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Abstract: On the basis of our previous work on moving pattern-based modeling and control method for a class of
complex production processes, we propose using the interval number as the measure of the pattern class variable, and
develop a new modeling and control method of the moving pattern measured by the interval number. In this approach,
using K-means clustering algorithm, the long-time collection of patterns in operating conditions is clustered into C pattern
classes to build a scaled space of patterns. To describe the motion of patterns, we introduce the interval autoregressive
model with exogenous input (IARX). With the IARX model, we develop the control model and the control algorithm for
the pattern class variable. Practical experimental results are presented for demonstrating the validity and feasibility of the
proposed approach of modeling and control.

Key words: moving pattern; pattern moving space ; pattern class variable; interval ARX model; interval time series;
pattern recognition; modeling and control
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2 (Preliminary knowledge)
,

.

2.1 (Moving pattern based
modeling)
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2.2 (Definition of pattern
class variable)

1 {sx(t)} {mx(t)}
, dx(t)

:
mx(t) = T (sx(t)), (1)

dx(t) = F (mx(t)), (2)

: T (·) F (·)
, dx(t) .

, dx(t) :
1) ;
2) .

.

2.3 [14](Interval arithmetic)
: A = (ac,

ar), B = (bc, br), : ac ar A

, bc br B ,

ac = (al + au)/2, ar = (au − al)/2,

bc = (bl + bu)/2, br = (bu − bl)/2,

A B

A + B = (ac + bc, ar + br), (3)

A − B = (ac − bc, ar + br), (4)

λ · A = (λ · ac, |λ| · ar), (5)

λ . A = [al, au] au al

A = (ac, ar) ac ar

au = ac + ar, (6)

al = ac − ar. (7)

3 (Moving
pattern measured by interval number for
modeling)

,
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,
, ,

.
3.1

(Construction of pattern scale space
based on industrial data)

,
( )

, ,

. , K ,
C , : C

. 1
K

. ,
,

.
.

1

Fig. 1 Schema of construction of pattern scale space

3.2 (Interval number rep-
resentation of pattern class)

,
,

. ,
. ,

Pj pj
max pj

min,
pj
max pj

min [pj
min,

pj
max], [pj

min, p
j
max] Pj

.

3.3 (Measurement of pattern
class variable)

,
. ,

, ,
,

. t,
mx(t) j, j ∈ {1, 2, · · · , C}, C

,
t , dx(t)

[pj
min, p

j
max], [pj

min, p
j
max]

Pj . ,
,

.

3.4
(Pattern-class-variable-based dynamics de-

scription)
,

:

dx(k + 1) = F (dx̃(k + 1)) =

F (f(dx(k), · · · , dx(k − my), · · · ,

u(k − mu))), (8)

: dx(k) , u(k)
, F (·) . dx̃(k)

, dx̃(k) = f(·)
.

:

Step 1
dx̃(k) = f(·);

Step 2
, dx(k+1) =

F (dx̃(k + 1)).

3.4.1
(Construction of initial prediction model

based on pattern class variable)

, ARX (IARX).

2
(Y (k), u(k)), k = 1, 2, · · · , n, : Y (k)

, Y (k) = (Yc(k), Yr(k)), Yc(k) Yr(k)
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Y (k) , Yc(k), u(k)∈R, Yr(k) �
0, k = 1, 2, · · · , n, IARX :

Y (k) =

θ0 + θ1 · Yc(k − 1) + · · · +
θn · Yc(k − n) + θn+1 · u(k − 1) + · · · +
θm+n · u(k − m), (9)

: θ0, θ1, θ2, · · · , θm+n , θi = (θic,

θir), θic, θir θi , i =
0, 1, 2, · · · ,m + n, u(k) .

