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Stochastic stabilization of sampled-data control systems based on
impulsive model with multiple input delays

TANG Bin, ZENG Qi-jie, ZHANG Yun
(Faculty of Automation, Guangdong University of Technology, Guangzhou Guangdong 510006, China)

Abstract: For a sampled-data control system with nonuniform sampling, the sampling interval sequence, which is
distributed in an interval, is described as a multiple independent identically distributed process. The closed-loop system
is transformed into an impulsive model with multiple input delays. By creating an appropriate discontinuous Lyapunov
functional and rationally exploiting the condition that the derivative of input delay equals 1 in all sampling intervals, we
derive a LMIs-based global mean-square asymptotical stability criterion based on free weight matrix approach. By using
regulatory factor technique and cone-complementary linearization method, we transform the controller design method to a
nonlinear optimization problem with LMI constraints, and an LMI-based iterative solution algorithm is given. Numerical
examples and experimental results demonstrate the advantages and effectiveness of our theoretic results.
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2 (Problem formulation)
:

ẋ(t) = Ax(t) + Bu(t), (1)

: x(t) ∈ R
nx , u(t) ∈ R

nu

, A B .

1 ,
{tk|0 � tk−1 < tk, k ∈

N}, k , t0 .

2
:

uc(t) = Kx(t), (2)

K .

1 u(t) = uc(tk), : tk � t <

tk+1, lim
k→∞

tk = ∞, uc(tk) tk

. 1−2,

ẋ(t) = Ax(t) + A1x(tk), t ∈ [tk, tk+1), (3)

A1 = BK.

t ∈ [tk, tk+1), η(t) = t − tk,
η̇(t)=1; ηk = tk+1−tk.

,
:

3 η̄ > 0

ηk < η̄, ∀k. (4)

4 [0, η̄) m

[η̄i−1, η̄i) , : i = 1, 2, · · · , m, η̄0 = 0, η̄m =
η̄; ηk [η̄i−1, η̄i)

P{ηk ∈ [η̄i−1, η̄i}=γi ,
m∑

i=1

γi =1.

πi(t) =

{
1, ηk ∈ [η̄i−1, η̄i),
0, ηk /∈ [η̄i−1, η̄i),

t ∈ [tk, tk+1),

E{πi(t)} = P{ηk ∈ [η̄i−1, η̄i)} =

lim
t→∞

1
t

� t

t1
πi(s)ds = γi.

, (3)
:

ẋ(t) = Ax(t) +
m∑

i=1

πi(t)BKx(t − hi(t)), (5)

hi(t) η(t) ηk ∈
[η̄i−1, η̄i). , η(t) i.i.d.

, η(t) ∈ {hi(t), i = 1, 2, · · · , m};
, (3)

ẋ(t) = Ax(t) + BKx(t − hi(t)),
πi(t). (5) ,

(3) t,
Kx(t − hi(t))

, .

, (5) Kx(t −
hi(t)) tik,k, : k

, ik ∈ {1, 2, · · · , m}
k , t2,k

k Kx(t − h2(t)). tik,k

,
. , h̄i(t) ∈ [η̄i−1, η̄i)

t hi(t) ,
h̄i Kx(t − hi(t))

, t �= ti,·,
dh̄i(t)

dt
= 0.

, :

1 ϕ : [−h, 0] → R
n [−η̄, 0]

, lim
θ→0−

ϕ(θ),
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. Θ ϕ ,
:

||ϕ||Θ = max
θ∈[−η̄,0]

|ϕ(θ)| + [
� 0

−η̄
|ϕ̇(s)|2ds]

1
2 ,

xt(θ) = x(t + θ), θ ∈ [−η̄, 0].

2 ε>0, δ(ε)>

0, E{‖xt1‖2
Θ} < δ(ε) E{‖x(t)‖2} < ε,

t > t1, (3) .
xt1 lim

t→∞
E{‖x(t)‖2} = 0,

(3) (GMSAS).

3

LV (t, xt, ẋt) =

lim
Δ→0+

1
Δ

E[V (t + Δ, xt+Δ, ẋt+Δ)−V (t, xt, ẋt)|Xt],

: E(·) · , Xt = {xt}.

