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Equilibrium of consensus problems for
discrete-time multi-agent systems

LI Jun-bing®, YAN Wei-sheng, FANG Xin-peng
(College of Marine Engineering, Northwestern Polytechnical University, Xi’an Shaanxi, 710072, China)

Abstract: The equilibrium of consensus problems for discrete-time multi-agent system is studied. For a fixed topology
system, based on the spectrum of nonnegative stochastic matrix and its left eigenvector, it is proved that only the initial
conditions of the root vertices contribute to the equilibrium value in interaction topology which contains a spanning tree.
For a time-varying topology system, by the fitness of style of nonnegative matrices, it is proved that only the nodes that
have directed paths to all the others in the union of switching interaction topology have contributions to the final value.
Numerical examples are used to prove the correctness of the theorems.
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UE AT FR R HE U B, O A2 g p H N
A —NRRIEAY. 2547 A E0 M e E N IE, W st
WE — 5 A K I RE AR AL (77 | 3ES).

BT AT AL AT A R AR A RS A2, T
ATH AR RS2 A > 0, AT > 0, H5]
1, fAEAE Ry > 0, y # Offif3 F=Uskar:

AT y=p-y. ()
FAED (A) P AFAE— AR, s b o, BE ot & 17
TE IR Y s Rl v AU S — MR Y
R, TR S AEAEIR, B, o K 1T ALl
B, w2 R), B ESTh T e = {v.), Uy,
U bl < <ny i = 1,2, ks T A
) B — AN 5 3 0 1 W, TR S A g, va,y - Vs
T BRI N (A, AHR AR PR 7R N AL i
THIEEAT AR, A— 2 P
A Okmk]
W :

(k+1)xn

®)

Hodp: A gk X kTR, Otk x (n — k)R 35
EOPAAAEAEER TG, BOE Na;,, 1 <i<k, k<p<
n, W RERAG AEAE 2% Mo, Bllo, (N 1 42, 55— 7
101, AR (A) P AEAE — AN A b, W — @ f7 A —
26 Mo, B, I8 ] #6452, E]]'UPIEIE]E%EP T R S2AR,
AL S BES 44, I p(4)) =

K2 AR Y i (AT i 1
Fig. 2 Directed graph that the root vertex is not

involved in a cycle

[, H T AT R AT Ry X AR AR B, Rt 1 AH TR
TO 553 1) it 8 7 B E T (AT R AP AE, R AT (Ay),
Xﬁﬁﬁ@%%%ﬁﬁﬁé%ﬂam, SH R A [l 8% o 7 1)
. B AT = A, T AFIA; A A A I REAE
18 1 2 4% .JHZMEAkm ANRFAEAR - H R 3 2
2. HﬂIﬁﬂK[ZI]EPE’J%}ESAA. CH &I, Ay AN Zy56
B, PR 51 BE2, 0 R T3l 2 p(Ag) = plI4FAE )
Yy IE, Bly® = [y yo -+ ], v >0, i =
1,2, k.

T AN 3G AN LE [9] 6 e i T R A B 1)
FIFED (AT, FERD(A)BRENT(AT). 4380



516 EC N N T A %30 &
F(k + DR BT (Ap) N, Fop o 478 BFER, T W Yrg- (10)

2 AR AME R 453 [R5 T, 85 328 4% 484 Jn
AR AR5 B AN s

{F(A(k+1)1)’F(A(k+1)2)) e aF(A(kJrl)i)y
F(A(kJrZ)l)’ F(A(k+2)2)7 T 7F(A(k‘+2)i)? T
F(Am)?F(Anz)v"' 7F(Am)}7

FORS AR 51

{A(k+1)1 ) A(k-’rl)z’ o A(k—i—l)i ) A(k+2)17

A(k+2)27”‘ A(]ﬁ)+2 P Anl)An27"' 7Ani}7
BOERATT (An,) = T(AT). L7 KT (Ap) B

T (AT) T, HA . PR AR B R e B A k4 1,
k42, n— 1 ORSANFEREY 2ndt, 89 NAAT A
FITCER I N0, Dy T J7 R L, 4 L AR 2R A
JERAH RN RAC 5, ELIX SRR F SRR R, ARAT
Ar S Agern < Ay, <00
<Ay, << A, = AT,

M

/’L:

< Aty <

(Ap) < (A<k+1>1) < p(Aggt1),) <
(A(k+1) ) < <p(A,) <
p(A,,) = P(AT) =y,

//\ //\b

(K11
p(Ar) = p(Aprsr),) = p(Arr1),) =

= p(Agtr),) = =

@) AN, JEREA o1y, —E & FHTER:
_ 0
A
A(k+1)1 = : Qi k+1 s
0 -+ 0 apyq, k+1 |

;H\:EPI k E‘Uk-s—lﬁaﬁ:ﬂ )\Uak_H k41 > O
IIl)I_\”JCZkJrL]H,l =0.

By 1) S S M o 0605 E T 5, BT

A(kJrl)1 . y(k+1) =pu- y(k-&-l)’ E]]
0 [ U | [ Y1 ]
: Y2 Yo
Ay ) )
Qi1 S 7 R I ()
: Y Y
0---0ars1, k1 | | Yk+1 | | Yk+1 |

Hﬂf@)ﬁﬁ%(k + AT AT, R AR RO

O-y1+0-y2+-+0-Yp + Qg1 p41 " Yot1 =

1) o B BRI, Wag,q x40 =0, 30100 K
Oy +0-y2+--+0-yp +0- Y1 =
Mo Yrt1s (11)
KXADWZEL R0, HFp > 0, Rt Hy,,, = 0.
2) Evkﬁ-lﬁfg/\ SRESZM Ul'JakH,kH > 0,
H(10), A
Okt1,h+1 * Yht1 = M Yry1- (12)
At ares s > O BLAGE AT, 0
1,0+ Q1 k41 S M
BT k1, > 0, app1 601 > 0, Wagy gy < pe 13K
(12), LA Ygq1 = 0.

