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A global harmony search algorithm and its application to
inverse kinematics problem for humanoid arm

REN Zi-wu, WANG Zhen-hua, SUN Li-ning
(Robotics and Microsystems Centre, Soochow University, Suzhou Jiangsu 215021, China)

Abstract: The inverse kinematics (IK) problem of humanoid arm can be solved by using numerical optimization method,
which is essentially an equivalent minimization problem. The harmony search (HS) is a meta-heuristic optimization method
which mimics behaviors of music players in an improvisation process. To the best of our knowledge, there is very little
research work on HS for inverse kinematics problem of robot manipulator. In this paper, an effective global harmony search
algorithm (GHSA) based on the swarm intelligence is developed to solve the optimization problem. The GHSA combines
the particle swarm optimization (PSO) with HS, and adopts the PSO operation to produce new improvisation instead of
regular search rules of harmony search. The improvisation step based on the movement of harmony particles with self-
cognitive and swarm behavior in GHSA makes the algorithm strive for a well balance between the global exploration and
the local exploitation. Also, the GHSA performs the uniform mutation operation to get rid of the local optimum. The
experimental results of benchmark functions show that the GHSA algorithm greatly improves both the global optimization
performance and the reliability performance. Based on these, the 7-degree of freedom (7-DOF) redundant humanoid arm
is used as an example, and the end-effector error (position and orientation) and the comfortable level of the humanoid arm
constitute the fitness function of the GHSA. The proposed GHSA has been applied to solve the inverse kinematics problem
of the 7-DOF redundant humanoid arm; numerical simulation results demonstrate the effectiveness of this algorithm.
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; (genetic algorithm, GA)
,

,
[5].
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[15] [16–17]
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(global harmony search algorithm, GHSA),

,
,

;
.

GHSA (7–DOF)
,

.

2 (The principle and descrip-
tion of algorithm)

,
.

2.1 HS, IHS, GHS SGHS (HS, IHS, GHS
and SGHS algorithms)

2.1.1 (Harmony search (HS))
[6]

. HS ,
, .

n, HMS
(harmony memory size), x′

i =
(x′

1, x
′
2, · · · , x′

n)
.

(harmony memory considering rate, HMCR)
, 1–HMCR

, (1) :

x′
i =

{
x′

i∈{x1
i , x

2
i , · · · , xHMS

i }, rand(·)�HMCR,

x′
i ∈ S′, ,

(1)

S′ .
PAR ,

x′
i =

{
x′

i ± rand × bw, rand(·) � PAR,

x′
i, ,

(2)

: rand [0,1] , bw .
, ,

, . 1
.

1

Fig. 1 The principle of harmony search algorithm.

2.1.2 (Improved harmony
search (IHS))

PAR
bw , HS ,

,
. Mahdavi

(improved harmony search, IHS)[11],
:

PAR(k) = PARmin +
PARmax − PARmin

K
k,

(3)

bw(k) = bwmax exp((ln(
bwmin

bwmax

)/K)k), (4)

: K , k ,
PARmin PARmax

, bwmin bwmax

. IHS PAR bw

.
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2.1.3 (Global best har-
mony search (GHS))

, Omran
Mahdavi (global
best harmony search, GHS)[12],

,
xb = [xb

1 xb
2 · · · xb

n]

x′
i =

{
x′

i∈{xb
1 , x

b
2 , · · · , xb

n}, rand(·)�PAR,

x′
i, .

(5)

, GHS (3)
; (5)

.

2.1.4 (Self-
adaptive global best harmony search (SGHS))

GHS , Pan
(self-adaptive global best har-

mony search, SGHS)[18], GHS , SGHS
. GHS

xb ,
SGHS :

x′
i = xb

i , i = 1, 2, · · · , n, rand(·) � PAR. (6)

, SGHS (7)
:

x′
i = x′

i ± rand × bw, rand(·) � HMCR, (7)

x′
i ∈ {x1

i , x
2
i , · · · , xHMS

i }.

, SGHS
, bw

:

bw(k) =⎧⎨
⎩bwmax− (bwmax−bwmin) × 2k

K
, k<K/2,

bwmin, k�K/2.
(8)

(LP)
HMCR(PAR)

, HMCRm(PARm) 0.01(0.05)
[0.9, 1.0]([0.0, 1.0]) ,

HMCRm(PARm) 0.98(0.90);
,

HMCR(PAR).

