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Controllability of a class of homogeneous discrete-time bilinear systems
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(1. Department of Applied Mathematics, Nanjing University of Science and Technology, Nanjing Jiangsu 210094, China;
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Abstract: In the system analysis, controllability is an important feature of the system. In engineering practice, it is often
required to discretize a continuous system. It is hoped the system after discretization to preserve important characteristics
of the original system, such as controllability. For linear systems, we have a mature judgment method. However, for
nonlinear systems there is no general determination method. Elliott, in 2005, gave a second-order bilinear system for which
the controllability is changed after discretization. It shows that a system before and after discretization may have different
controllability. We give a sufficient condition for the controllability of a class of second-order discrete bilinear system, and
prove that it is more general than other existing results. Besides, we affirm that this kind of systems with orders higher than

two is not controllable.

Key words: controllability; bilinear systems; Euler discretization; submanifold

1 5|35 (Introduction)

MENE R g2 — P b O H s T
LRGN —RIEL MRS, T EMRrk g5, 1
HAE RGBT ik | S A 55 07 A7 45 1 2 1AL
LR TR WD WS 11 N B 4 SUREINES e NS o /) I 3 W=
S r S RO T R AN, R G AT T T 1 1)
S WA RS L ARG N — PR
B B0 (P R RORES, R n PR 2 R AW EE
ARJENEZ —. 0T B ORI AR RS,
Ao U AR O () R ASE R A W R et A ] A, DR R
INFANAR 2t 2R G B O IS R AT s v ml AR 25 %)
FIWT k. AR TR RN T, AW R
O HIB A — A — R DR st — 28R
M RGHHTIRI, XM KRG RIFF Wk, T
WL R G FENE AT 5 AE20 2870 AUt T
GRUMM BRI AW M RGEEAT S b, BTk

WA H #A: 2012—04—18; s ik H #: 2012—06—22.
EETH: EXRARRBFAEEEBIH (71171001).

)T E SR LA 28, 8 T iR EE
(PP A S M R Ge T 4 L. (H 2, 6 3L
WENE R G, T A3 20 ] $ PRI 2 SR
Elliott'SI7F20054F 45 t 17— A~ B i 2 X 4k
RUAE L Buler 2 §U4k 5 15 2 0 B BUR S 1 v]
PES Uk KRGl s EA—8UW k. A T HidE—
W FOX AL M R G T a2k, % 8 B )
FEIRM M R G
& = u(t)Bz, z(0) = ¢, (D
Ho: z e RYEIRE B, ue REFAN, BER™™, ¢
€ RY(R" = R* — {02 HIRE REW)E
It Euler & Hi613
z(k+1)={I+v(k)B)x(k), z(0) =&, (2)
v(k) =7u(k), k=0,1,---,

Horpr i DK, SCHR 151845 0 e 2 AR (1)



1630 AT/ L

5 N H 29 %

I (045 . RIS JROk 1R 4 W e R A T ¥, (H
ZBuler 2 HUfL J5 & nT ¥ 1. — Bk, g — A~
Bk — i LB e B AR T, EEE R A A
HOW 2 M 3 e ml s Pk 0 FH U7 v, 8 AT TR 1) 45
T HL IS sk 3 RO 2 ME 2R G0 1) ] 428 1 TS VA H )
Wr. I [ P 2 3 R AU X 2R R G T AR,
W FRREIR L AR FE B T iR 78 4 4 AF
ASCAESEEEA b, 0 A G R Tk 2 A AE
0TI 2 M — KB, R4(1)4Euler i i1
S T AR ER R (D FEA R, FI A SCE R
T H RGO EOK T 805 T30, w4tk kA7
1E.

2 FEAHEE A1 5] #l(Basic concepts and lem-

mas)

EX 1RG5 2) & T Y HACY TR
&, n € RUMELE—A AR SO A — AN B 45 ) 7
Flo(k)(k =0,1,--- 1), [HFEHERE 2.

