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Stability analysis of characteristic model-based adaptive method for
a class of minimum-phase nonlinear system

WANG Yong
(Science and Technology on Space Intelligent Control Laboratory, Beijing Institute of Control Engineering, Beijing 100190, China)

Abstract: In the characteristic modeling theory, the closed-loop system composed of all-coefficient adaptive controller
is a complex hybrid system that can not be analyzed in the framework of traditional adaptive control theory, leaving the
stability analysis a long-time difficult problem to be solved. This paper investigates a class of minimum phase, single input
single output (SISO) nth-order nonlinear system with second relative degree, and proposes a systematic stability analysis
framework which transforms the higher order hybrid system to an indirect adaptive control problem with unmodeled dy-
namics and bounded, slowly varying parameters. Furthermore, this framework can be extended to more complex systems
such as the SISO, multi-input multi-output (MIMO), and infinite-dimensional minimum phase systems with higher relative
degree.
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put, SISO) (multi-input multi-output,
MIMO)
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2 (Preliminary and setup)
R, h

, . x(k) xk x

k , I , ρ(A) A .
, ‖x‖, ‖x‖F x

Frobenius .

,
, Nešić [3, 16–18],

.
: ẋ = f(x, u), f(x, u) x, u

Lipschitz , u(k) =

uh(x(k)), x(k + 1) =
F ex

h (x(k), uh(x(k))) x(k + 1) =
F eu

h (x(k), uh(x(k))),
.

1[16] ẋ = f(x, u)
u(k) = uh(x(k)),

1) f(x, u) x , R
n

X , Lx1, Lx2, h
∗
x > 0,

h ∈ (0, h∗
x), x, y ∈ X

‖f(x, uh(x)) − f(y, uh(y))‖ � Lx1‖x − y‖,
‖f(x, uh(x)) − f(y, uh(x))‖ � Lx2‖x − y‖.
2) Euler ;

.

1
,

[16] (3.87)(
[18] (39)):

‖F ex
h (x(k), uh(x(k))) − F eu

h (x(k), uh(x(k)))‖ � rh2‖x‖,
( [18] 2

1):

‖x(t)‖ � (
L1

L2
(eL2T∗ − 1) + 1)‖x(k)‖, t ∈ [kT, kT + T ),

α, λ > 0 ‖x(t)‖ � αe−λt‖x(0)‖.

3 (Problem statement)
2

:

ẋ = F(x) + G(x)u, y = h(x), (1)

: x ∈ R
n ; u ∈ R

n,
; F(x),G(x), h(x) ,

.
:

1 r = 2,
x ∈ R

n, LGLi
Fh(x) = 0, i = 0, · · · , r − 2,

LGLr−1
F h(x) �= 0, (1) Byrnes-Isidori

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ż1 = z2,

ż2 = π(z, ξ) + g(z, ξ)u,

ξ̇ = θ(ξ, z),
y = z1.

(2)

: ξ(t) = [ξ1(t) · · · ξn−r(t)]T ∈ R
n−r

, z(t) ∈ R
r .

2 .

3 π(z, ξ), θ(ξ, z) z, ξ Lipschitz
.

4 ,
g(z, ξ) > 0.
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2 1 2 ,

. 2

ξ̇ = θ(ξ, 0) ξ = 0

. 3 π(z, ξ) θ(ξ, z)

.

3.1 (All-coefficient adaptive
control law)

:

, ,

uk+1 = − 1
ĝk + λ

(l1f̂1,kyk+1 + l2f̂2,kyk), (3)

: 0 < l1, l2 � 1( l1 =
0.382, l2 = 0.618, ), λ

, f̂1,k, f̂2,k, ĝk k .
2

:
ŷk+2 = φT

k θ̂k, (4)

: φT
k = [yk+1 yk uk+1]T, θ̂k = [f̂1,k f̂2,k ĝk]T,

θ̃k = θk − θ̂k.

,
,

:⎧⎨
⎩ θ̂n,k+1 = θ̂k +

αφk(yk+2 − φT
k θ̂k)

1 + φT
k φk

,

θ̂k+1 = π[θ̂n,k+1].
(5)

: π[θ̂n,k] θ̂n,k Ds

, α (0 < α < 2).
,

:

5 φ (persistent excitation,
PE) .