3 (Main results)
(3) GMSAS

. (5),
GMSAS Lyapunov :

1 V : R×Θ×L2[−η̄, 0] →
R c1 > 0, c2 > 0, :

c1‖ϕ(0)‖2 � V (t, ϕ, ϕ̇) � c2‖ϕ‖2
Θ. (6)

V̄ (t) = V (t, xt, ẋt) (5)
xt , t �= tik,k ,

lim
t→t−ik,k

V̄ (t) � V̄ (tik,k).

c3 > 0, (5)

LV̄ (t) � −c3‖xt(0)‖2, (7)

(5) GMSAS.

t ∈ [tik,k, tik+1,k+1), (6)−(7)

E{c1‖x(t)‖2} � E{V̄ (t)} =

E{V̄ (tik,k)} −
� t

tik,k

c3||x(s)||2ds <

E{V̄ (tik,k)} � E{V̄ (t−ik,k)} <

E{V̄ (tik−1,k−1)} � · · · < E{V̄ (ti1,1)} =

E{V̄ (t1)} � E{c2‖xt1‖2
Θ}.

, ε > 0, δ(ε) =√
c1/c2 × ε, E{‖xt1‖2

Θ} < δ2(ε),
E{‖x(t)‖2} < ε. (5) ( )

.

V̄ (t) (7),
lim
t→∞

E{V̄ (t)}= V̄inf . , t �= t−ik,k

lim
t→∞

LV̄ (t) = V̄inf − V̄inf = 0.

0 � c3‖xt(0)‖2 � −LV̄ (t),

lim
t→∞

c3‖x(t)‖2 = 0,

lim
t→∞

E{‖x(t)‖2} = 0.

(5) ( ) . 1 .

1 , (3)
.

1 (1), (2)
1−4, P Ri,

Qi,1 Qi,2, Ni,1, Ni,i+1(i = 1, 2,

· · · , m), LMIs :

Ω1 + Π1Ω2Π
T
1 |hi(t)=0, i=1,2,··· ,m < 0, (8)[

Ω1 Π2

∗ Ω3

]
|hi(t)=η̄i, i=1,2,··· ,m < 0, (9)

:

Ω1 = Φ1 + Φ2 + ΦT
2 + Φ3 + Φ4,

Φ1 =

[
PA + ATP γ1PBK · · · γmPBK

∗ 0mnx×mnx

]
,

Φ2 = [
m∑

i=1

Ni − N1 · · · − Nm],

Ni = col{Ni,1 0nx×(i−1)nx
Ni,i+1 0nx×(m−i)nx

},

Φ3 =

⎡
⎣ m∑

i=1

−Qi,1 Φ31

∗ Φ32

⎤
⎦ ,

Φ31 = [Q1,1 − Q1,2 · · · Qm,1 − Qm,2],

Φ32 = diag{2Q1,2 − Q1,1, · · · , 2Qm,2 − Qm,1},

Φ4 =

⎡
⎣ m∑

i=1

(η̄i − hi(t)) (Qi,1A + ATQi,1) Φ41

∗ Φ42

⎤
⎦ ,

Φ41 = [Ξ1 · · · Ξm],

Ξj =
m∑

i=1

{γj(η̄i − hi(t))Qi,1BK + (η̄j − hj(t)) ×
AT (−Qj,1 + Qj,2)}, j = 1, 2, · · · , m,

Φ42 =

⎡
⎢⎣Ψ11 · · · Ψ1m

...
. . .

...
Ψm1 · · · Ψmm

⎤
⎥⎦ ,

Ψij = [γj(η̄i − hi(t))(−Qi,1 + Qi,2)BK +

γi(η̄j − hj(t))KTBT(−Qj,1 + Qj,2)],

i, j = 1, 2, · · · , m,

Ω2 = diag{Ω21, · · · , Ω2m},
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Ω2j =
m∑

i=1

(η̄i − hi(t))Ri,

Ω3 = diag{−h1(t)R1, · · · ,−hm(t)Rm},

Π1=

⎡
⎢⎢⎢⎢⎢⎢⎣

√
γ1A

T √
γ2A

T · · · √
γmAT

√
γ1K

TBT 0 · · · 0
0

√
γ2K

TBT · · · 0
...