Sl 1 RGx(k+1) = f(x(k),u(k))fE—
ANEMY TS € R Eal #5824 HAC Y GHE—4]
URMHE € S, FAAEE— M IRAEN (§) € S

SIEE 204 R PRt — A nfi W H R, et —A
AT, ARG
z(k+1) = (I +av(k)P 'BP)x(k) 3)

A HACY RGE(Q2) 4 IR
iE V¢ n e R, P, 4 PE, Py € RY.
R RF Q)2 T, WP RGE Q)b 57 51 P,

72— A IR S10(0), o(1). - o(1)
l
Py = [T1(1+ (B B)PE,
4 z
n= 110 +a" P p1pp)| e,
k=0 a

KR RGG) TR R, B RGEG) A, VE,n
€ RZ, WP, P~y € RY. B TRBERSE3) T 1%,
W AAFAE— A R F 510(0), 0(1), - -+ o(l)

4

&
[ﬁ (I + av(k)P~'BP)|P~*¢

k=0

D %/ \/JL(2)ﬂ?§.

SIE 3 % f(x) RR EPESRE, WEAD =
{(z,y) € R?ly — f(x) > O} ZR* I

UE T MIFEE 2 SCH R CRIE B, 7E A RiA.
WA 22 SR [17].
3 FE4 R (Main results)

EEB1 X T o EENELE RS Q), WAB
Han e
B —1+4+cosf —sinf

sinf —14-cosf|’

Hrh € (0,7m) U (—m,0), MZRGQ2) 2 (1.

I eSS = (1L,0)TH—ASnrk 4RIk, % &
TR
(I +t,B)(I+t,B)¢, = (I +B)(& +x), @)
Ky = (21, 2,)" € R2 NAK(@@n 15
_1—t1+t10089 —t;sinf '
t1sin 6 1—1t, +tcosb

_1—t2+t20089] B

to sin 6
_cosﬁ —sin@| |1+
sinff  cos@ To '

BT
14+ (tl + tg)(—l -+ cos 0)+
t1ts(2cos® 0 — 2cos ) =

(14 x1)cosh — xysinb,

)
(t1 + o) sin € + t1to(—2sin 0+
2sinfcosf) =
| (14 21)sinf + x5 cos 0.
M (515

o)
tl + t2 - 1 + )

sin 6
bty = 2 (T2 ©
27 2 —cosf sinf”

DIEAR A S 5K A5, T

To+sinf 1 2 2x
tuzz.i¢.2 +—— 41 (O

2sin 0 2\ sin?0  1—cosb

HT G T, A% o, o R 7 RE (AT 9 1 o E A Vi [
A

x5 21,

= 1>0}.
{x=(21,22) | eI p— 0}. ®
i
2 2$1
D={P P 1>0
P&+ x’ 9 — cosf +1>0},

AR 51 £E3ﬂ’£HDzE¥Fé%. i @‘ DR — miE&



12

VL A — R B O R ST 1 3 Hr 1631

ARIRAS, WE B )y

S
§ 3 2x
{Pepu| g s 1>0)
NI, AT
I —
) - 3

SRS EIpENERE)
Fig. 1 The attainable region of &;

AMEF P& JE DA A, BRI AFEPE AR
B(P¢&,,e) C D, 237 = (cos B,sin B)T = Q& €
B(P&,e), = _m € (0,m) U (~m0), p.q €
N,

_ |cosp
~ |sing
X 3,8, € R, st (I +6,B)(I +t,B)¢ = 17,
Vy € R?, n] KI5 sl AL bR i =X
y = r(cosby,sinb,) = r@Q&,
Q . —sin91]
1 — 9

cos 0,

— sinﬁ]

cos 3

cos 6,

sin 91

(I +6B)(I+t,B)y =

(I +t,B)(I +6:B)rQ.& =

rQ(I + 6 B)(I +t,B)¢ =

rQn = r@Q:1Q& = Qy,
FRAZ(I + 6.B)(I + t.B)=Q, BRI (,,%,)
# (0,0). NR—MME, #t, # 0. B ILE Q2

= I, 4

v(0)=0v(2) = =v(2¢-2) =1,
v(l) =v3) = =v(2q 1) =t,
Il .
v eR2, [ (I +v(k)B)ln=n
i L 2
F(ti,ta,y) =

(I +t:B)(I +t:B)n— (I+4.B)(n+y),

EH: = (m,m)" €RZ, y = (y1,42)" €R?,
OF (t1,t2,y)
Oty ty)
|B(I +tyB)n,B(I +t,B)n| =

2(1 —cos)(t, —ta)|n, Bn| =
2(1 — cos 0)(t1 — t2)(n; + 13) sin 6.