, ,
5 .

4 .

4 (Characteristic modeling)
.

4.1 (Important lemma)
2 :

ẋ = f(t, x) + ϕ(t, x) + g(t, x)u, (6)

v̇ = f(t, v) + φ(t, v) + g(t, v)u, (7)

: f(t, x), g(t, x) , ϕ(t, x) ‖ϕ(t,

x)‖ �
� t

0
me−λ(t−s)‖x(s)‖ds, u ,

x∈ R
n, m > 0, λ > 0; v ∈ R

n, φ(t, v)

‖φ(t, v)‖ � m
√

c̃2

λ
√

c̃1

‖v‖, c̃2 � c̃1 > 0.

u, (7) (
) X1 ⊂ R

n , (6)
X1 .

.

3 ,

.

4.2 1: (Step 1: transformation)
1, (1) ,

n − 2 2 (2).
, D,

rξ > 0, {‖ξ‖ � rξ} ⊂ D , Lyapunov
V (ξ), ξ ∈ D c1, c2, c3, c4

c1‖ξ‖2 � V (ξ) � c2‖ξ‖2,

∂V

∂ξ
θ(ξ, 0) � −c3‖ξ‖2,

‖∂V

∂ξ
‖ � c4‖ξ‖,

3 θ(ξ, z) Lipschitz , Lz > 0
‖θ(ξ, z) − θ(ξ, 0)‖ � Lz‖z‖, V (ξ)

V̇ =
∂V

∂ξ
θ(ξ, 0) +

∂V

∂ξ
(θ(ξ, z) − θ(ξ, 0)) �

−c3‖ξ‖2 + c4Lz‖ξ‖‖z‖.
[19] 5.1 , W (t) =

√
V ,

V �= 0 , Ẇ = V̇ /(2
√

V )

Ẇ � −1
2

c3

c2

W +
c4Lz

2
√

c1

‖z‖.

V = 0 , D+W (t) � c4Lz

2
√

c1

‖z‖,

V (ξ),

D+W (t) � −1
2

c3

c2

W +
c4Lz

2
√

c1

‖z‖,
‖ξ(t)‖ �√

c2

c1

‖ξ0‖e−tc3/2c2 +
c4Lz

2c1

·
�

0

t

e−(t−τ)c3/2c2(|z1(τ)| + |z2(τ)|)dτ, (8)

‖z(τ)‖ � |z1(τ)| + |z2(τ)|.
‖ξ(t)‖ , ξ0,

p(t) =
√

c2

c1

‖ξ0‖e−tc3/2c2

qi(zi)=
c4Lz

2c1

� t

0
e−(t−τ)c3/2c2 |zi(τ)|dτ , i=1, 2.
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[20] 2.1 3,
ai(x) � 0, bi(x) � 0, c(x) � 0, i = 1, 2

|π(z, ξ)|� a1(z1) + a2(z2) + b1(q1(z1)) +

b2(q2(z2)) + c(p(t)), (9)

⎧⎪⎨
⎪⎩

ż1 = z2,

ż2 = π(z, ξ) + g(z, ξ)u,

y = z1

(10)

ξ(t).

, c(p(t)) bi(qi(zi))
:

1) c(p(t)).

p(t) z , c(p(t))
, .

, c(p(t)) ,
.

2) bi(qi(zi)).

bi(x) Lipschitz Lbi >0, i=1, 2

bi(qi(zi)) � c4LzLbi

2c1

� t

0
e−(t−τ)c3/2c2 |zi(τ)|dτ .

2,
LzLbic4c2

c1c3

√
c̃2√
c̃1

|zi(t)|(
) , c̃1, c̃2 > 0 (10)

Lyapunov . ai(x) Lipschitz
, Lai > 0 ai(zi) � Lai|zi|,
2, (9)

|π(z, ξ)| �

(La1 +
LzLb1c4c2

c1c3

√
c̃2√
c̃1

)|z1(t)| + (La2 +

LzLb2c4c2

c1c3

√
c̃2√
c̃1

)|z2(t)| + c(p(t)). (11)

, ,
(1) n−2 ( ) 2

( ) (2).
,

,
: ξ0 ,

,
c(p(t)); z

qi(zi). 2,
c4LzLbi

2c1

� t

0
e−(t−τ)c3/2c2 ·

|zi(τ)|dτ
LzLb1c4c2

c1c3

·

√
c̃2√
c̃1

|zi(t)|, .