2.2 (GHSA)
2.2.1 GHSA (The principle and

description of GHSA)
, HS
, ;

HS
,

,
. (PSO)[19]

,
,

, ,
. PSO

[19–20].
, PSO vi

[−vmax
i , vmax

i ] , vmax
i

,

vmax
i = k × xmax

i , 0.1 < k < 1.0. (9)

HS
, ,

(GHSA),
,

. HS , GHSA
HS :

1) GHSA Pm,
HMCR

PAR,
, bw

;

2) GHSA , ( )
, PSO

HMS ,
:

GHSA
For each i ∈ [1, n] do

d ∈ {1, 2, · · · , HMS}
vd′

i = w · vd
i + c1r1(pd

i − xd
i ) + c2r2(p

g
i − xd

i )
vd′

i = sgn vd′
i · min(abs(vd′

i ), vmax
i )

xd′
i = xd

i + vd′
i % position updating

If xd′
i > xmax

i

xd′
i = xmax

i

ElseIf xd′
i < xmin

i

xd′
i = xmin

i

End
If rand( ) < Pm then

xd′
i = xmin

i + rand( ) ∗ (xmax
i − xmin

i )
End

End
: xd

i d i , pd
i

d i , pg
i

g i , c1, c2

, c1 = c2 = 2, r1, r2 [0, 1] ,
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xmin
i , xmax

i ,
(9) .

:
GHSA ,

, ,
vd′

i , ;
,

,
, vd′

i ,
; GHSA

,
,

,
.

,
vd′

i ,
vd′

i ;
, [21],

:

wi = wmin + (wmax − wmin)
Ranki

HMS
, (10)

: wmin wmax w

, Ranki .
, GHSA

Pm

, [xmin
i ,

xmax
i ] [22],

x′
i = xmin

i + rand( ) ∗ (xmax
i − xmin

i ), (11)

, ,
,

.
3) GHSA ,

x′
i ,

.
HS , GHSA

HS :
HS GHSA

, HS
HMCR , GHSA

1 ;
HS GHSA

, HS
HMCR PAR

, bw, GHSA
1 , vd′

i ,
HS bw GHSA vd′

i

;

HS GHSA
, HS 1–

HMCR , GHSA
Pm ,

,
.

, GHSA :

1) GHSA , n,
HMS, w,

c1, c2, k

T ;

2)
;

3) PSO ;

4) , x′
i

;
5) T ,

, ; 3), .

2.2.2 (Benchmark function
tests)

(GHSA)
, (HS)[6]

(IHS)[11] (GHS)[12]

(SGHS)[18] ,
4 ,
: f1 Spherical , f2 Rosenbrock , f3

Rastigrin , f4 Ackley :

f1(x) =
n∑

i=1

x2
i , xi ∈ [−100, 100], (12)

f2(x) =
n−1∑
i=1

(100(xi+1 − x2
i )

2 + (xi − 1)2),

xi ∈ [−100, 100], (13)

f3(x) =
n∑

i=1

(x2
i − 10 cos(2πxi) + 10),

xi ∈ [−10, 10], (14)

f4(x) =−20 exp(−0.2

√
1
n

n∑
i=1

x2
i ) −

exp(
1
n

n∑
i=1

cos(2πxi)) + 20 + exp(1),

xi ∈ [−32, 32]. (15)

min fi = 0(i = 1, · · · , 4).
: n = 50,

T =70000; HMS=5;
HS, IHS GHS HMCR 0.90;
HS PAR=0.30, bw =0.01;
IHS GHS PARmin =
0.01, PARmax = 0.99; IHS



7 : 871

bwmin = 0.0001, bwmax = (xmax − xmin)/20;
SGHS HMCRm = 0.98,

PARm = 0.90, bwmin =
0.0005, bwmax =(xmax−xmin)/10, LP
= 100; GHSA Pm = 0.005,

(10) wmin =0.01, wmax =0.50,
k=0.25,

20 , 1 4
20 . 1 :

1) HS ,
,

;

,
.

2) 4 20
, GHSA

4 ; f1, f4 GHSA
20 4

;
.

3) 20
, GHSA

4 ,
GHSA .

1 5 20 ( n = 50, T = 70000)
Table 1 Results over 20 independent runs of five algorithms(dimension n = 50, generations T = 70000)