OF (t1,t2,y1,Y2)
A(t1,ts)

I HEF(t:,0,0,0) = 0. H4H Be ek 20E B AT 500 A7 40
0 = (0,0)T—AMBILB(0,0), 6 > 0, flifHt, =t (y),
ty = tQ(y)7 ye B(075) I\lZHTJ‘
(I +t(y)B)(I +t2(y)B)n =
(I+tB)(n+vy), Yy € B(0,0)

JROL, XM X TAEEn € RZ, BAFAE Dy nlik
BB (n,0) C R, RIESIELL, rIRIRLE(2) Al %

EHE 2 TERZEQ)W, 47BH X LR R
fEX £ ip(X # 0, u > 0), MRS Q)& T #1).

UE 2SR, BSSAHAL T
_ A
RUFEAE R WA R P € R2*2, {15
A —p
poA |
Lo = arcsin%, p = VA +p2 BRa e (0,m)\
{54

|(#1,0,0,0) # 0,

P 'BP =

—1+cos(2a—m)  —sin(2a—m)
2cosa | sin(2a—m) — 1+cos(2a—m) |
i
_ —14cos(2a—m) —sin(2a—m)
B = X .
sin(2a—m) —14cos(2a—m)
R E L, AT AR S
e(k+1)= (I + QC_OZav(k)B)a:(k), k=01,
JERTPEI. FRAR S 51 B2, {19 3 R G8(2) & AT # 1).
UEEE.

FE L X e BRI E B2 4518, 75 SCHk (16 A
AL, A 7E SCHR (1617 B2 3K BIOHUE /20 = §7r e
(0,7), p,q € NFIFER, BRO2&—NHHEL S50, MmE
ARICHFAENRIZAE, (NEEKO € (0,7) U (—7,0), p,g €N



1632 E R N 75

5 N H 29 %

IR

2 ERGEQ, B BIFF AR L Se 8k ol A,
M BAALL T R A3R B KA 2 —:
A0
0 u

X F R R TS, BRI A = (¢0,0)T, WiE R
ARG B AR R S (1, 0) B, Hittml IR
GEIANTTFE R TEE3FE I, SR E B2 = 0, X &R
GEQ)EAREER, N

Mﬁmwﬁo ﬂnmnr
w0

(A eR),

} (A €R),

Oﬂ<u¢m.

L+ v(k)?02 || 2(k) 23] 2(k) [z,
I IR I 3 46 T B — A TR 2 B 1 L P
Q- TEHO T N .
3 Eiﬁnﬂ%B%ﬁﬁﬁﬁf;ﬂ%g&%%
2, ARG A,
FE3  WERAQWHn >3, Ha R0 -
QAR TE,

UE AR SR (9150, R GE)R TARAT B
ANUTEEIN). dr 2 MU R A R] g, BB BL R 2y
He b=

Al *

o]
I

]

0 Cn72s_

Horf A P A SEH SRR iy + ib,(1 = V1),
j - 17 yCn—2s € R. *Eﬁ%IIEZ, R%
H 9L R

o(k +1) = (I +av(k)B)z(k), k=0,1,--+ (9)

PRI ATBUEWIE = (61,89, 1 €02,0,0)T €
R MIENE A RIAGARDS, G007 SR vk S mT J1, EAN W] e bt
HREIEU = 01,02, Dn1, 7n) TER™ HiH A2
Nn # OFPIRZSD, BARKO)A T, i R G02)Hh 2
ANTTEEI.
4 451 (Conclusion)

