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Optimal linear estimators for networked control systems with

finite consecutive packet dropouts
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2. School of Electrical Engineering, Heilongjiang University, Harbin Heilongjiang 150080, China)

Abstract: This paper studies the optimal estimation problem for discrete-time stochastic linear systems with finite
consecutive packet dropouts in the data transmission of measurements and control inputs. Two Bernoulli distributed random
variables are employed to describe the phenomena of data losses from the sensor to the estimator and from the controller
to the actuator, respectively. By introducing two groups of new variables, we convert the original system to one with the
random parameters. Using the projection theory, we present the optimal linear estimators including the filter, the predictor
and the smoother in the linear minimum variance sense. Finally, the steady-state linear estimators are studied and a sufficient
condition for the existence of steady state is given. An example shows the effectiveness of the algorithms.
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TR FRIELHHE Z . AR, S T &tk
INTT AR AR, T T ARSI B A7 (e
PR EH T A S UL R o i N T L X A e A
EARFNPAT 2%, H AT BEL A, A3 A5 a8 AT
A B RO s A A BE ALY, X BT P
WP U8 0l 2% (R DE I 438 25 R T 22 B 48 52 B 47
NI RE IR XA [R] T 47 A Af  EE dl NTE B R
SRR bR AE IR D8 28 B L US)) AT DL AN P B il N R
0 (1 D8I s T8 L 7 B 1 In it e I SR A T HoAR v
T A (1 DB 55 AN 2 BE AN SZ A s M4 N
1) 5.
2 |n] /@ [ iA (Problem formulation)

S AT BRI L A ) B U AN B AL R S

z(t+1) = Px(t) + I'w(t) + Bu(t), (1)
z(t) = Hx(t) + v(t), )
u(t) =

rit)u(t) + (1 —ri(t)r(t — Du(t —1) +
et (T=rm@)(I=r(t=1))---
(1 =7t —di + 1))u(t — dy), (3)

y(t) =

ro(t)z(t) + (1 — ro(t))ra(t — 1)2(t — 1) +

et (=)A=t —1)) -

(1 =ro(t —da 4+ 1))2(t — dy), 4)
Hr: z(t) € RYUZIRE, 2(t) € R™ZELEES M5,
Wl P 2 AR e Al A 2 y(t) € R™MEAN A s 4%
W H, w(t) € RTOZEFAMBESE, o(t) € R™E&
Fl A% T ML s () € R B %0 I ]
N, I Ik WY 2 A% i 2 AT 2R, w(t) € RMEHAT
W R N, @, ', BFHZIE 2 48 50 &%
FFE, 7i(t), i = 1,242 Ik ABernoullizy i ¥ B #1242
W EME: P{rlt) =1} = 0,0 < o < 1,
P{ri(t) =0} = 1 — o HAAH KT AL 1 BEHLAL
i dy Fldy R R IESE FAL ) B IR

TR (3)AI(4) 73 ol Ak 1 4 sl fn AN ROULIN e A= AT
PR 2 A0 g i O, HLOZE 4 A ik A i it dy
Hildy. 4 Fil F AU B00A E AL A0
FIT TR T G 450 0 B, TR E S, B E2E 1
9, 5,1, M Kronecker deltarf %1

UGB AR

Uy, () =r1()u(t)+(1=71(8)) Uk (t=1), - o
Ua, (t) = u(?),

{YkZ(t)ZTz(t)Z(tH(lTz(t))YkTH(tl)v ©
Ya, () = =(1),

ik, =1,2,- di—1iky = 1,2, ,dy—1. 91

K@QRAR @), TR
u(t) = r(t)ut) + (1 —r () U (¢ — 1),
y(t) = r2(t)2(t) + (1 — () Y1 ( — 1).
7E X
X(t+1)=[z"t+1) UF@) --- UL ()
Yit() - YL, (7
W(t) = [w'(t) vT (¥
RYG(D)-(FEN T RS
X(t+1) =) X )+ ()W (t)+B(t)u(t), (8)
y(t) = H(t)X(t) + ra(t)v(t), 9)
o
B(t) = By + (1 — 71 (t)) Py + 5 (t) Do+