IARX ,
:

dx̃(k) =

θ0 + θ1 · dxc(k − 1) + · · · +
θn · dxc(k − n) + θn+1 · u(k − 1) + · · · +
θm+n · u(k − m), (10)

: u(k) , dxc(k−j) k−j

dx(k−j) , j = 1, 2, · · · , n, ,
k− j , dx(k− j) Ii = [IL

i , IU
i ],

dxc(k − j)
IL
i + IU

i

2
. θl = (θlc, θlr)

, θlc θlr θl ,
l = 0, 1, 2, · · · ,m + n. (3) (5), (10)

dx̃(k) =

θ0 + θ1 · dxc(k − 1) + · · · +
θn · dxc(k − n) + θn+1 · u(k − 1) + · · · +
θm+n · u(k − m) =

(θ0c, θ0r) + (θ1c, θ1r) · dxc(k − 1) + · · · +
(θnc, θnr) · dxc(k − n) +

(θ(n+1)c, θ(n+1)r) · u(k − 1) + · · · +
(θ(m+n)c, θ(m+n)r) · u(k − m) =

(θ0c + θ1c · dxc(k − 1) + · · · +
θnc · dxc(k − n) + θ(n+1)c · u(k − 1) + · · · +
θ(m+n)c · u(k − m),

θ0r + θ1r · |dxc(k − 1)| + · · · +
θnr · |dxc(k − n)| + θ(n+1)r · |u(k − 1)| + · · · +
θ(m+n)r · |u(k − m)|) =

(θT
c x(k) + θ(n+1)c · u(k − 1),

θT
r |x(k)| + θ(n+1)r|u(k − 1)|), (11)

:

θc = (θ0c, θ1c, · · · , θnc, θ(n+2)c, · · · , θ(m+n)c)
T,

θr = (θ0r, θ1r, · · · θnr, θ(n+2)r, · · · , θ(m+n)r)
T,

x(k) = (1, dxc(k − 1), · · · , dxc(k − n),

u(k − 2), · · · , u(k − m))T,

|x(k)| = (1, |dxc(k − 1)|, · · · , |dxc(k − n)|,
|u(k − 2)|, · · · , |u(k − m)|)T.

3.4.2
(Identification of interval parameters in ini-

tial prediction model)

(12)
θjr � 0 ( 0)

, j = 0, 1, 2, · · · ,m + n,⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

min
θc,θr

J1 =
N∑

k=1

[dxL(k) − dx̃L(k)]2+

N∑
k=1

[dxU(k) − dx̃U(k)]2,

s.t. θjr � 0, j = 0, 1, 2, · · · ,m + n,

(12)

: dx̃U(k), dx̃L(k)
dx̃(k) , dxU(k),

dxL(k) dx(k) .
(12) , (12)

, (12) ,
(12).

MATLAB quadprog
.

1 (12) (13)
.⎧⎪⎪⎨

⎪⎪⎩
min
θc,θr

J2 =ET

[
H1

H2

]
E+ET

[
−B1 − B3

B2 − B4

]
,

s.t. θjr � 0, j = 0, 1, 2, · · · ,m + n,

(13)

:

θ̃c =(θ0c, θ1c, · · · , θ(n+1)c, θ(n+2)c, · · · , θ(m+n)c)
T,

θ̃r =

(θ0r, θ1r, · · · , θnr, θ(n+1)r, θ(n+2)r, · · · , θ(m+n)r)
T,

H1 =2
N∑

k=1

x̃(k)x̃T(k), H2 =2
N∑

k=1

|x̃(k)||x̃T(k)|,

B1 =2
N∑

k=1

dxL(k)x̃(k), B2 =2
N∑

k=1

dxL(k)|x̃(k)|,

B3 =2
N∑

k=1

dxU(k)x̃(k), B4 =2
N∑

k=1

dxU(k)|x̃(k)|,
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x̃(k) = (1, dxc(k − 1), dxc(k − 2), · · · ,

dxc(k − n), u(k − 1), · · · , u(k − m))T,

|x̃(k)| =
(1, |dxc(k − 1)| , |dxc(k − 2)| , · · · ,

|dxc(k − n)| , |u(k − 1)|, · · · |u(k − m)| )T.

