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Energy shaping control of biped walking robot

LIU De-jun1,2, TIAN Yan-tao1

(1. School of Communication Engineering, JiLin University, Changchun Jilin 130025, China;
2. School of Electric and Information Engineering, Beihua University, Jilin Jilin 132021, China)

Abstract: To make the walking gait of the biped passive robot accord with the bionic rules, and quickly enter a new
steady-state after the road-slope changes, we propose a control strategy based on energy-shaping with invariant angle. The
energy-matching condition has been studied; the energy-shaping controller is designed. Because the kinetic energy-shaping
has no symmetry relative to the rotation transformation, the angle-invariant control is implemented by the auxiliary control
in energy shaping. The simulation results show that this method realizes the bionic control and enlarge the attraction
domain, and also improve the robustness.
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2 (Model of under-
actuated biped walking robot)

[12–13] 1
, m1, m2, mH

, L = l1 + l2, l1 = a1 + b1,

l2 = a2 + b2. θ1, θ2 θ3

, φ

.

1 φ

Fig. 1 Model of an under-actuated biped robot walking

down a slope

[13]: 1) ; 2)
, .
, 2 4 .

2 4

Fig. 2 The four stages of robot walking gait cycle

2.1 (The dy-
namic equation of swing phase before the knee
collision)

– ,
d
dt

(
∂L(q, q̇)

∂q̇
) − ∂L(q, q̇)

∂q
= Bu, (1)

:

L(q, q̇) = K(q, q̇) − V (q) =
1
2
q̇TM(q)q̇ − V (q),

q = [θ1 θ2 θ3]T,

K , V , u .

1, :

M(q)q̈ + C(q, q̇)q̇ + G(q) = −JT
r λr + Bu, (2)

:

C(q, q̇)q̇ =
∂

∂q
(M(q)q̇)q̇ − 1

2
∂

∂q
(q̇TM(q)q̇),

G(q) = [g1 g2 g3]T,

g1 = −(mH + m1 + m2)gL sin θ1 −
m1ga1 sin θ1 − m2g(l1 + a2) sin θ1,

g2 = (m2b2 + m1l2)g sin θ2, g3 = m1gb1 sin θ3,

B , λr , Jr

. 1 , ,
λr = 0, u = [u1 u2 u3]T

.
u = 0.

2.2 (Knee collision equation)
2, , θ2 =

θ3. , θ2 = θ3 θ̇2 = θ̇3

,

[0 1 −1]q̇ = 0. (3)

Jr = [0 1 −1], (3) ,

Jrq̈ = 0. (4)

(2)

q̈ = −M(q)−1[C(q, q̇)q̇ + G(q)−Bu + JT
r λr]. (5)

h(q, q̇) = C(q, q̇)q̇ + G(q)−Bu, (5)
(4)

Jrq̈ = −JrM(q)−1[h(q, q̇) + JT
r λr] = 0.

JrM(q)−1h(q, q̇) + JrM(q)−1JT
r λr = 0,

λr

λr = −[JrM(q)−1JT
r ]−1JrM(q)−1h(q, q̇).
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, :

Q+

[
θ̇+
1

θ̇+
2

]
= Q−

⎡
⎢⎣ θ̇−

1

θ̇−
2

θ̇−
3

⎤
⎥⎦ , (6)

: Q− 2 × 3 , Q+ 2 × 2 ,

Q−
11 = −(m1l2 + m2b2)L cos(θ1 − θ2) −

m1b1L cos(θ1 − θ3) + (m2 + m1 +

mH)L2 + m1a
2
1 + m2(l1 + a2)2,

Q−
12 = −(m1l2 + m2b2)L cos(θ1 − θ2) +

m1b1l2 cos(θ2 − θ3) + m2b
2
2 + m1l

2
2,

Q−
13 = −m1b1L cos(θ1 − θ3) +

m1b1l2 cos(θ2 − θ3) + m1b
2
1,

Q−
21 = −(m1l2 + m2b2)L cos(θ1 − θ2) −

m1b1L cos(θ1 − θ3),

Q−
22 = m1b1l2 cos(θ2 − θ3) + m2b

2
2 + m1l

2
2,

Q−
23 = m1b1l2 cos(θ2 − θ3) + m1b

2
1,

Q+
11 = Q+

21 + m2(l1 + a2)2 + (mH +

m1 + m2)L2 + m1a
2
1,

Q+
12 = Q+

21 + m1(l2 + b1)2 + m2b
2
2,

Q+
21 = −(m1(b1 + l2) + m2b2)L cos(θ1 − θ2)

Q+
22 = m1(l2 + b1)2 + m2b

2
2.