(1 —7y(t)) s,
P(t)=Totra() 1y, B(t)=Bo+r (B, 0

H(t) = ro(t)Hy + (1 — 75(t)) Hy,

H
@ On><(hd1+md2)
Po= | Othdit(ds—1)m)xn O(hdiH(ds—1)m)x (hdy+mds) | >
H Omx(hd1+md2)
O'H/XTL B
D1 = | O@,—1)hxn O —1)hxn
O(mds+nyxn  O(mda+n)xh
Onx(dl—l)h Onxmdz
T, —1yn O(dy —1)hxmds | »
O(mda+n)x(di—1)h  O(mda-+h)xmds
0(n+hd1)><n O(n+hd1)><(hd1+m,d2)
Dy = H O(ds—1)ymx (hdy+mds) |
Omxn Omx(hd1+md2)
O(nthd)x (n+hdi+m)  Ontndy)x(da—1)m
D3 = | O(dy—1)mx (n+hds+m) Iiay—1ym ;
Omx(n—i-hd]-i-m) Omx(dz—l)m
[ r Onsrm
I = | Ogiht(da—1)ym)yxr O(ding (do—1ym)xm | 5
OmXT‘ Im
0(n+d1h)><r O(n+dA1h)><m
Fl = O(dz—l)mxr I2 9
L 0m><7’ 0m><77l
O(n+(di—1)h)xh
BO: Ih s
L OmdQXh
[ B
Blz fl )
_O(mdg-i-h)xh
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H I,
_ H I
H = . ’ Il - . )
(do—1)mxn In (di—1)hxh
I,
R I,
I,= . 3 HOZ[H Omx(hdl—‘r‘mdg)]a

m (da—1)mxm

Hl = [Omx(n—i-hdl) Im Omx(dg—l)m]'

BiZ 1 w(t)Mot)2AHKIEIME A S, J)
ZERE N Qu FNQy, HRFEA S, HAT
S =E [W(tW (k)] =
wt)| | Suv
E{ ’U(t)] v (k) - [Qv] 5tk7 (11)

E{!“’“))] (W (k) WT(R)]} = [Q“ | 6y

Qv

(12)

BRi& 2 WK E20)5 AW FHw(t),v(t)Lh

Kery(8) (i = 1, 2) MK, Hl 2
E[e(0)] = )
E{[z(0) — uo][2(0) — po] "} = Po.

ARSI H A28, W (y(t + N),
y(t+ N —1),- -, y(0)) Rt Z i gt Al
H#E(t|t+ N). BN = O R JEsa%, ¥N < Oi
KRS, SN > O k- Fi 2%

3 B ALE 25 (Optimal linear estimators)
3.1 P 5] # (Preliminary lemmas)

FEL R G (8) () e L LR PEA (E 88 2 117, 4%
AT 5 B
S 1 ALHWNRA:

E[ri(t)] = i, cov[ri(t)] = ai(1 — o),
E[r(t)] = a;, E[(1 = ri(1)*] = 1 - ai,
14
Elr(t)(1 - (6)] = 0, o
LE[ri(0)(1 = (1)) = ai(1 — ),
Hrpii#£44,5=1,2.

ﬁ

@ = E[®(t)] =
0o+ (1 —ay)P; + as®s + (1 — o) Ps,
f:E[ (t)] = Ib + aolt,
B=E [N()] By + a1 By,
| H = E[H(t)] = axHo + (1 — az) Hy,

15)

Q?(t)—@i (ra(t) —az)d—(r1(t) —
I(t) = I' = (r2(t) — a2) 17,
B(t) = B = (ri(t) — on) By,
H(t) — H = (ra(t) — ag)H,
Woh: & =@, — &y, H=Hy— H,.

WE - B, #Hr ()M 5a0304). 5 H((10)
B B e 43 5K(15). B B X (10)9 2 K
(15)n]#3:L(16).

MR 5 I H AT 1S an ™ E R

Q =E[L (W)W )" (1) =

F()Qwr(;r + QQF()QW,FIT +
N Qwly + axlQwlIT, (17)
S=E[t)W ()0 (t)ra(t)] = az(lo+11)S. (18)

051)@1)

(16)

512 REQFRAWMEX(t) = E[X(¢)]H
T ZBEq(t) = BIX ()X T ()]t AR
X(t+1)=dX(t) + Bu(t), (19)

qit+1) = ax(1 - ag)éq(t)éﬁT + Pq(t)P" +
ar(1—a)@q(t)®] +G(t), (20)
Horp:
G(t)=a1(1 — ay)Byu(t)u" (t)Bf +
Bu(t)u" (t)B"—a;(1—oq) Biu(t) X" (1)@} —
a1 (1—a1) P, X (H)u™ () BY + Q +
DX (t)u" (t)BT + Bu(t) X" (t)P". 21

§ P, T
YHEKq0) = | 1O +0“0“0 8] .

