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Backstepping method with PID gain tuning in diving control of
autonomous underwater vehicle

WANG Hong-jian1, CHEN Zi-yin1, JIA He-ming2, LI Juan1

(1. College of Automation, Harbin Engineering University, Harbin Heilongjiang 150001, China;
2. College of Mechanical and Electrical Engineering, Northeast Forestry University, Harbin Heilongjiang 150040, China)

Abstract: To deal with the problem of diving control for an autonomous underwater vehicle (AUV) in oceanographic
mapping survey, we propose a depth control method with PID gain tuning function. In designing the controller, the require-
ment of the higher order derivative of virtual control variable is eliminated by adopting the backstepping method based on
the feedback gain instead of the traditional backstepping method. Part of nonlinear terms is removed in the design of con-
troller parameters by using Lyapunov stability theorem, resulting in a linear controller which is composed of state variables
with PID gain tuning function. Robustness analysis is performed on the system which is uniformly ultimately bounded in
the presence of model uncertainties, external disturbances and measurement noises. Simulation results show the validity
and the effectiveness of the proposed controller.
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2 AUV (AUV model in diving
plane)

AUV ,
, AUV

ud.
:⎧⎪⎪⎨

⎪⎪⎩
ẇ =

1
mw

(muquq + dw),

q̇ =
1

mq

(dq + τq),
(1)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mw = m − Zẇ, muq = m − Zuq,

mq = Iy − Mq̇,

dw = Zuwuw + (W − B) cos θ + mzgq
2,

dq =

Muwuw + Muquq − mzgwq+

(zgW − zbB) sin θ,

: [w q]T , AUV
; m m(·) AUV

; Iy AUV y ; Z(·) M(·)
AUV ; zg zb

, W

B AUV ; τq

AUV .
:{
ż = −u sin θ + w cos θ,

θ̇ = q.
(2)

AUV w u

, {
ż = −u sin θ,

θ̇ = q,
(3)

: [z θ]T ,
AUV .

3 (Controller design)
: AUV

zd, .

Step 1 Lyapunov

V1 =
1
2
z2
e , (4)

ze = zd − z, (4) , (3) ,

V̇1 = zeże = ze(żd + u sin θ). (5)

, żd =0, z̈d =
0, α1

α1 = −c1ze, c1 > 0, (6)

(5)

V̇1 = −c1u
sin θ

θ
z2
e + u

sin θ

θ
zeθe, (7)

: θe =θ−α1, lim
θ→0

sin θ

θ
=1 , ∀θ∈

(−π

2
,
π

2
) ∃0 <

sin θ

θ
� 1 , c1u

sin θ

θ
> 0

.
Step 2 Lyapunov

V2 = V1 +
1
2
p1θ

2
e , (8)

p1 > 0. , (7)

V̇2 = −c1u
sin θ

θ
z2
e + u

sin θ

θ
zeθe + p1θeθ̇e =

−c1u
sin θ

θ
z2
e + p1θe(θ̇e +

1
p1

sin θ

θ
uze). (9)

(6)
θ̇e = θ̇ − α̇1 = q + c1u sin θ. (10)

(9)

V̇2 = − c1u
sin θ

θ
z2
e + p1θe(q + c1u sin θ+

1
p1

sin θ

θ
uze).

, θ = θe + α1,

V̇2 = −c1u
sin θ

θ
z2
e + p1θe(q + c1u

sin θ

θ
θe +

(
1
p1

− c2
1)

sin θ

θ
uze). (11)

(12) , c1 p1

, p1 =
1
c2
1

, (12)

V̇2 = −c1u
sin θ

θ
z2
e + p1θe(q + c1u

sin θ

θ
θe). (12)

α2

α2 = −c2θe, c2 > 0, (13)

(13)

V̇2 = −c1u
sinθ

θ
z2
e−c2p1(1− c1u

c2

sinθ

θ
)θe

2+

p1θeqe, (14)
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: qe = q − α2, c2 > c1u ,

1 − c1u

c2

sin θ

θ
> 0 .

Step 3 (8) Lyapunov :

V3 = V2 +
1
2
p2q

2
e , (15)

p2 > 0. (16) , (15)

V̇3 = −c1u
sin θ

θ
z2
e − c2p1(1 − c1u

c2

sin θ

θ
)θ2

e +

p2qe[q̇ + c2(q + c1usin θ) +
p1

p2

θe]. (16)

(1) (17),

τq = mq[−c3qe − c2(q + c1usin θ) − p1

p2

θe] − dq,

(17)

c3 > 0. (18) (17)

V̇3 = −c1u
sin θ

θ
z2
e − c2p1(1 − c1u

c2

sin θ

θ
)θ2

e −
c3p2q

2
e � 0. (18)

θ ∈ (−π

2
,
π

2
),

c1 > 0, c2 > c1u, c3 > 0, p1 =
1
c2
1

, p2 > 0

, (ze, θe, qe) = (0, 0, 0) , V̇3 = 0,
V̇3 < 0, (18)
(1) (3) [13].

(18)

τq = −k1q − k2θ − k3ze − (dq + mqc1c2usin θ),

(19)

: ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

k1 = mq(c2 + c3),

k2 = mq(c2c3 +
1

c2
1p2

),

k3 = mq(c1c2c3 +
1

c1p2

).

(20) ,
PID , 3
, ,

,
PID , 1
.

,
[13],

(21)−(23), .

ze = zd − z, (20)

z2 = sin θ − β1, (21)

z3 = q − β2, (22)

:

β1 = −k1ze, (23)

β2 =
1

cos θ
(β̇1 − uze − k2z2), (24)

k1 > 0, k2 > 0 .