2.3 (The swing back equa-
tion after knee collision)

3

M(q)q̈ + C(q, q̇)q + G(q) = Bu, (7)

: q = [θ1 θ2 ]T, u = [u1 u2 ]T , M

2 × 2 , C 2 × 2 , G(q) 2 × 1 .

, u1, u2

.

2.4 (The collision equation of
foot striking on the ground)

4 , ,
:

Q+
H

[
θ̇+
1

θ̇+
2

]
= Q−

H

[
θ̇−
1

θ̇−
2

]
, θ̇+

3 = θ̇+
2 , (8)

: Q−
H, Q+

H 2 × 2 , :

Q−
H11 = Q−

H12 + (mHL + 2m2(a2 + l1) +

m1a1)L cos(θ1 − θ2),

Q−
H12 = −m1a1(l2 + b1) + m2b2(l1 + a2),

Q−
H21 = Q−

H12, Q−
H22 = 0,

Q+
H11 = Q+

H21 + m2(l1 + a2)2 +

(mH + m1 + m2)L2 + m1a
2
1,

Q+
H12 = Q+

H21 + m1(l2 + b1)2 + m2b
2
2,

Q+
H21 = −(m1(b1 + l2) + m2b2)L cos(θ1 − θ2),

Q+
H22 = m1(l2 + b1)2 + m2b

2
2.

, :⎡
⎢⎣ θ̇+

1

θ̇+
2

θ̇+
3

⎤
⎥⎦ =

⎡
⎢⎣0 1

1 0
1 0

⎤
⎥⎦

[
θ̇−
1

θ̇−
2

]
. (9)

3 (Energy shaping con-
troller design)

M(q)q̈ + C(q, q̇)q̇ + G(q) = Bu. (10)

L̂ ,
L ,

L̂(q, q̇) = K̂(q, q̇) − V̂ (q) =
1
2
q̇TM̂(q)q̇ − V̂ (q),

(11)
: K̂ , V̂ .

M̂(q)q̈ + Ĉ(q, q̇)q̇ + Ĝ(q) = 0. (12)

M̂(q) , (12) q̈

q̈ = −M̂(q)−1(Ĉ(q, q̇)q̇ + Ĝ(q)). (13)

(13) (10)
Bu = (M(q)[−M̂(q)−1(Ĉ(q, q̇)q̇ + Ĝ(q))] +

C(q, q̇)q̇ + G(q),
M ,

Bu = M [(M−1(Cq̇ + G) − M̂−1(Ĉq̇ + Ĝ)]. (14)

(14) B B+ = (BTB)−1BT,
u

u = B+M [(M−1(Cq̇ +G)− M̂−1(Ĉq̇ + Ĝ)]. (15)

B⊥ B , B⊥ B⊥B = 0,
(B⊥)T = B⊥, (B⊥)2 = B⊥, (14) B⊥

B⊥M [(M−1(Cq̇ + G) − M̂−1(Ĉq̇ + Ĝ)] = 0,

C(q, q̇)q̇ =
∂

∂q
(M(q)q̇)q̇−1

2
∂

∂q
(q̇TM(q)q̇) G =

∂

∂q
V ,

B⊥M [M−1(
∂

∂q
(Mq̇)q̇ − 1

2
∂

∂q
(q̇TM(q)q̇) +

∂

∂q
V )−

M̂−1(
∂

∂q
(M̂ q̇)q̇ − 1

2
∂

∂q
(q̇TM̂(q)q̇) +

∂

∂q
V̂ )] = 0.

(16)

(16) , M̂ V̂
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.

1 B (m = n, , m

, n ),
(16) ( ),

L̂ . m < n ( )
M̂ V̂ , M̂ V̂

.

3.1 (The energy shaping
controller design)

, K̂ = K(
M̂ = M ), V , ,

(16)

B⊥(
∂

∂q
V − ∂

∂q
V̂ ) = 0. (17)

V̂

B⊥, V̂ .
, (15)

u(q)=B+(
∂

∂q
V (q)− ∂

∂q
V̂ (q))=B+(G(q)−Ĝ(q)).

(18)

, q ,
.

( ) , K, V

. (16) q q̇
[14]:

B⊥M [M−1 ∂

∂q
V − M̂

∂

∂q
V̂ ] = 0, (19)

B⊥M [M−1(
∂

∂q
(Mq̇)q̇ − 1

2
∂

∂q
(q̇TMq̇)) −

M̂−1(
∂

∂q
(M̂ q̇)q̇ − 1

2
∂

∂q
(q̇TM̂ q̇))] = 0. (20)

(19) M̂ , (20)
.