UE 6 2(8) M i HY % 2= 1
®)fH
qit+1) =

015 2 75 50(19). i

B[B(t)u(t) X" (t)®" (1)), (22)

)
K}

a1 (1 — ay)Pq(t)P] + Pq(t)d", (23)
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E[B(t)u(t)u" (t)B"(t)] =
E{[(r1(t) — 1) By + Blu(t) x
ut (®)[(r1(t) = a1)Bi + B]'} =
1(1 = ay)Byu(t ) VB + Bu(t)u
E[S()X ()u” (t) BT (t)] =
E{[(rs(t) — az)® — (r1(t) — a1)®y + ] x
X' ()[(ri(t) — 01)B1 + B]"} =
—ay (1 —oy)D X (t)u™ (t) B} +
DX (t)u" (t)BT. (24)
PR (23)-2H A K (22) rT 13 211 5K(20)-(21).
3.2 ALV uE B A | TR A% AP 15 4% (Optimal
linear filter, predictor and smoother)
EE 1 AERRI2T, RE®)~9)F Wi
HOB=JYREA RS/ & n s
X(t)t) = X(t|t — 1) + K(t)e(t), (25)
= QX (t[t—1)+L(t)e(t)+Bu(t), (26)

H(t)BY,

R

Tt
Tt
(r

X (t+1]t)

e(t) = y(t) — HX(t|t — 1), 27)
K(t) = P(tlt = 1)H Q' (1), (28)
L(t) = [@P(tlt — VH" + SM]Q-' (1), (29
Q-(t) = HP(t|t = )H" + R(t), (30)
P(t+1t) =

& — L(t)HP(t]t — 1)[& -
LIOH)™ + Q) — S(OL™ (1) -

L(t)S™(t) + L) R(t) L™ (1), 31)
P(tlt) = P(t[t —1) - K@{)Q-(1) K" (t),  (32)
Horr:
S(t) = ax(1 — a)dq(t)H + S, (33)
R(t) = ap(1 — o) Hq()H™ + 02Q,, (34)
Q(t) = (1 — ) Pq(t) P +
a1 (1= a1)Dig(t)P] + Q +
a1 (1 — a1)Biu(t)u® (t)Bf —
(1 —ay)d X (t)u” (t)B] —
(1 — o) Biu(t) X (t)®@],  (35)
o gt XQO)yTHE, ()& H R IF I, J7 2N
Q:(t), P(t+ L[t) M P(t[t) 7355 0 TR AR R 2 7

FEWE, K () AL (t) 73 ) 4y e AN TR A8 2 A B, JF B
Wik )
X(0] =1) = [pg 0]",
|po
POI-1 =" |-

T EEE B e i S
X(tt) = X(t|t — 1) + K (t)e(t).
B et~k
e(t)=yt) —g(tlt — 1) =
(ra(t) — an) HX (t) +
HX(tlt — 1) + ro(t)v(t).  (36)
AGORNAFETT ZEFFQL(t) = Ele(t)e™ (1), I
H RS LR 51 FE 145 X (30) M2 (34).
PEBE IS LA

K(t) = E[X ()" (1)]Q- (1) (37)
FEEVEOEE]
E[X(#)e"(t)] = P(t|t — 1)H",
IR ARG A(28).
TR YA 5 e B AT
X(t+1)t) = X(t+ 1]t — 1) + L(t)e(t). (38)
KT (8) P AL [ HUSH 5%
X(t+1/t—1) =X (t|t — 1) + Bu(t). (39)
BN A (38) A 0(26).
THARHE 5 H A
L(t) = E[X(t + 1)e" (1)]Q- (). (40)
@RI (36), JFRIHI B B LA 51 HEL, X () Lo (2),
X(t|t — 1) LX (t|t — 1), WHAT
E[X (t+1)7(t)] = SP(t|t — 1)HT + 5(¢),
(41)
S (¢) 3(33)5E X R EDFAR@0) K (29).
1 3(8)(26)(36) FI 5 — L HldR iR 2= T F A
X(t4+ 1) = X(t+1) = X(t+ 1]t) =