, ,
2 (10) , 2,

(11) (10) ,
. ,

.

4.3 2: (Step 2: characteristic mod-
eling)

,
. :

1 h ,
, 1−5

, (1) 2
:

Yk+2 = f1,kYk+1 + f2,kYk + gkuk+1, (12)

:
1) ;
2) Ds:

Ds= {f1,k, f2,k, gk ∈ R,

|f1,k−2|<ε1(h, y), |f2,k+1|<ε2(h, y),

0 < ε3(h2, y) < gk < ε4(h2, y)},
: 0 < h � 1 εi : R → R

h, h2 .

4 h h

. h ↓⇒ εi ↓.

(10) ,
.

(10) 1 , 2
. :{

z1,k+1 = z1,k + hz2,k+1,

z2,k+1 = z2,k + hπ(zk, ξk) + hg(zk, ξk)uk.
(13)

f1(z)z1 + f2(z)z2 + d(p(t)) = π(z, ξ),

d(p(t)) p(t) ,
:⎧⎪⎨

⎪⎩
z1,k+1 = z1,k + hz2,k+1,

z2,k+1 =z2,k+hf1(zk)z1,k+hf2(zk)z2,k+

hg(zk, ξk)uk + hd(p(k)),

(14)

:

f1(z) =
(π(z, ξ) − d(p(t)))z1

z2
1 + z2

2

,
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f2(z) =
(π(z, ξ) − d(p(t)))z2

z2
1 + z2

2

,

(11)

|f1(z)| � La1 +
Lb1Lzc2c4

c1c3

√
c̃2√
c̃1

,

|f2(z)| � La2 +
Lb2Lzc2c4

c1c3

√
c̃2√
c̃1

,

|d(p(t))| � c(p(t)),

, (14) (13) ,
,

. d(p(k)) ,
, ,

. z1,k+1, z2,k+1 , z2,k+2

z1,k+2, Yk = z1,k, z1, u

:

Yk+2 = f1,kYk+1 + f2,kYk + gkuk+1,

:

f1,k = 2 + hf2(zk+1) + h2f1(zk+1),

f2,k = −1 − hf2(zk+1),

gk = h2d(zk+1, ξk+1).

f1 f2 d

, Ds, h � 1 h

εi,

|f1,k − 2| < ε1(h, y),
|f2,k + 1| < ε2(h, y),
0 < ε3(h2, y) < gk < ε4(h2, y).

.

[16−18], 1 ,
υ, (13) zeu

h,k+2 (10)
zex

h,k+2 :

‖zex
h,k+2 − zeu

h,k+2‖ � υh2‖z(k)‖. (15)

5 (Stability analysis)
,

, ,
,

. ,

.

5.1 3: (Step 3: stabil-
ity analysis of characteristic model)

, ,
.

2 h∗ > 0 λ h ∈
(0, h∗), , (3)

(5) (12) Ds

, .

:

1) .

(3) (12)

Yk+2 = (1−l1
gk

ĝk+λ
)f̂1,kYk+1+(1 − l2

gk

ĝk + λ
) ·

f̂2,kYk + f̃1,kYk+1 + f̃2,kYk,

Wk+1 = AkWk + ΔAkWk, (16)

:

Ak =

⎡
⎣ 0 1

(1−l2
gk

ĝk+λ
)f̂2,k (1−l1

gk

ĝk+λ
)f̂1,k

⎤
⎦ ,

ΔAk =

[
0 0

f̃2,k f̃1,k

]
, Wk =

[
Yk

Yk+1

]
,

f̃1,k = f1,k − f̂1,k, f̃2,k = f2,k − f̂2,k,

Wk+1 = AkWk ΔAkWk.
, (

[15] 1), λ Ak

r∗(0 < r∗ < 1) , r∗

ΔAk .

2) .