...
. . .

...
0 0 · · · √γmKTBT

⎤
⎥⎥⎥⎥⎥⎥⎦,

Π2 = [h1(t)N1 · · · hm(t)Nm],

(3) GMSAS.

t ∈ [tik,k, tik+1,k+1),
Lyapunov :

V (t) = V1(t) + V2(t) + V3(t), (10)

:
V1(t) = xT(t)Px(t), (11)

V2(t) =
m∑

i=1

(h̄i − hi(t))ζT
i (t) ×[

Qi,1 −Qi,1 + Qi,2

∗ −2Qi,2 + Qi,1

]
ζi(t), (12)

V3(t) =
m∑

i=1

(h̄i − hi(t))
� t

t−hi(t)
ẋT(s)Riẋ(s)ds, (13)

: ζi(t) = col{x(t), x(t − hi(t))}, P ∈ R
nx×nx

Ri ∈ R
nx×nx , Qi,1 ∈ R

nx×nx

Qi,2 ∈ R
nx×nx , Qi,1 = QT

i,1, Qi,2 =
QT

i,2.

ξ(t) = col{x(t) x(t − h1(t)) · · · x(t − hm(t))}.
(5) ,

LV (t) = LV1(t) + LV2(t) + LV3(t), (14)

:
LV1(t) = E{2xT(t)Pẋ(t) |Xt } =

E{2xT(t)P (Ax(t) +
m∑

i=1

πi(t)BKx(t − hi(t))) |Xt } =

2xT(t)P (Ax(t) +
m∑

i=1

γiBKx(t − hi(t))), (15)

LV2(t) =

E{−
m∑

i=1

ζT
i (t)

[
Qi,1 −Qi,1 + Qi,2

∗ −2Qi,2 + Qi,1

]
ζi(t) +

2
m∑

i=1

{(h̄i − hi(t)) ×

ζT
i (t)

[
Qi,1 −Qi,1 + Qi,2

∗ −2Qi,2 + Qi,1

]
ζ̇i(t)|Xt}} =

−
m∑

i=1

ζT
i (t)

[
Qi,1 −Qi,1 + Qi,2

∗ −2Qi,2 + Qi,1

]
ζi(t) +

2
m∑

i=1

(h̄i − hi(t))ζT
i (t) ×⎡

⎣Ax(t) +
m∑

j=1

γjBKx(t − hj(t))

0

⎤
⎦ =

−
m∑

i=1

ζT
i (t)

[
Qi,1 −Qi,1 + Qi,2

∗ −2Qi,2 + Qi,1

]
ζi(t) +

2
m∑

i=1

(h̄i − hi(t))ζT
i (t) ×[

Qi,1A Δ1

(−Qi,1 + Qi,2) A Δ2

]
ξ(t), (16)

Δ1 = [γ1Qi,1BK · · · γmQi,1BK],

Δ2 = [γ1(−Qi,1 + Qi,2)BK · · ·
γm(−Qi,1 + Qi,2)BK],

LV3(t) =

E{−
m∑

i=1

� t

t−hi(t)
ẋT(s)Riẋ(s)ds +

m∑
i=1

(h̄i − hi(t))ẋT(t)Riẋ(t)|Xt} =

−E{
m∑

i=1

� t

t−hi(t)
ẋT(s)Riẋ(s)ds|Xt} +

E{
m∑

i=1

(h̄i − hi(t)){xT(t)ATRiAx(t) +

2
m∑

j=1

πj(t)xT(t)ATRiBKx(t − hj(t)) +

m∑
j=1

π2
j (t)x

T(t − hj(t))KTBTRiBK×

x(t − hj(t))}|Xt} =

−E{
m∑

i=1

� t

t−hi(t)
ẋT(s)Riẋ(s)ds|Xt} +

m∑
i=1

(h̄i − hi(t)) {xT(t)ATRiAx(t) +

2
m∑

j=1

γjx
T(t)ATRiBKx(t − hj(t)) +

m∑
j=1

γjx
T(t − hj(t)) KTBTRiBKx(t − hj(t))} .