L(t)H)X (t]t = 1) + {[r2(t) — @] x
L(t)H] — [r1(t) — on] @1 } X (1) +
L)W (t) + [B(t) — Blu(t) — ro(t) L(t)v(t).
(42)

W @) Tl 1% 22 77 22 B 1 oF 5 AP (¢t +
11t) = E[X(t 4+ 1) XT(t + 1), F I B
5B, BLR X (8) Lo(t), X (t|t — 1) LW (t), X (t|t —
1) Lo(t), X (¢) LW (¢) g5, ] 15 2] — 0 Pz 2=
JiZEREBDFI(35). HITU(25) AR 1R 2 A

X(tt) = X ()t — 1) — K(t)e(t). (43)
¥ REHRNHEP () = BIX (¢[t) X T (¢]t)]h, FI
X (¢t — 1) Le(t) FIRGDH

[ — L(t)H]X
(@ — L(t)H] ~
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E[X (t]t — D™ ()] =

E{[X (1) — X(tlt = D) (1)} =
E[X (t)e" ()] = K(1)Q:(t), (44)
M #3K(32).

FE L HEER L) LSRR8 By 2B A2 B R
GUIRAS W T7 Z 5500, TR Bl 77 22 3052 B Hl A 1R 5%
Wi, X5 & A e ML B R G IR A AN, H
JRRk A TN E I,

EE2  EHREI-2TF, REQ)-O)FH W F ik
NN < —1)25FiRs:

X(t|t + N)=SX (t—1|t + N)+Bu(t—1). (45)
T R 22 77 22 Mk
P(tlt+ N)=SP(t—1[t + N)BT+Q(t—1), (46)
HrhQ(t — 1) R 35) 5.
ik B

Xt)=(t-1D)X(t—-1)+Tt-1)W(E—1)+
B(t — u(t —1). (47)
X (A7) TR 5%
X(t|t+ N) = dX(t — 1|t + N) + Bu(t — 1). (48)
TR N
X(tlt+N)=X(t) — X(t|t + N) =
[B(t —1) — D)X (t — 1) + PX(t — 1|t + N) +

It —1)W(t—1)+[B(t—1)—Blu(t—1). (49)
R A ANFUN TR B 22 Ty 22 BE IR T 505 R P (2]t +
N) = B[X (¢t + N)XT(t|t + N)]H, B &1
SIH2A RN (N < —1)5 TR 2507 2 F(46).
EE 3 EREKI-2T, REG)-O)H W T
MR E RGN (N > 0)5 Vi

X(tlt+N)=X(t|t+ N —1)+
M(t|t + N)e(t+ N).  (50)
ST 4 2 A
M(t|t+ N)=P(t|t — )¥T(t + N,t) x
H'Q-'(t+ N). (51
IR ZEE T 7R
P(t|t+ N)=P(t|t+ N — 1) — M(t|t + N) -
Q.(t+ N)MT(t|t + N), (52)
Herp

Ui+ N,t) = ﬁ D(tEN—5),  (53)
W (t

U(t,t) = y=®—Lt)H. (54

WIEX (t[t)FIP(¢|t) b oE B V5T
E LSRR 1O Ak I AT 152 23,
it 1 BT a, R RGOR S () A
B ZE T ARV R R
Etlt+N)=[I, 0 ---0]X
p(tlt + N) =
[I, O --- O]P(t|t+ N)[I,0---0]".  (56)
4  FRAANE S (Steady-state estimators)
XA AR RIS LA s B
3R] SIS R A\ (6) 5 R IBE S PR 38 2 R B 7 22 K,
JT ULk T R SERS A 0, R B Sk 4 i A N R

(tlt+ N), (55)

Bllu(t) =
5 S R
U=3Q0P+ as(1—a)ded+
a1 (1 — )P, @ Py, (57)
Hrh @& R & P o
EE 4 T RHEE®)~9), WIRSZERGEN, A