Ak D(0, r)– ,
ρ(Ak) < r∗, 0 < r∗ < 1,

Ds , λ

Ak .
Ds , Ds

, ‖Ak+1 − Ak‖ = O(h),
,

, [21]
2.4.1 Wk+1 =AkWk .

3) .

‖ΔAk‖ � ‖θ̃(k)‖,
(5) (10) ,
[15] , 5

( [15] 3)
, d(p(k)) ,

N∑
k=0

‖θ̃k‖2 � ε2(h, y)
�

+ c1ε
2(h, y)(N + 1) +
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c2

N∑
k=0

|d(p(k))|2 + c3h
4(N + 1).

d(p(k)) , [21]
2.6.2 X1

⊂ R
n . (

[15] 1) , X1 ,
. .

5.2 4: (Step 4: sta-
bility analysis of entire system)

,

, :

3 2 ,
1−5 (3)(5) (1)

.

:

1) (13)
.

2 z1,k+1 = z1,k+hz2,k+1 z2,k+1

, d(p(k)) , ξ0

, d(p(k))
, (14) .

, (13) .

2) (10)
. π(z, ξ) Lipschitz ,
1 2 1, (10)

.

3) , ,
, (

[22] 130), (2)
, (1) ,

, (1) .

4) [15] 3 (1),
θ̂ z1 (input-state stable,

ISS) , , z1 0, θ̂
. .

2 :

6 ISS , θ(ξ, z)
(ξ, z) Lipschitz , t .

ξ̇ = θ(ξ, 0) ξ = 0
.

,
:

1 2 , 1,

3−6 (1)
.

6 (Example)
:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ẋ1 = −2x1 sin x2 − 5x1 + (1 + 4 cos x1)x4,

ẋ2 = −x2 + sin x1

4x4

1 + x2
4

x2
3,

ẋ3 = x4,

ẋ4 = x3 − 2x2 − x2
2 cos(x1 + x4) + (1 + x2

2)u,

y = x3.

, 2,
ISS , , .

1 .

Lyapunov V1 =
1
2
(x2

1 + x2
2) ξ =

[x1 x2]T.
‖ξ‖:

V̇1 = x1(−2x1 sin x2 − 5x1 +

(1 + 4 cos x1)x4) + x2 +

(−x2 + sin x1

4x4

1 + x2
4

x2
3) �

−(x2
1 + x2

2) + 5|x1||x4| + 2x2
3|x2|.

4.1 1

‖ξ‖ � e−t‖ξ0‖ +
1
2

� t

0
e−(t−s)(5|x4| + 2x2

3)ds.

‖ξ‖2:

V̇1 � −3x2
1 +

5
2
x2

1 +
5
2
x2

4 − x2
2 + 2x2

3x2 sin x1 �

−0.5x2
1 − (1 − θ2)x2

2 + 2.5x2
4 + θ−2x4

3 �
−αV + 2.5x2

4 + θ−2x4
3.

α = min(0.5, 1 − θ2), 0 < θ < 1

‖ξ‖2 � e−αt‖ξ0‖2 +
� t

0
e−α(t−s)(5x2

4 + 2θ−2x4
3)ds.

2 .
‖ξ‖ ‖ξ‖2

ẋ4 =

x3 − 2x2 − x2
2 cos(x1 + x4) + (1 + x2

2)u �
x3 + 2‖ξ‖ + ‖ξ‖2 + (1 + x2

2)u =

x3 + 2e−t‖ξ0‖ +
� t

0
e−(t−s)(5|x4| + 2x2

3)ds +

e−αt‖ξ0‖2 +
� t

0
e−α(t−s)(5x2

4 + 2θ−2x4
3)ds +

(1 + x2
2)u.

2, 5|x4(t)| 5
� t

0
e−(t−s) ·

|x4(s)|ds, 2x2
3(t) 2

� t

0
e−(t−s)x2

3(s)ds,
5
α

x2
4 +

2
αθ2

x4
3

� t

0
e−α(t−s)(5x2

4(s) +
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2θ−2x4
3)(s)ds.

3 .