(17)

– (3),
:

E{2ξT(t)Ni[x(t) − x(t − hi(t)) −� t

t−hi(t)
ẋ(s)ds]|Xt} = 0, i = 1, 2, · · · , m, (18)

:
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E{−2ξT(t)Ni

� t

t−hi(t)
ẋ(s)ds |Xt } �

hi(t)ξT(t)NiR
−1
i NT

i ξ(t) +

E{
� t

t−hi(t)
ẋT(s)Riẋ(s)ds |Xt }, i = 1, 2, · · · , m.

(19)

(14)−(19) ,
:

Ω = Ω1 + Π1Ω2Π
T
1 +

m∑
i=1

hi(t)NiR
−1
i NT

i < 0,

(20)

LV (t) � ξT(t)Ωξ(t) < 0 , LV (t) �
−λ‖x(t)‖2 < 0, λ = λmin(−Ω) < 0.

1 (3) GMSAS. (20)
hi(t), i = 1, 2, · · · , m , (20)

(8) :

Ω1 +
m∑

i=1

hi(t)NiR
−1
i NT

i |hi(t)=η̄i, i=1,2,··· ,m < 0.

(21)

Schur , (21) (9). 1
.

1 1

[η̄i−1, η̄i) γi,

1 , .

2 1 ηk

, 1 ηk

, ηk ∈ {η̄1, η̄2, · · · , η̄m},

πi(t) =

(
1, ηk = η̄i,

0, ηk �= η̄i,
t ∈ [tk, tk+1) .

E{πi(t)} = P{ηk = η̄i} = lim
t→∞

1

t

� t

t1
πi(s)ds = γi, i =

1, 2, · · · , m. 1 .

3 1

Lyapunov . ,

LMIs,

[4−6].

K , 1
LMI .

1 ,
.

2 (1), 1−4 λi,1

λi,2 (i = 1, 2, · · · , m),
X R̃i, Ñi,1, Ñi,i+1(i = 1, 2, · · · , m)

Y , LMIs :[
Ω̃1 Ω̃12

∗ Ω̃2

]
|hi(t)=0,i=1,2,··· ,m < 0, (22)

[
Ω̃1 Π̃2

∗ Ω̃3

]
|hi(t)=η̄i,i=1,2,··· ,m < 0, (23)

:

Ω̃1 = Φ̃1 + Φ̃2 + Φ̃T
2 + Φ̃3 + Φ̃4,

Ω̃12 = [
√

η̄1 − h1(t)Π̃1 · · ·
√

η̄m − hm(t)Π̃1 ],

Φ̃1 =

[
AX + XAT γ1BY · · · γmBY

∗ 0mnx×mnx

]
,

Φ̃2 = [
m∑

i=1

Ñi − Ñ1 · · · − Ñm],

Ñi = col{Ñi,1 0nx×(i−1)nx
Ñi,i+1 0nx×(m−i)nx

},

Φ̃3 =

⎡
⎣ m∑

i=1

−λi,1X Φ̃31

∗ Φ̃32

⎤
⎦ ,

Φ̃31 = [λ1,1X − λ1,2X · · · λm,1X − λm,2X],

Φ̃32 = diag{2λ1,2X − λ1,1X, · · · ,

2λm,2X − λm,1X},

Φ̃4 =

⎡
⎣ m∑

i=1

(η̄i − hi(t)) (λi,1AX + XATλi,1) Φ̃41

∗ Φ̃42

⎤
⎦ ,

Φ̃41 = [Ξ̃1 · · · Ξ̃m],

Ξ̃j =
m∑

i=1

γj{(η̄i − hi(t))λi,1BY +(η̄j − hj(t)) ×
XAT(−λj,1 + λj,2)}, j = 1, 2, · · · , m,

Φ̃42 =

⎡
⎢⎣ Ψ̃11 · · · Ψ̃1m

...
. . .