(10)−(11)

J1 =
N∑

k=1

[dxL(k) − dx̃L(k)]2 +

N∑
k=1

[dxU(k) − dx̃U(k)]2 =

N∑
k=1

[dxL(k)−(θ̃T
c x̃(k)−θ̃T

r |x̃(k)| )]2+

N∑
k=1

[dxU(k)−(θ̃T
c x̃(k)+θ̃T

r |x̃(k)| )]2,

J1 =
N∑

k=1

(dxL(k))2 +
N∑

k=1

(dxU(k))2 +

2θ̃T
c (

N∑
k=1

x̃(k)x̃T(k))θ̃c +

2θ̃T
r (

N∑
k=1

|x̃(k)||x̃T(k)|)θ̃r −

2
N∑

k=1

dxL(k)θ̃T
c x̃(k)−2

N∑
k=1

dxU(k)θ̃T
c x̃(k)+

2
N∑

k=1

dxL(k)θ̃T
r |x̃(k)|−2

N∑
k=1

dxU(k)θ̃T
r |x̃(k)|.

E =

[
θ̃c

θ̃r

]
, H1 = 2

N∑
k=1

x̃(k)x̃T(k),

H2 =2
N∑

k=1

|x̃(k)||x̃T(k)|, B1 =2
N∑

k=1

dxL(k)x̃(k),

B2 =2
N∑

k=1

dxL(k)|x̃(k)|, B3 =2
N∑

k=1

dxU(k)x̃(k),

B4 = 2
N∑

k=1

dxU(k)|x̃(k)|,

J1 =
N∑

k=1

(dxL(k))2 +
N∑

k=1

(dxU(k))2 +

[θ̃T
c θ̃T

r ]

[
H1

H2

][
θ̃c

θ̃r

]
+

[θ̃T
c θ̃T

r ]

[
−B1 − B3

B2 − B4

]
=

N∑
k=1

(dxL(k))2 +
N∑

k=1

(dxU(k))2 ·

ET

[
H1

H2

]
E + ET

[
−B1 − B3

B2 − B4

]
,

N∑
k=1

(dxL(k))2
N∑

k=1

(dxU(k))2 , ,

(12) :⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

min
θc,θr

J2 =

ET

[
H1

H2

]
E + ET

[
−B1 − B3

B2 − B4

]
,

s.t. θjr � 0, j = 0, 1, 2, · · · ,m + n.

.

3.4.3
(The output of final prediction model based

on pattern class variable)

,
,

,
(

,
).

. :

j = arg
i=1,2,··· ,C

min(D(dx̃(k), [pi
min, p

i
max])),

C ,
dx̃(k) j, [pj

min,

pj
max]
dx̂(k), pj

max pj
min j

. D(dx̃(k), [pi
min, p

i
max])

dx̃(k)
i [pi

min , pi
max]

.

k

dx̂(k) , dx̂(k)
dx̂c(k) (10) k + 1

dx̃(k+1), dx̃(k+1)
k + 1

dx̂(k + 1), dx̂c(k + 1) (10) k + 2
dx̃(k + 2),

, k + 2, k + 3, · · · , k + n

.



1120 29

2
Fig. 2 Moving pattern measured by interval number for

modeling

4
(Moving pattern measured by interval num-
ber for control)

( (10)),
:

min J
u(k)

= λ1[dx̄c(k + 1) − dx̃c(k + 1)]2 +

λ2[dx̄r(k + 1) − dx̃r(k + 1)]2, (14)

: dx̄c(k + 1) k + 1
dx̄(k + 1) , dx̄r(k + 1) k + 1

dx̄(k + 1) , λ1, λ2

. J k+1
dx̃(k+1) dx̃c(k+1)

dx̃r(k +1) dx̄(k +
1) dx̄c(k + 1) dx̄r(k + 1)

. J

ũ(k). (11) (14)

min J
u(k)

=

λ1[dx̄c(k + 1)−θT
c x(k + 1)−θ(n+1)cu(k)]2+

λ2[dx̄r(k + 1)−θT
r |x(k + 1)|−θ(n+1)r|u(k)|]2,

(15)

:

x(k + 1) =

(1, dxc(k), · · · , dxc(k − n + 1),

u(k − 1), · · · , u(k − m + 1))T,

|x(k + 1)| =

(1, |dxc(k)|, · · · , |dxc(k − n + 1)|,
|u(k − 1)|, · · · , |u(k − m + 1)|)T.

