u = −αψr−1,r(σ, σ̇, · · · , σ(r−1)). (7)

,
,

,
.

4 (Attitude
control design for re-entry vehicle)

, .

1 Δfs, d

‖Δfs‖ � ψ1, |di| � ψ2i, (8)

i = 1, 2, 3.

4.1
(Slow loop sliding mode control system

design based on norm-type switching function)
Ω

Ωc, ωc,
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, .
ωc ,
,

.

σ = Ωe, Ωe = Ω −Ωc

, ,
(1a)

σ̇ = fs + Δfs + gsω − Ω̇c. (9)

1 (1a) (8),
ωc (10) ,

,

ωc =−g−1
s (fs+μσ+ρ

σ√
σTσ+ε2

1

−Ω̇c), (10)

: μ = diag{μ1, μ2, μ3}, μi, ε1 > 0 ,
ρ .

Lyapunov :

V1 =
1
2
σTσ. (11)

(11) (9)

V̇1 = σTσ̇ = σT[fs + Δfs + gsω − Ω̇c]. (12)

(10)

V̇1 = σT[−μσ − ρ
σ√

σTσ + ε2
1

+ Δfs] =

−σTμσ − ρ
σTσ√

σTσ + ε2
1

+ σTΔfs �

−λmin(μ)‖σ‖2 − ‖σ‖( ρ‖σ‖√
σTσ + ε2

1

− ψ1),

(13)

λmin(μ) μ .
[9],

ρ = ηψ1, (14)

η > 1. (14) (13)

V̇1 � −λmin(μ)‖σ‖2 − ψ1‖σ‖( η‖σ‖√
σTσ + ε2

1

− 1),

(15)

,

‖σ‖ >
ε1√

η2 − 1
(16)

,

V̇1 � −λmin(μ)‖σ‖2, (17)

, ε1 η ‖σ‖ �
δ1, δ1 .

. .

4.2
(Fast loop control system design based

on higher-order fast terminal sliding mode func-
tion)

ω

ωc, .
,

.
, ,

, [11],
,

. ,
[12] 2.

2 ẋ=f(x), f(0)=
0. Lyapunov V (x) α > 0, β > 0

0 < γ < 1
1) V (x) ;

2) V̇ + αV + βV γ � 0.

,
x(0) = x0,

T (x0) � 1
α(1 − γ)

ln(
αV 1−γ + β

β
). (18)

2

s = ωe +
� t

0
(aωe + bωq/p

e )dτ, (19)

: ωe =ω − ωc , a=diag{a1, a2, a3},
b = diag{b1, b2, b3}, ai, bi > 0, p > q, p, q

, 0.5 < q/p < 1. , s =
ṡ = 0 , ω̇e + aωe + bωq/p

e = 0 . ωe

; ωe

, .

4.1 ,
:

u = ueq + us, (20)

ueq = −g−1(f + aωe + bωq/p
e − ω̇c +

θ

2
s), (21)

us =

−k
s̈+2(|ṡ|+|s|2/3)−1/2(ṡ+|s|2/3sgn s)

|s̈| + 2(|ṡ| + |s|2/3)1/2
, (22)

: k = diag{k1, k2, k3}, ki > 0 ; θ >

0 ; |s| = [|s1| |s2| |s3|]T.
(20)−(22) ,

.

Lyapunov

V2 =
1
2
sTs � 0. (23)

(20)−(22)
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V̇2 = sTṡ = sT(ω̇e + aωe + bωq/p
e ) = sT(f + gu + d + aωe + bωq/p

e − ω̇c − θ

2
s) =

−θV2 + sT(d − k
s̈ + 2(|ṡ| + |s|2/3)−1/2(ṡ + |s|2/3sgn s)

|s̈| + 2(|ṡ| + |s|2/3)1/2)
=

−θV2 +
3∑

i=1
sidi −

3∑
i=1

siki
s̈i + 2(|ṡi| + |si|2/3)−1/2(ṡi + |si|2/3sgn si)

|s̈i| + 2(|ṡi| + |si|2/3)1/2
. (24)

2 ,

V̇2 = −θV2 +
3∑

i=1
sidi −

3∑
i=1

kisisgn si
s̈isgn si + 2(|ṡi| + |si|2/3)−1/2(ṡisgn si + |si|2/3)

|s̈i| + 2(|ṡi| + |si|2/3)1/2
=

−θV2 +
3∑

i=1
ki|si|{disgn si

ki
−

s̈isgn si + 2
(ṡisgn si + |si|2/3)
(|ṡi| + |si|2/3)1/2

|s̈i| + 2(|ṡi| + |si|2/3)1/2
}. (25)

,
3∑

i=1
ki|si|{disgn si

ki
− (·)} .

(ṡisgn si + |si|2/3)
(|ṡi| + |si|2/3)1/2

� (|ṡi| + |si|2/3)1/2,

s̈isgn si � |s̈i|,

s̈isgn si + 2
(ṡisgn si + |si|2/3)
(|ṡi| + |si|2/3)1/2

|s̈i| + 2(|ṡi| + |si|2/3)1/2
� 1. (26)

3∑
i=1

ki|si|{disgn si

ki
− (·)} � −

3∑
i=1

ηi |si|,
(27)

ηi > 0.

ki{disgn si

ki
− (·)} � −ηi ⇒

disgn si − ki(·) � −ηi ⇒
disgn si � ki(·) − ηi. (28)

(26)

disgn si � ki − ηi. (29)

|d1|
|d1| < dmax

1 . (30)

η = min{ηi}, (25)(27)

V̇2 � −θV2 − ηsTsgn s, (31)

V̇2 + θV2 +
√

2η

2
V

1/2
2 � 0. (32)

k (32) .
(2) , s tr .

s s = 0, s = ṡ = 0,

ω̇e + aωe + bωq/p
e = 0. (33)

ωe ts

.

, [5] ,

, ,
, ; [6]

,
, ,

[6],
,

.

5 (Numerical simula-
tion and analysis)

.
V0 = 680 m/s, Ix = 650 kg · m2, Iy =

750 kg ·m2, Iz = 600 kg ·m2;
.

, 30%.
a b , ,

, ,
a = b = diag{0.2, 0.2, 0.2}; q p 0.5 < q/p <

1, q = 7, p = 9; ,

μ1 = μ2 = μ3 = 1.0, η = 5.0, ε1 = 0.1, θ = 2.1

1−4 .

1−2 ,
, ,

,
.



7 : 845

3 ,
,

,

, ,
; 4

,
, ,

.

1
Fig. 1 Tracking curve for the angle of attitude in

traditional sliding mode control

2
Fig. 2 Curve for the deflection of rudder in

traditional sliding mode control

3
Fig. 3 Tracking curve for the angle of attitude in

algorithm proposed

4
Fig. 4 Curve for the deflection of rudder in

algorithm proposed

6 (Conclusion)

,
.

,
; ,

;
,

,
,

, ;
, 30%

,
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