...
Ψ̃m1 · · · Ψ̃mm

⎤
⎥⎦ ,

Ψ̃ij = γj(η̄i − hi(t))(−λi,1 + λi,2)BY +

γi(η̄j − hj(t))Y TBT(−λj,1 + λj,2),

i, j = 1, 2, · · · , m,

Ω̃2 = −diag{Ω̃21, · · · , Ω̃2m},
Ω̃2j = diag{XR̃−1

j X, · · · , XR̃−1
j X︸ ︷︷ ︸},

j = 1, 2, · · · , m,

Ω̃3 = diag{−h1(t)R̃1, · · · ,−hm(t)R̃m},

Π̃1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

√
γ1XAT √

γ2XAT · · · √
γmXAT

√
γ1Y

TBT 0 · · · 0
0

√
γ2Y

TBT · · · 0
...

...
. . .

...
0 0 · · · √γmY TBT

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

Π̃2 = [h1(t)Ñ1 · · · hm(t)Ñm],

(3) GMSAS, K =
Y X−T.

Schur , (8)
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Ω1 Ω12

∗ Ω̄2

]
|hi(t)=0, i=1,2,··· ,m < 0, (24)

:

Ω12 = [
√

η̄1 − h1(t)Π̄1 · · ·
√

η̄m − hm(t)Π̄1],

Ω̄2 =

−diag{R−1
1 , · · · , R−1

1︸ ︷︷ ︸
m

, · · · , R−1
m , · · · , R−1

m︸ ︷︷ ︸
m

},

Π̄1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

√
γ1A

T √
γ2A

T · · · √
γmAT

√
γ1K

TBT 0 · · · 0
0

√
γ2K

TBT · · · 0
...

...
. . .

...
0 0 · · · √γmKTBT

⎤
⎥⎥⎥⎥⎥⎥⎦ .

Qi,1 = λi,1P, Qi,2 = λi,2P,

i = 1, 2, · · · , m,

X = P−1,

(24) diag{X,· · ·, X,︸ ︷︷ ︸
m+1

I,· · ·, I︸ ︷︷ ︸
m×m

}

, (9)
diag{X, · · · , X︸ ︷︷ ︸

2m+1

} ,

R̃i = XRiX
T, Ñi,1 = XNi,1X

T,

Ñi,i+1 = XNi,i+1X
T, i = 1, 2, · · · , m,

Y = KXT,

(22) (23). 2 .

4 1 , 2 ,

2 1 ,

.

2
, (22) −XTR̃−1

i X

,
LMI .

Zi(i = 1, 2, · · · , m) ,
XTR̃−1

i X > Zi. Schur :[
Z−1

i X−1

X−T R̃−1
i

]
> 0, i = 1, 2, · · · , m.

Z−1
i = Ui, R̃−1

i = Wi, i = 1, 2, · · · , m,

X−1 = H.

2
:

min tr {XH +
m∑

i=1

(ZiUi + R̃iWi)},

s.t. (22)−(23),

[
Ui H

HT Wi

]
> 0,

[
Ui I

I Zi

]
> 0,

(25a)[
Wi I

I R̃i

]
> 0,

[
H I

I X

]
> 0, (25b)

i = 1, 2, · · · , m.

(22) Ω̃2

Ω̃2 =

−diag{Z1,· · ·, Z1,︸ ︷︷ ︸
m

Z2,· · ·, Z2,︸ ︷︷ ︸
m

· · ·, Zm,· · ·, Zm︸ ︷︷ ︸
m

}.

,
.

1 2 :

1 (25) X0, H0, Zi,0, Ui,0,

R̃i,0, Wi,0, i = 1, 2, · · · , m, k = 0.

2 Xk, Hk, Zi,k, Ui,k, R̃i,k, Wi,k, i =
1, 2, · · · , m, :

min tr{XkH + XHk +
m∑

i=1

(Zi,kUi+

ZiUi,k + R̃i,kWi + R̃iWi,k)},
s.t. (25).

Xk+1 = X, Hk+1 = H, Zi,k+1 = Zi,

Ui,k+1 = Ui, R̃i,k+1 = R̃i, Wi,k+1 = Wi,

i = 1, 2, · · · , m.

3 (22) (23) ,
K = Y X−T, ; (22) (23) ,

, k = k + 1, 2;
, .

4 (Numerical examples)

.