2e−t‖ξ0‖ e−αt‖ξ0‖2,

{
ẋ3 = x4,

ẋ4 = f1(x)x3 + f2(x)x4 + g(x)u,

:

|f1(x)| � 1 + 2|x3| + 2
αθ2

|x3
3|,

|f2(x)| � 5 +
5
α
|x4|,

g(x) = 1 + x2
2.

Yk+2 = f1,kYk+1 + f2,kYk + gkuk+1,

:

f1,k = 2 + hf2(xk+1) + h2f1(xk+1),

f2,k = −1 − hf2(xk+1),

gk = h2d(xk+1, ξk+1).

4 .

λ , ,
,

. D

,
x2, x3, x4 , , 3

,
h ,

h,Ds, λ ,
h ,

λ , r h

. 3

x2 = r sin θ cos ϕ,

x3 = r sin θ sin ϕ, x4 = r cos θ,

, ,

, r 0.5 , 0 20 , θ ϕ

π/4 , 0 π 2π ,

, .

r = 0.5 3 ,

x1 = 20, ,

r ,

, h = 0.1 s, h = 0.01 s
h = 0.001 s ,

,

.

1) h = 0.1 s. : f1,k ∈ [1.5, 2.5], f2,k ∈
[−1.5,−0.5], gk∈ [0.008, 0.012],

r = 0∼ 1.5 , r =
2 , x0 = [20.0000 1.4142 1.4142 0.0000]T

, 1 r = 2 ;

2) h=0.01 s. : f1,k ∈ [1.95, 2.05], f2,k

∈ [−1.05,−0.95], gk ∈ [0.0008, 0.0012],
r = 0 ∼ 5.5

, r = 6 , x0 = [20.0000 4.2426 4.2426
0.0000]T , 2 r = 6

;

3) h = 0.001 s, : f1,k ∈ [1.995, 2.005],
f2,k ∈ [−1.005,−0.995], gk ∈ [0.00008, 0.00012],

r = 0 ∼ 17
, r = 17.5 , x0 = [20.0000

17.5000 0 0]T , 3 r = 17.5
;

1−3 , ,

,

, ,

.
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1 h = 0.1 s
Fig. 1 System output when h = 0.1 s

2 h = 0.01 s
Fig. 2 System output when h = 0.01 s
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3 h = 0.001 s

Fig. 3 System output when h = 0.001 s

7 (Conclusions)

,
: 1)

,
ISS( ) ; 2) ,

,
; 3)

, ,

; 4) ,

, ,
; 5)

,
,

; 6)

.

,
,

,
.
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(Appendix)
1 u = u0 ẋ =

f(t, x) + g(t, x)u X1 , X1

Lyapunov V (t, x) c̃1, c̃2, c̃3, c̃4

c̃1‖x‖2 � V (t, x) � c̃2‖x‖2,

∂V

∂t
+

∂V

∂x
(f(t, x) + g(t, x)u0) � −c̃3‖x‖2,

‖∂V

∂x
‖ � c̃4‖x‖.

W (t, v)=V (t, v), v̇ = f(t, v)+g(t, v)u

. u=u0 + w (6) ,

V̇ =
∂V

∂t
+

∂V

∂x
(f(t, x) + g(t, x)u0) +

∂V

∂x
ϕ(t, x) +

∂V

∂x
g(t, x)w �

−c̃3‖x‖2 + c̃4‖x‖
� t

0
me−λ(t−s)‖x(s)‖ds +

∂V

∂x
g(t, x)w �

− c̃3
c̃2

V +
c̃4
c̃1

√
V

� t

0
me−λ(t−s)

√
V ds +

∂V

∂x
g(t, x)w. (A1)

� t

0
me−λ(t−s)

√
V ds,

� t

0
me−λ(t−s)

√
V ds =

� t

0
me−λ(t−s)(

� s

0

V̇

2
√

V
dr)ds+

� t

0
me−λ(t−s)

p
V (0)ds=

� t

0
(
� t

r
me−λ(t−s)ds)