(15) , ,

u(k),
,

u(k).
u(k) � 0 ,

J1 =

λ1[dx̄c(k + 1)−θT
c x(k + 1) − θ(n+1)cu(k)]2 +

λ2[dx̄r(k + 1) − θT
r |x(k + 1)| − θ(n+1)ru(k)]2.

∂J1

∂u(k)
= 0,

u(k) =
λ1[dx̄c(k + 1) − θT

c x(k + 1)]θ(n+1)c + λ2[dx̄r(k + 1) − θT
r x(k + 1)]θ(n+1)r

λ1θ2
(n+1)c + λ2θ2

(n+1)r

.

u(k) � 0 , J1 u(k) u1(k),

α(k) =
λ1[dx̄c(k + 1) − θT

c x(k + 1)]θ(n+1)c + λ2[dx̄r(k + 1) − θT
r x(k + 1)]θ(n+1)r

λ1θ2
(n+1)c + λ2θ2

(n+1)r

,

u1(k) =

{
α(k), α(k) � 0,

0, α(k) < 0.
(16)

, u(k) < 0 ,

J2 = λ1[dx̄c(k + 1) − θT
c x(k + 1) − θ(n+1)cu(k)]2 + λ2[dx̄r(k + 1) − θT

r |x(k + 1)| + θ(n+1)ru(k)]2.

∂J2

∂u(k)
= 0,

u(k) =
λ1[dx̄c(k + 1) − θT

c x(k + 1)]θ(n+1)c − λ2[dx̄r(k + 1) − θT
r x(k + 1)]θ(n+1)r

λ1θ2
(n+1)c + λ2θ2

(n+1)r

.

u(k) < 0 , J2 u(k) u2(k),

β(k) =
λ1[dx̄c(k + 1) − θT

c x(k + 1)]θ(n+1)c − λ2[dx̄r(k + 1) − θT
r x(k + 1)]θ(n+1)r

λ1θ2
(n+1)c + λ2θ2

(n+1)r

,
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u2(k) =

{
β(k), β(k) � 0,

0, β(k) > 0.
(17)

, J ũ(k)

ũ(k) ={
u1(k), J(u1(k)) � J(u2(k)),
u2(k), J(u1(k)) > J(u2(k)).

(18)

5 (Simulation study)
,

.

5.1 (Moving

pattern measured by interval number for model-

ing)

5.1.1 (Construction of pat-

tern scale space)

xk =
[x1 x2 x3]T( 3 )

, 25 s. xk =
[x1 x2 x3]T –

, x(k).
, 1

60.31%. 3 .

3 x(k)

Fig. 3 One dimensional operating condition pattern time
series reduced by principal component analysis x(k)

K , 864

x(k) C ,

, C 20, 20

. 1

20

. ,

. ,

, d(x)
,

.

1
Table 1 Interval representation of pattern classes in

the pattern scale space

Pi [pi
min, pi

max] Pi [pi
min, pi

max]

1 [–4.4856, –3.8815] 11 [0.2330, 0.5212]

2 [–3.6970, –2.9504] 12 [0.5257, 0.8140]

3 [–2.7281, –1.9855] 13 [0.8200, 1.0430]

4 [–1.9612, –1.4761] 14 [1.0558, 1.2733]

5 [–1.4707, –1.0692] 15 [1.2774, 1.5243]

6 [–1.0535, –0.7335] 16 [1.5413, 1.7245]

7 [–0.7262, –0.4766] 17 [1.7445, 1.9327]

8 [–0.4681, –0.2368] 18 [1.9451, 2.1911]

9 [–0.2304, –0.0229] 19 [2.1939, 2.4154]

10 [–0.0215, 0.2212] 20 [2.4309, 2.7607]

4 ,

. ,

( ) .