T T 6 2 T SR IR B HOW R M R G (1 ] 4%
P I RIS, IR1G T AR R RGP 78 4y
S A, IR T XTENiott ™SV HT £ H 1) A 2k S 81 1
W, T T 1A R AT, ARSI 25 3 5 SC
R [1614F T % b, S A SC 4 o HAT — ek, BRI
S FH A ok b S I 5 4. AR R R R A T KT X
e B (W BOK T2)1%E 2L R 48 4 i Euler 2§62 5,

»Sy C1y°

XF VR B AR ST AR AN AT 2 4 18, X R W] IX SR
ARG AT N B EAAAAE. EXXRR G AT

e ) L ¥ 5T

£ % 3 #k(References):

[1] MOHLER R R. Bilinear Control Processes [M]. New York: Aca-
demic, 1973.

[2] MOHLER R R. Nonlinear Systems: Application to Bilinear Con-
trol [M]. Englewood Cliffs, NJ: Prentice-Hall, 1991.

[3] RUBERTI A, ISIDORI A, D’ ALESSANDRO P. Theory of Bilinear
Dynamical Systems [M]. New York: Springer, 1972.

[4] MOHLER R R, KOLODZIEJ W J. An overview of stochastic bilinear
control process [J]. IEEE Transactions on Systems, Man, and Cyber-
netics, 1980, 10(10): 683 — 688.

[5] GRAY W S, MESKO J. Energy function and algebraic Gramians for
bilinear systems [C] //The 4th IFAC Nonlinear Control Design Sym-
posium. [S.1.]: [s.n.], 1998: 103 — 108.

[6] AGANOVIC Z. Optimal Reduced-order Control of Singularly Per-
turbed and Weakly Coupled Bilinear Systems [M]. New Brunswick,
New Jersey: Rutgers The State University of New Jersey, 1993.

[71 RINK R E, MOHLER R R. Completely controllable bilinear sys-
tems [J]. SIAM Journal on Control and Optimization, 1968, 6(3): 477
—486.

[8] KODITSCHEK D E, NARENDRA K S. The controllability of planar
bilinear systems [J]. IEEE Transactions on Automatic Control, 1985,
30(1): 87 - 89.

[9] PIECHOTTKA U, FRANK P M. Controllability of bilinear sys-
tems [J]. Automatica, 1992, 28(5): 1043 — 1045.

[10] KUCERA J. On accessibility of bilinear systems [J]. Czechoslo-
vakian Mathematical Journal, 1970, 17(1): 160 — 168.

[11] MERMANN R, KRENER A. Nonlinear controllability and observ-
ability [J]. IEEE Transactions on Automatic Control, 1977, 22(5):
728 —740.

[12] HAYNES G, HERMES H. Nonlinear controllability via lie theory [J].
SIAM Journal on Control and Optimization, 1970, 8(4): 450 — 460.

[13] GOKA T, TARN T J, ZABORSZKY J. On the controllability of a
class of discrete bilinear systems [J]. Automatica, 1973, 9(5): 615 —
622.

[14] TARN T J, ELLIOTT D L, GOKA T. Controllability of discrete bi-
linear systems with bounded control [J]. IEEE Transactions on Auto-
matic Control, 1973, 18(3): 298 — 301.

[15] ELLIOTT D L. A controllability counterexample [J]. IEEE Transac-
tions on Automatic Control, 2005, 50(6): 840 — 841.

[16] Mk, 3ETF 0, M. —FBBONME RS n # PERF ST (3], 2 22

W5, 2010, 27(5): 648 — 652.
(TIE Lin, CAI Kaiyuan, LIN Yan. Study on the controllability of a
class of discrete-time bilinear systems [J]. Control Theory & Appli-
cations, 2010, 27(5): 648 — 652.)

[17] CECH E. Topological Spaces [M]. New York: John Wiley and Sons,

1966.
Y A
ek (1985-), W, W AR, B RS 7 i ok AR s

1\ WMt RS, E-mail: jzshen009 @ 163.com;
XBELR  (1961-), 55, W%, W54, Bk se oy ) ki
Do B 5 424, B-mail: dengliubao@163.com.