HS IHS GHS SGHS GHSA

2.0568E+02 1.8083E+02 2.4973E–05 1.6747E–08 4.0978E–19
3.4225E+02 2.9901E+02 8.1459E–01 6.9811E–03 6.1632E–18
5.5785E+02 4.3901E+02 9.3504 1.2840E–01 2.5307E–17

f1

8.5296E+01 7.0253E+01 2.0562 2.8689E–02 6.8839E–18

3.3401E+05 4.3442E+05 2.5389E+01 8.0946E+01 7.6859E–02
7.5784E+05 9.1835E+05 8.1562E+02 1.9302E+03 4.1511E+02
1.3086E+06 1.7121E+06 8.6427E+03 1.0070E+04 4.3180E+03

f2

2.9893E+05 3.3408E+05 1.9227E+03 3.3708E+03 9.8154E+02

3.9261E+01 5.2763E+01 4.2857E–03 9.9504E–01 8.8818E–15
5.4689E+01 6.2705E+01 1.5168 3.0807 9.9506E–02
6.5732E+01 7.0956E+01 7.6154 6.9647 9.9496E–01

f3

6.8370 5.0661 2.0506 1.7642 3.0620E–01

3.7460 3.7567 3.2288E–03 4.9279E–05 2.1651E–10
4.5187 4.4944 1.6644E–01 2.3812E–03 8.6453E–10
5.2861 5.2450 8.5898E–01 4.5927E–02 4.5216E–09

f4

3.6420E–01 3.3966E–01 2.0871E–01 1.0250E–02 9.3116E–10

2 HS, IHS, GHS, SGHS GHSA
4 20

. GHSA
4 , IHS,

GHS SGHS 3 HS
,

,
, ; GHSA

,
,

. 2
, GHSA ,
, 4 ,

, GHSA .
,

Rosenbrock ,
GHSA f2

.

,

, 5
T = 70000,
C = T × O(n),

O(n) .
GHSA

.
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(a) f1– Spherical

(b) f2– Rosenbrock

(c) f3– Rastigrin

(d) f4– Ackley

2 5 20
(n = 50, T = 70000)

Fig. 2 Average evolution curves over 20 independent runs of

five algorithms(n = 50, T = 70000)

(70000 ) , 5 ( f1 )

TSGHS(14.32 s) > TGHSA(13.09 s) >

TIHS(8.87 s) > THS(7.34 s) > TGHS(5.19 s),

IHS, HS GHS , GHSA
CPU ,

CPU
,

. GHSA
.

3 GHSA (7–DOF)
(Inverse kinematics problem for 7–

DOF humanoid arm using GHSA)
GHSA ,

,
.

3.1 (Kinem-
atics analysis of 7-DOF humanoid arm)

3
(HIT–ARM)

, : D, L1,
L2, L3,∑

w
[2]; 2 HIT–ARM

.

3 ( ) ( )
Fig. 3 Practical model (left) and joint model (right) of

7–DOF humanoid arm

3 , 7 a1∼a7
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⎪⎪⎪⎪⎪⎩

a1 = (0, 1, 0), a2 = (1, 0, 0),

a3 = (0, 0, 1), a4 = (1, 0, 0),

a5 = (0, 0, 1), a6 = (1, 0, 0),

a7 = (0, 1, 0).

(16)

7

q = (q1, q2, q3, q4, q5, q6, q7),

,
(pj ,Rj):

pj = pi + Ribj ,

Rj = RiRaj (qj),
(17)

: pi,Ri

; aj , bj

; Raj (qj) aj qj ,
Rodrigues [2]:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Raj (qj) =

exp{âjqj} = E + âj sin qj + â2
j (1 − cos qj),

â =

⎡
⎢⎣

ax

ay

az

⎤
⎥⎦
∧

=

⎡
⎢⎣

0 −az ay

az 0 −ax

−ay ax 0

⎤
⎥⎦ .

(18)

E .

2 7–DOF
Table 2 Joint range of 7–DOF humanoid arm

q1 q2 q3 q4 q5 q6 q7

/(◦) –120 –130 –170 –20 –130 –90 –60

/(◦) 40 10 90 120 130 90 60

p0,R0,
pi,Ri(i = 1, 2, · · · , 7),

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

R1 = R0 · Ry(q1), R2 = R1 · Rx(q2),
R3 = R2 · Rz(q3), R4 = R3 · Rx(q4),
R5 = R4 · Rz(q5), R6 = R5 · Rx(q6),
R7 = R6 · Ry(q7),

(19)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p1 = p0 + R0 · b1, b1 = [0 − D 0]T,

p2 = p1 + R1 · b2, b2 = [0 0 0]T,

p3 = p2 + R2 · b3, b3 = [0 0 0]T,

p4 = p3 + R3 · b4, b4 = [0 0 − L1]T,

p5 = p4 + R4 · b5, b5 = [0 0 − L2]T,

p6 = p5 + R5 · b6, b6 = [0 0 0]T,

p7 = p6 + R6 · b7, b7 = [0 0 0]T.

(20)

3.2 GHSA (7–DOF)
(Inverse kinematics solution for 7–DOF

humanoid arm based on GHSA)
GHSA (7–DOF)

, .

3.2.1 (Basic
ideas of inverse kinematics solution for hu-
manoid arm)

,
err,

qi(i = 1, 2, · · · , 7)
,

,
.