4

Fig. 4 Pattern class variable time series

3 4 ,

, , k = 1 ∼ 12,
P3, ,

(
) [p3

min, p3
max]=[−2.7281, −1.9855]( 1).

,
. ,

, 5 .

5 u(k)

Fig. 5 Ignition temperature u(k)
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5.1.2
(Prediction model based on moving pattern
measured by interval number)

ARX ,
(19) :

dx̃(k) = θ0 + θ1 · dxc(k − 1) + θ2 · dxc(k −
2) + θ3 · dxc(k − 3) + θ4 · dxc(k −
4) + θ5 · u(k − 1), (19)

: 500 , 364
. dx̃(k)

, dxc(k − 1) k − 1
dx(k − 1) , u(k) ,

, – . 1,
(19)

,
. MATLAB quadprog

. 2
.

2
Table 2 Identified interval parameters in the initial

prediction model
θi (θic, θir) θi (θic, θir)

θ0 (0.0060, 0.0818) θ3 (– 0.0243, 0.0000)
θ1 (1.0969, 0.0000) θ4 (– 0.2105, 0.0521)
θ2 (0.1186, 0.0000) θ5 (– 0.0108, 0.0265)

6
.

dx̃(k)( ),
.

6
Fig. 6 The output of initial prediction model based on

moving pattern

dx̃(k) , ,
dx̃(k) . 7

dx̂(k).

dx̂(k)( ),
.

dx̃(k)( 7),

.

7
Fig. 7 The output of final prediction model based on

moving pattern

RMSE
. RMSEdx̂L=0.2375, RMSEdx̂U=0.2284.

(20)−(21) :

RMSEdx̂L =

√
1
N

N∑
k=1

(dxL(k)−dx̂L(k))2, (20)

RMSEdx̂U =

√
1
N

N∑
k=1

(dxU(k)−dx̂U(k))2. (21)

, dxL(k), dxU(k) k

, dx̂L(k), dx̂U(k)
, N .

5.2 (Moving
pattern measured by interval number for con-
trol)

dx̃(k) = (0.0060, 0.0818) +

(1.0969, 0.0000)dxc(k − 1) +

(0.1186, 0.0000)dxc(k − 2) +

(−0.0243, 0.0000)dxc(k − 3) +

(−0.2105, 0.0521)dxc(k − 4) +

(−0.0108, 0.0265)u(k − 1). (22)

(15)−(18) . ,
dx̄ = (2.0681, 0.1230),

dxc(1) = dxc(2) = dxc(3) = dxc(4) = 0.9315.
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(15) λ1 =0.9, λ2 =0.8. 8

dx̃(k)( ,
) dx̄(k)(

,
), 8 ,

dx̃(k)( )
dx̄(k)( ) .

8 dx̃(k) dx̄(k)
Fig. 8 The initial control output dx̃(k) and the desired

control output dx̄(k)

9
dx̂(k), 9 , dx̂(k)

, dx̃(k)( 8)
dx̄(k)( )

. 10 .

9 dx̂(k) dx̄(k)

Fig. 9 The final control output dx̂(k) and the desired
control output dx̄(k)

10 u(k)

Fig. 10 The control input u(k)

,
,

. ,
1 u(k),

11 .

11 u(k)

Fig. 11 The control input u(k) with white Gaussion
noise interference

u(k) ,
12 . ,

, 13 . 13
,

u(k) ,
dx̃(k)( 12) dx̄(k)(

) .

12 dx̃ dx̄

Fig. 12 The initial control output dx̃ and the desired
control output dx̄

13 dx̂ dx̄

Fig. 13 The final control output dx̂ and the desired
control output dx̄
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6 (Conclusions)
,

,
,

. ,
ARX(IARX) , , ARX

(IARX)
.

,
,

.

.
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