M̂ V̂ , Q x, y
[10, 15] < x, y >= xT(q)M(q)y(q),

[16]

2∇xy = 2(xiyjΓ k
ij + xi ∂yk

∂xi
)ek =

2(xiyjΓ k
ij)ek + 2xi ∂yk

∂xi
ek =

2xiyjΓ k
ijek+(xi ∂yk

∂xi
−yi ∂xk

∂yi
+xi ∂yk

∂xi
+yi ∂xk

∂yi
)ek =

2xiyjΓ k
ijek + [x, y] + (xi ∂yk

∂xi
+ yi ∂xk

∂yi
)ek =

xiyjM−1
km(

∂Mmi

∂qj
+

∂Mmj

∂qi
− ∂Mij

∂qm
)ek +

[x, y] + (xi ∂yk

∂xi
+ yi ∂xk

∂yi
)ek =

(xiyjM−1
km

∂Mmi

∂qj
+ xiyjM−1

km

∂Mmj

∂qi
−

xiyjM−1
km

∂Mij

∂qm
)ek+[x, y] + (xi ∂yk

∂xi
+yi ∂xk

∂yi
)ek =

M−1 ∂

∂q
(Mx)y + M−1 ∂

∂q
(My)x −

M−1 ∂

∂q
(x⊥My) + [x, y] + M−1(

∂

∂q
x)⊥y +

M−1(
∂

∂q
y)⊥x,

: Γ k
ij , ek .

2

∇xy =
1
2
[M−1 ∂

∂q
(Mx)y + M−1 ∂

∂q
(My)x −

M−1 ∂

∂q
(x⊥My) + [x, y] +

M−1(
∂

∂q
x)⊥y + M−1(

∂

∂q
y)⊥x]. (21)

(21) x = y,

∇xx =
1
2
[M−1 ∂

∂q
(Mx)x + M−1 ∂

∂q
(Mx)x−

M−1 ∂

∂q
(x⊥Mx) + [x, x]+

M−1(
∂

∂q
x)⊥x + M−1(

∂

∂q
x)⊥x],

∇̂xx =
1
2
[M̂−1 ∂

∂q
(Mx)x + M̂−1 ∂

∂q
(Mx)x−

M̂−1 ∂

∂q
(x⊥M̂x) + [x, x]+

M̂−1(
∂

∂q
x)⊥x + M̂−1(

∂

∂q
x)⊥x],

(20)

B⊥M(∇xx − ∇̂xx) = 0. (22)

∇̂ M̂ . x + y

(22) x,

0 =
1
2
B⊥M [∇x+y(x + y) − ∇̂x+y(x + y)] =

1
2
B⊥M [∇xx + ∇xy + ∇yx + ∇yy −

∇̂xx − ∇̂xy − ∇̂yx − ∇̂yy] =
1
2
B⊥M [(∇xx − ∇̂xx) + (∇yy − ∇̂yy) +

2(∇xy − ∇̂xy)] =
B⊥M [∇xy − ∇̂xy]. (23)

y = y′, λ = M̂−1M, x = λB⊥Mx′, (23)
(x′)TM [14], y′,

0 = x′⊥MB⊥λT{[ ∂

∂q
(MB⊥Mx′)]T −

[
∂

∂q
(B⊥Mx)]TM − M

∂

∂q
(B⊥Mx′)} +
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x′TMB⊥{[ ∂

∂q
(λB⊥Mx′)]TM +

M
∂

∂q
(λB⊥Mx′)−[

∂

∂q
(MλB⊥Mx′)]T}. (24)

(24) λ , (24)
λB⊥M , M̂ , (20) M

MB⊥ ∂

∂q
(Mq̇)q̇ − MB⊥ 1

2
∂

∂q
(q̇TMq̇) −

MB⊥MM̂−1 ∂

∂q
(M̂ q̇)q̇ +

MB⊥MM̂−1 1
2

∂

∂q
(q̇TM̂ q̇) = 0,

0 = MB⊥λ⊥[
∂

∂q

1
2
(q̇⊥M̂ q̇) − ∂

∂q
(M̂ q̇)q̇] +

MB⊥[
∂

∂q
(Mq̇)q̇ − ∂

∂q

1
2
(q̇⊥Mq̇)], (25)

(25) M̂ .

M̂ ,
(19) V̂ .

3.2 (The invariable angle
energy shaping control)

, ,
.