3.2.2 (The
fitness function selection for inverse kinemat-
ics numerical solution)

(p,R)
(pref ,Rref),

. 0
Δp = 0 ΔR = E .

,

. 3
HIT–ARM ,

(
)

.

μ =

max[| q1 − qmid
1

(qmax
1 −qmin

1 )/2
|,· · ·, | qi − qmid

i

(qmax
i −qmin

i )/2
|,

· · ·, | q7 − qmid
7

(qmax
7 −qmin

7 )/2
|], i=1, 2,· · ·, 7, (21)

: qmin
i , qmid

i qmax
i i

, μ

, μ > 1
.

, GHSA

min f(q) = err(Δp, ΔR) + α · μ, (22)

: q ,
(21) , α > 0 ,



874 29

;
err(Δp, ΔR) [2]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

err(Δp, ΔR) =

err(pref−p,RTRref)=‖Δp‖2+‖Δω‖2,

Δω = (ln ΔR)∨ =⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[0 0 0]T, ΔR = E,

θ

2 sin θ

⎡
⎢⎣Δr32 − Δr23

Δr13 − Δr31

Δr21 − Δr12

⎤
⎥⎦ , ΔR �= E,

(23)

:

ΔR =

⎡
⎢⎣Δr11 Δr12 Δr13

Δr21 Δr22 Δr23

Δr31 Δr32 Δr33

⎤
⎥⎦ , (24)

θ = arccos(
Δr11 + Δr22 + Δr33 − 1

2
). (25)

, α ,

.

4 (Simulation)
3 7–DOF ,

: D = 0.14m, L1 =
0.26m, L2 = 0.25m,

L3 = 0.14m;
, p0 = [0.00 0.14 0.00]T m,

R0 = E;
p8 = [0.25 0.14 − 0.25]T m, R8 =
Rrpy(π/2,−π/2, 0) = Rz(0)Ry(−π/2)Rx(π/2),

R7 = R8, (26)

p7 = p8 − R7 · [0 0 −L3 ]T =

[0.25 0 − 0.25]T, (27)

HS[6], IHS[11], GHS[12], SGHS[18]

GHSA 7–DOF
, . :

n=7; 2
7 qi(i = 1, 2, · · · , 7)

[−120◦, 40◦], [−130◦, 10◦], [−170◦, 90◦],

[−20◦, 120◦], [−130◦, 130◦], [−90◦, 90◦],

[−60◦, 60◦],

(22) α = 10−5;
T = 50000;

HMS = 7; HS, IHS GHS
HMCR 0.90; HS PAR =
0.30, bw = 0.01; IHS GHS

PARmin = 0.01, PARmax = 0.99; IHS
bwmin = 0.0001, bwmax = (xmax − xmin)/20; SGHS

HMCRm = 0.98,
PARm = 0.90, bwmin =

0.0005, bwmax = (xmax − xmin)/10,
LP = 100; GHSA Pm = 0.12,

(10) wmin = 0.01, wmax = 0.50,
k = 0.25, (22)

; HS[6],
IHS[11], GHS[12], SGHS[18] GHSA
10 , 3

10 .

3 10

Table 3 Results over 10 independent runs of
inverse kinematics problem for
7–DOF humanoid arm

HS 3.0108E–4 1.2813E–3 2.1508E–3 6.2001E–4
IHS 4.0206E–5 3.9845E–4 2.4668E–3 7.5645E–4
GHS 3.1471E–2 1.2420E–1 2.1103E–1 4.9980E–2

SGHS 1.2351E–4 1.2206E–3 6.4138E–3 2.3005E–3
GHSA 7.1646E–6 4.2629E–5 1.6827E–4 7.0254E–5

3 , GHSA
10

4
, GHSA

,
; 4 5

,
GHSA 7

.

4
Fig. 4 Average evolution curves of different algorithms on

inverse kinematics problem of humanoid arm
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GHSA 7–DOF
, 5 GHSA

f = 7.1646 × 10−6

, err(Δp, ΔR) =
1.1290× 10−6, μ = 0.6036,

q = [−0.7799 − 0.7846 0.0077 1.6100

0.9395 0.5034 − 0.5755]rad.

5 , GHSA
,

. 6
Adams . 6

,
,

.

5 GHSA

Fig. 5 Typical evolution curves of fitness value of GHSA

6
Fig. 6 Position and orientation of 7–DOF humanoid arm

configurations

(
1 ms

), GHSA
7–DOF

,
,

.

5 (Conclusion)
(GHSA),

,

,
;

.
4
.

GHSA
, “

” ,
,

.

, ;
,

.
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