τq = −mq[(k1u + k2 + k3)q + (k1u + k2) ·
qtan2 θ + (u + k1k2)qzesin θsec2 θ +

(u2 + k1k2u + k1k3u + k2k3)tan θ +

(k1k2k3 + k3u)zesec θ + sin θ cos θ +

k1zecos θ − dq]. (25)

(20) (26) ,
,

AUV PID
.

1 AUV

Fig. 1 Structure diagram of AUV diving control system

4 (Robustness analysis)
w

,
,

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ż = −usin θ + wcos θ,

θ̇ = q,

q̇ =
1

mq

(dq + τq) + Δq.

(26)

Δq :

|Δq| � γΔ + γw|w| + γq|q|, (27)

: γΔ > 0, γw > 0, γq > 0. (28) γΔ

, γw γq w q

.

AUV w ,
:

|w| � γ̄w + γ̄q|q|, (28)
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: γ̄w > 0, γ̄q > 0, γ̄w w q ,
γ̄q w q .

(16) , (15) (27)

V̇3 = −c1u
sin θ

θ
z2
e − c2p1(1 − c1u

c2

sin θ

θ
)θ2

e −

c3p2q
2
e − zew cos θ − 1

c1

θew cos θ +

p2qeΔq − c1c2p2qew cos θ. (29)

(30)

V̇3 � −d1z
2
e − d2θ

2
e − d3q

2
e + |w|(|ze||cos θ| +

1
c1

|θe|| cos θ| + c1c2p2|qe|| cos θ|) +

p2|qe||Δq|, (30)

:

d1 = c1u
sin θ

θ
,

d2 = c2p1(1 − c1u

c2

sin θ

θ
), d3 = c3p2.

q = qe + α2

|q| � |qe| + c2|θe|. (31)

(28)−(29) (32) (31)

V̇3 � −d1z
2
e − d2θ

2
e − d3q

2
e + l1|ze| + l2|θe| +

l3|qe| + n1|ze||θe| + n2|ze||qe| +
n3|θe||qe| + m1|θe|2 + m2|qe|2, (32)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

l1 = γ̄w| cos θ|, l2 =
1
c1

γ̄w| cos θ|,
l3 = p2(γΔ + γwγ̄w + c1c2γ̄w| cos θ|),
m1 =

c2

c1

γ̄q| cos θ|,
m2 = p2(γq + γwγ̄q + c1c2γ̄q| cos θ|),
n1 = c2γ̄q| cos θ|, n2 = γ̄q| cos θ|,
n3 =

c2p2(γq + γwγ̄q + c1c2γ̄q| cos θ|)+
1
c1

γ̄q| cos θ|.

(33)

, (33)

V̇3 � −d̄1z
2
e − d̄2θ

2
e − d̄3q

2
e + l1|ze| +

l2|θe| + l3|qe|, (34)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

d̄1 = d1 − n1

2
− n2

2
,

d̄2 = d2 − m1 − n1

2
− n3

2
,

d̄3 = d3 − m2 − n2

2
− n3

2
.

(35)

(35)

{(ze, θe, qe)||ze|� l1
|d̄1|

, |θe|� l2
|d̄2|

, |qe|� l3
|d̄3|

}.
(36)

(37) ,
(28) ,

,
, AUV

, AUV ,
γΔ, γw γq , c1,

c2, c3, p1, p2, ,

.

5 (Simlulation resluts and
analysis)

MATLAB/Simulink AUV
2 ,

AUV, 4.5 m, 1.2 m,
0.6 m, 2535 kg,

. (20) AUV ,
c1 = 0.08, c2 = 0.2, c3 = 20, p2 =

50; AUV ud = 1 m/s. 3
: 1)

; 2) ,

; 3) ,
PID .

2 AUV MATLAB/Simulink
Fig. 2 Strcuture diagram of AUV diving control system in

MATLAB/Simulink

5.1 AUV
(Simulation results of AUV depth control with
different initial conditions)
3−6 AUV

, zd = 15 m, 3

, ,
, , 4

; 5 AUV
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,
, ;

6 AUV ; 1
,

.

3 AUV

Fig. 3 AUV depth control response

4 AUV

Fig. 4 AUV depth control error curve

5 AUV

Fig. 5 AUV depth control input

6 AUV

Fig. 6 AUV states response curve

5.2 AUV
(Simulation results of AUV depth control with
different controller gains)

10% ,
AUV ,

1 .

1 AUV
Table 1 Gain parameters of AUV depth controller

c1 c2 c3 p2

1 0.1 0.2 20 100

2 0.05 0.2 20 50

7 ,
AUV , 1

, AUV ,
; 2

AUV ,
, ; 8

.

7 AUV

Fig. 7 AUV depth control response
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8 AUV

Fig. 8 AUV depth control input

5.3 AUV (Simulation results of
AUV diving control)

[z θ q w]T = [2 0 0 0]T.

, ( : m):

zd =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

10, 50 < t � 250,

15, 250 < t � 500,

25, 500 < t � 750,

10, 750 < t � 1000.

(37)

Δq = 2ε + 10|w| + 10|q|,
ε̇ + TEε = ω, (38)

: ω , TE = 2.

PID
, 9−12 ,

9 , AUV PID
,

, ,
; 10 AUV

,
; 11 12 AUV

AUV .

9 AUV

Fig. 9 AUV diving control response

10 AUV

Fig. 10 AUV diving control error curve

11 AUV

Fig. 11 AUV diving control input

12 AUV

Fig. 12 AUV states response curve

6 (Conclusions)
AUV

,
,

, AUV
,
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, PID ,
.

PID , ;

, ;
, .
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