, Spong
.
, φA(q) , TqφA

, A, Spong
[4] :

u = B(q)−1[Gq − G(φA(q))]. (26)

, (26) ,
, .

, Spong
.

,
M(q) θ1, θ2 θ3 ,

, K(φA(q), TqφA(q̇)) = K(q, q̇),
, K̂

,

K(φA(q), TqφA(q̇)) �= K(q, q̇).

, .

2 γ (10)
(15) ,

,

u = B+M [M−1(Cq̇+G)−M̂−1(Ĉq̇+Ĝ)−û], (27)

φA(γ) ,

(27) .

û =

M̂(q)[M̂−1(q)(Ĉ(q, q̇)q̇ + Ĝ(q)) −
M̂−1(φA(q))(Ĉ(φA(q), TqφA(q̇))q̇ + Ĝ(φA(q)))].

(27) (10)

M̂(q)q̈ + Ĉ(q, q̇)q̇ + Ĝ(q) = û. (28)

û (28)

M̂(φA(q))q̈ + Ĉ(φA(q), TqφA(q̇))q̇ +

Ĝ(φA(q)) = 0. (29)

, (27) .

.

4 (Simulation study)
4.1 (The solving of en-

ergy shaping controller)
,

B =

⎡
⎢⎣1 0 0

0 0 0
0 0 0

⎤
⎥⎦ , B⊥ =

⎡
⎢⎣0 0 0

0 1 0
0 0 1

⎤
⎥⎦ .

3 ,

Ĝ =

⎡
⎢⎣ 0

(m2b2 + m1l2)g sin θ2

m1gb1 sin θ3

⎤
⎥⎦ .

K̂(q, q̇) =
1
2
q̇T{M(q, q̇) +

⎡
⎢⎣k sin θ1 0 0

0 0 0
0 0 0

⎤
⎥⎦}q̇,

k ,
K̂ Ĝ.

4.2 (Model parameters and
simulation curves)

: m1 =1.5 kg, m2 =
3.5 kg, mH =10 kg, a1 =0.375m, b1 =0.125m, l1 =
l2 = 0.5m, a2 = 0.175m, b2 = 0.325m, L = 1 m,
g= 9.8m/s2, .

3–5 3◦ , k 0,−6, 6
.

0.435 rad, 0.4954 rad,
0.538 rad, 6.73 rad·s−1, 7.74 rad·s−1, 7.993 rad·s−1.

, , , k

, .

6 3◦ ,
, 3◦

, 5◦ . 7–
8 , 3◦ 5◦
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θ1, θ2 θ3

.

3 3◦ k = 0

Fig. 3 The limit cycle curve when k = 0 with

the angle of slope is 3◦

4 3◦ k = −6

Fig. 4 The limit cycle curve when k = −6 with

the angle of slope is 3◦

5 3◦ k = 6

Fig. 5 The limit cycle curve when k = 6 with

the angle of slope is 3◦

6 , 3◦ 5◦

Fig. 6 The limit cycle curve when the angle of slope from

3◦ to 5◦

7 3◦ 5◦

(k = 1)
Fig. 7 The limit cycle curve of stance leg and swing leg thigh

and swing leg shank when the angle of slope changes

from 3◦ to 5◦(k = 1)

8 3◦ 5◦ (k = 1)
Fig. 8 The angular displacement curve when the angle of

slope changes from 3◦ to 5◦(k = 1)
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9–11 3◦ 4◦ 3◦ 6◦

5◦ 3◦ . ,
,

.

12 , 3◦ 9◦

, 12 ,
Spong

( Spong
), , ,

.

9–12 , ,
, ,

, ,
.

9 3◦ 4◦

(k = 1)
Fig. 9 The limit cycle curve of stance leg and swing leg thigh

and swing leg shank when the angle of slope changes

from 3◦ to 4◦(k = 1)

10 3◦ 6◦

(k = 1)
Fig. 10 The limit cycle curve of stance leg and swing leg thigh

and swing leg shank when the angle of slope changes

from 3◦ to 6◦(k = 1)

11 5◦ 3◦

(k = 1)
Fig. 11 The limit cycle curve of stance leg and swing leg thigh

and swing leg shank when the angle of slope changes

from 5◦ to 3◦(k = 1)

12 3◦ 9◦ (k = 1)
Fig. 12 The limit cycle curve when the angle of slope is

respectively 3◦ and 9◦(k = 1)

5 (Conclusions)
,

, ,
.

. ,
,

; ,
. ,

, ,
, .
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