V̇

2
√

V
dr+

� t

0
me−λ(t−s)

p
V (0)ds=

m

λ

� t

0

V̇

2
√

V
dr − m

λ

� t

0
e−λ(t−r) V̇

2
√

V
dr+

m

λ
(1 − e−λt)

p
V (0) =

m

λ

p
V (t)−m

λ
e−λt

p
V (0)−m

λ

� t

0
e−λ(t−r) V̇

2
√

V
dr�

m

λ

p
V (t) − m

λ

� t

0
e−λ(t−r) V̇

2
√

V
dr,

� t

0
me−λ(t−s) ‖x(s)‖ds :

� t

0
me−λ(t−s) ‖x(s)‖ds �

1√
c̃1

m

λ

„p
V (t) −

� t

0
e−λ(t−r) V̇

2
√

V
dr

«
�

√
c̃2√
c̃1

m

λ
‖x(t)‖ − 1√

c̃1

m

λ

� t

0
e−λ(t−r) V̇

2
√

V
dr.

, 1√
c̃2√
c̃1

m

λ
‖x(t)‖ . (A1)

V̇ � − c̃3
c̃2

V +
c̃4
c̃1

√
V

m

λ
(
p

V (t)−
� t

0
e−λ(t−r) V̇

2
√

V
dr) +

∂V

∂x
g(t, x)w �

− c̃3
c̃2

V +

√
c̃2√
c̃1

c̃4
c̃1

m

λ
V +

∂V

∂x
g(t, x)w−

c̃4
c̃1

√
V

m

λ

� t

0
e−λ(t−r) V̇

2
√

V
dr.

w (7) ,
c̃5 > 0

Ẇ = − c̃3
c̃2

W +

√
c̃2√
c̃1

c̃4
c̃1

m

λ
W +

∂W

∂v
g(t, v)w <

−c̃5W (t, v).

W (t, v) V (t, x) , (A1)

V̇ � −c̃5V − c̃4
c̃1

√
V

m

λ

� t

0
e−λ(t−r) V̇

2
√

V
dr.
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V̇ � −c̃V , c̃ > 0.
U̇ = −c̃U

U̇ = −c̃5U − c̃4
c̃1

√
U

m

λ

� t

0
e−λ(t−r) U̇

2
√

U
dr. (A2)

U̇ = −c̃5U − c̃4
c̃1

√
U

m

λ
e−λt(eλr

√
U |t0 − λ

� t

0
eλr

√
Udr).

U̇ = −c̃U U = e−c̃tU0

U̇ = − c̃5e
−c̃tU0 − c̃4

c̃1

m

λ
e−(λ+c̃/2)t·

(e(λ−c̃/2)t − 1 − λ
� t

0
e(λ−c̃/2)rdr)U0 =

− c̃5e
−c̃tU0 − c̃4

c̃1

m

λ
e−(λ+c̃/2)t(e(λ−c̃/2)t−

1 − λ

λ − c̃/2
e(λ−c̃/2)t +

λ

λ − c̃/2
)U0 =

− c̃5e
−c̃tU0 − c̃4

c̃1

m

λ
e−(λ+c̃/2)t·

(1 − λ

λ − c̃/2
)(e(λ−c̃/2)t − 1)U0 =

(−c̃5e
−c̃t +

c̃c̃4
2c̃1

m

λ
e−c̃t 1

λ − c̃/2
−

c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
e−(λ+c̃/2)t)U0 =

− (c̃5 − c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
+

c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
e−(λ−c̃/2)t)U.

λ − c̃/2 > 0

c̃5 − c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
+

c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
e(c̃/2−λ)t = c̃

(A3)

, U = e−c̃tU0 (A2) .

:

c̃5 − c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
= c, (A4)

U ′(c̃5). c̃5 > 0,
c̃ ∈ (0, 2λ) (A2) c̃.

U ′(c̃5) .

( [19]
3.5), , (A3) (A4)

c̃c̃4
2c̃1

m

λ

1

λ − c̃/2
e(c̃/2−λ)t λ − c̃/2 > 0 ,

U(c̃5) U ′(c̃5), c̃5 c̃ U ′(c̃5)
� U(c̃5). , V (c̃5) � U(c̃5), V (c̃5)

U = e−c̃tU0. (6)
, (6) , 1√
c̃2√
c̃1

m

λ
‖x(t)‖ . .

:
(1978–), , ,

, E-mail: wyongzju@163.com.
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