1 :

ẋ(t)=

[
0 1
0 −0.1

]
x(t)+

[
0

0.1

]
u(t), u(t)=Kx(t),

K = [−3.75 − 11.5].

m = 1 , 1 (MASI)
1.7199, 1 [9, 12, 14, 17–19]

1(m = 1) MASIs. 1 ,
, 1

. [4–6],
1.729, 1.72 1.7294,
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1 .

1
Table 1 Comparison of maximum allowable sampling

intervals for different theoretic results

[9] [12] [14] [17]

MASIs 0.8695 1.0081 1.3659 1.3277

[18] [19] 1(m = 1)

MASIs 1.69 1.6907 1.7199

2 m = 3, η̄1 = 0.5, η̄2 = 1.0
MASIs. 2 : γ1 =0.1

, MASI γ2 ; m=1
,

MASIs, .

1 , 2
,

, 1 ,
x(t0) = [−5; 5]. 1

2 2 , η̄1 = 0.5, η̄2 = 1.0, η̄3 =
1.97, γ1 = 0.1, γ2 = 0.2, γ3 = 0.7,

1 ; 2
2 4 , η̄1 = 0.5, η̄2 = 1.0, η̄3 =

2.99, γ1 = 0.1, γ2 = 0.5, γ3 = 0.4,
1 . ,

,
1 .

2
Table 2 Maximum allowable sampling intervals under

different probability distributions

γ1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

γ2 0.1 0.2 0.3 0.4 0.5 0.6 0.7

γ3 0.8 0.7 0.6 0.5 0.4 0.3 0.2

MASIs 1.87 1.97 2.13 2.40 2.99 4.71 9.78

(a) 1

(b) 2

(c)

(d)

1
Fig. 1 Closed-loop state responses under nonuniform

sampling process

2 [10]:

ẋ(t) =

[
0 1
1 0

]
x(t) +

[
0
1

]
u(t), u(t) = Kx(t),

A .

m=1, λ11 =λ12 =−0.001 , 2
MASI 1.95, [10] 0.994,

K = [−1.0219 −1.0217].

m=3, λi,1 =λi,2 =−0.001(i = 1, 2, 3), η̄1 =
0.5, η̄2 = 1.0, 2

MASIs K, 3 .
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3
, 2
, x(t0) = [−5; 2]. 2

, 2 . 3
η̄1, η̄2 γi , 1 MASIs

( η̄3) 3.43 2.75, 2.88 2.59,
2 1 .

3
Table 3 Controller gains under different probability

distributions

(η̄1, γ1) (0.5, 0.3) (0.5, 0.2)
(η̄2, γ2) (1.0, 0.3) (1.0, 0.3)

(MASI, γ3) (2.88, 0.4) (2.59, 0.5)

K [–1.0354, –1.0328] [–1.0338, –1.0322]

(a) 1

(b) 2

(c)

(d)

2
Fig. 2 Closed-loop state responses under nonuniform

sampling process

5 (Experiment)
,

:⎡
⎣ ẋ1(t)

ẋ2(t)
ẋ3(t)

⎤
⎦ =

⎡
⎣ 0 0 −1
−10−10 0
0 −10−2

⎤
⎦

⎡
⎣x1(t)

x2(t)
x3(t)

⎤
⎦ +

⎡
⎣1

0
0

⎤
⎦ u(t).

m = 3, λi,1 = λi,2 = −0.001(i = 1, 2, 3),
2

K, 4 .

4
Table 4 Controller gains under different probability

distributions

(η̄1, γ1) (0.1, 0.2) (0.1, 0.2)
(η̄2, γ2) (0.2, 0.3) (0.2, 0.2)
(η̄3, γ3) (0.4, 0.5) (0.5, 0.6)

K [– 3.1712, – 0.1716, [– 2.1730, – 0.1872,
0.7237] 0.5221]

2 , NetCon
, 3

, ARM9 uClinux
,

4 .

3
Fig. 3 The framework of closed-loop control experiment

under nonuniform sampling process

4 4
, x(t0) = [1;−1; 5]

. 4 ,



7 : 907

,
, ,

2 .

(a) 1

(b) 2

(c)

(d)

(e)

4

Fig. 4 State responses of the closed-loop system

6 (Conclusion)
SDCSs

,
i.i.d. ,

Lyapunov ,

.
,

1 ,
.

.
.
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