QFEY TTRR(LO) AR X () B8 fn  J7 R g X
X =&X + Bu, (58)
WMARp(U) < 1, Horprp(U) RomH U R FA42, 4
R TAEREAIMEG(0), J7 FRQO0) I q (6) ST W R i)
& Lyapunov /g, Bl lim q(t) = ¢:
g=as(l— a2)§§q§§T + PqPT +
(1 — ay)P1qPT + G, (59)
Hrp
G=0o,(1 - a,)Byuu” B} + Buu"B" + Q —
ar(1—o)® Xu"Bf + dXu"BT —
a1(1—a)BiuX'®! + BuX"o". (60)
e HTORREEM, HFHO <o <1, i = 1,2,
JIt LA B2z 1, I8 4 TG 8 X () 1 W1 ARL G ] 32 X,
19 B X ()45 5 BB SCT(S8) I M — fig X, |
Jim X(t) = X. HAEFE BT AR, AT A1 4p(U) <
1, 7 FEQ0) ) fiftq (¢ ) ¥ W 8k T AX HLyapunov /7 1%
(59)IIfifq, Eﬂtlij& q(t) = q.
HER 2 EHAMRE T, BAB3)-35)E X
(FIR(t), S(¢)FIQ (&) FBICSL T, BN
R:tlim R(t) = as(1—ay)HqH" + Q. (61)
S = tlim S(t) = ay(1 — ) PgH + S, (62)
Q= lim Q(t) =
s (1 — ) PqPT + on (1 — o) Byuu™ BY +
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Oé1(1 - 041)91519@1T - al(l - 041)951)_(UTB1T - y(t) =
(1 —ay)BiuXToT + Q. (63) ro(t)z(t) + (1 — ra(t))ra(t — 1)2(t — 1) +

iE NHE R4, hi(33)-(35) A 13 (61)-(63).
EE S HpU) < 1K, i (H, &) H
RERIX, (@ — SR™VH, Q)) W RERTI, 2L Qq il 2
QlQT Q — SRST, W4, X TAEMYIUEP(0] —
1) = 0Flg(0) > 0, TR GDIIMEP (¢]t — 1)¥5Hsk
T F AR ERiccati J7 R IR ME— 2 IE 2 R Y, 1Y =
lim P(tlt — 1), U

Y=[¢—LH|Y[®—LH" +Q -
SLT — LST + LRLT, (64)
Hrp
L=[¢SH" + SJHZH™ +R)™Y,  (65)
i H, AXATL = lim L(t). Hin R8s — Pk
JEWAT AR E 1)
X(t+1)t)=(®— LH)X(t]t — 1) +
Ly(t) + Bu. (66)
WE AT A AR R G
X(t+1)=2X(t) + Bu+w(t), (67)
y(t) = HX(t) + 0(t), (68)

Forfr X (6) AL TIRE; witt CRE F A 8,
BRIH 2 5038 >4 4 5000 J B4 () Flo(t) #6 A2
TR A S, I B REDE)@T ()] = Qdu,
Elw(k)o™(1)] = 86, ME[0(k)TT(1)] = Rép. 541
T SN R S0(67)—(68) [ KalmanJiE I w3 AH 7] T &
. PGP T p(U) < 1A 152 PREM. e
P4, X (¢)Flq(t)Uesh. 2t diKalmang&yk 2 i 15
(E(H, ) Jyfigkont, (6 — SRH, Q1) Wi R,
Y = hm P(tlt—1), L = hm L( ), H(®— LH)
jﬁ%mﬁi AIJf%éﬁ(m) (68)D’Jrﬁ?&%§(66)mﬁﬁﬁ%%
f1.

E 2 AP RS 1A
e 2D RS AT s AR

5 {fEWF5%(Simulation research)
2 LS IE B IR F AL B B HUN AR R LR S

z(t+1) =

[83002] z(t) + 8?] w(t) + (1] u(t),
2(t) = [1 1)z(t) + v(t)
u(t) =

ri()u(t) + (1 —ri(t))ri(t — Du(t — 1) +
(1—=ri()(1 =7 (t —1)u(t —2),

(1 =ro(t))(1 = ra(t = 1))2(t — 2),
Horpe A Sw) M) 2o(t) = cw(t) + n(t),
n(t) SR T () M ZIHME R A, J7 2 hQ,,.
AT H SR S 2 () B A g 2 2 (t]t) s — 2
TR ARz (et — 1) M P 282 (¢t + 1).

FEHEFE: Q. =1, Q,=025, c=0.1, a; =
0.4, ay=0.7, u(t) =sin(0.5¢), &5 HQ, =0.26,
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Fig. 1 Optimal linear filter for the state
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