AT, 2550 AL -y = oy OISR L. L AFHES
Tajpg, 1 Sj < k, j # dEEIC, WHyk = 0]
KAy - y®™ = p- y IR AT

éli"‘bl]%p/l\ﬁ‘f R, E+2<
I TRFAE AR po PR AIE AR, L'J,ff/fiﬁ[ﬂr.

TL vy(” jjx_f

Ak Ak,pfk

Ak+1,k+1 Ak+1,k+2 Ar+1,p ,y(p) _

Ak42,k+1 Ak+2 k+2 Qk+2,p

L Apk+1  Opk42 T App |
o J*
Y Yk Yk+1 Yk+2 Ypl s

M EaC AR + 147 2 S pA TR R T 5 X or:
4
Ok41,k+1 * Yol + Qg1 kr2 Yoo + 00+

Ak41,p * Yp = M Ykt1,
Ak42,k+1 ° Yk+1 T Qg2 k42 * Yrgo + -+

Ak+2,p " Yp = B Yk+2,

Qp k+1 * Y1 T Ap g2 " Yo + -+

\Qpp “Yp = K" Yp-
(13)
3 (3) I s A I, A
[(@hg1 k1 F g2 s+ 0y py1) — 1] - Y1 =
(= (@rs1 k42 + Qrgo kot Fapri2)] - Yrgot
RS P PR
Fp = (argrp + Qrgop + - 4 apy)] - Yy
(14)
HADATIL, v (k + 1 < 5 < p)WHTTH K R+,

FAN b7y AR A, Eﬂﬁ“’*m%ﬁﬁflqﬂ*ﬁﬂﬁﬁﬁm



¥4 PRI B B AR R S B BUER T 517
=, Bk

Ol 1,k+1 T Qg2 kt1 T+ Qpry1 S M,

Oft1,k+2 T Qg2 kt2 T+ Qppyo < MW,

Apt1p T Qryop 0
[ iIEE]
Qg1 k1 + Qg1+ +ap e —p <0 (15)
F

= Qg1 g2 T Qo2 T+ Ap g = 0,

+app g My

= Qpy1p + Qpgop + oo+ app = 0.
(16)
Ji— 5, L (A) S — AR, W e 54
v, 1 <0 < k, 815 Mo, Bllog (A7 — 50 10 %
12, BIFFAEREA  agr1 ;> 0, #(15) N0

Qg1 k41 + Qpgo g1 + -+ apryr — 0 <0, (17)
R 2 mm AR E. Tl 1e)fy® > onr %, =

A AudEs, iy, = 0. B, sA3)ER
R

Qpy2,k4+2 " Yoy T -+ Qpiop - Yp = [ Yroo,

Ap t2 * Yrt2 + o+ Qpp - Yp = [0 Yp.
(18)
HEE R, KT LS 2
Yp+2 = 07 Yk+3 = 07 T yk+p =0.

eI AT BT Ay -y ™ = - y™ Bz, BITER(T)
EP? Y1,Ya, - 7ykj"j£E’ Yk+1, Yk+2, " 7ynj‘j)§:

=S

FE L HSIETHOUE T &N, AR I B R A
fAocE NIE, RISEA (6) iR, BItA SN vz i .

BT | BT, 60T [ A5 g N 2 R Be ik R R
YA R R, A0 g5 R

EE 1 ENEFED @GN Z E AR RS,
A ING (k) FERAS I R 8] EOREFANAR, 35 HA
A AR, TR G n] DA s e B — ok, 8t
b, AUIS LB B AT AR G 4l Al b Wi ) 1
REARFRPRE NS R G 21T A R L.

UE T B LR 2y, S ASCT | B4 [ E
FME DL, TR

2 DJyxt N TS R AN G RBE A, RG]
URENZ[0] = [21 21 -+ @], HTIH4RTA,

Jim zfk +1] = lim D" . x[0] =

k—o0

1-v7 - 20] =Y v - a, (19)
=1

HFL=[1 - 120N TR L RFAE 5,
SIFEVRT A, vk ) N TR AE AR L) 20 AE ) & A5 AR
TRBEESER®S = {v.,, 0., v, (1 < 1y <
n, io= 1,2, k), 0] E A E 0 AT DLVE AR
T, B B A AR A S B T DA L A R
2, B3R, R, AL H] B G T AN
XEI I R R Pl AR, IEER.

FRTAT SN, 4350 R BEAA fe T4l s ARTZ 2 A AH
K, WAR, AR Z R ek KRG bl E R 4T3

YT B RGN 5, FFE TR A5 0 STAKE P
P8RRI RE X, b Ab BT FR 10 #F 2RI B
FALE TG R A F O TR REN WEEIS 2
WEBH, 24 HAN AT 1) B I IE A 3 A 2 b, U AH B
(1) F B2 SFe B STA KR B, LAt G T~ e U B 1) STA P
JiU 2 WL SCHR [26-28]. BEG 5 HE3, 5H6, FIHFF5]
FE3X ) el .

SIEE8 SA=[A Ay - AR —HIHRM
BEALAR B, H A, R4 #7060 1E. 5 HAH R AT 1)
BIC(A)(1 <@ < p)BEESH SR, HAR
RS AR E AL, AR AT R R e A
FESTAHT B, 75 I3 2145 T 0k Y. 18 22 4R iE 1) 122 71, A
[P 3% R T 0T I (1) 93 A I

Uk GBS, AR AR BE X e s b IE, AN
IAH BLANKE B 4 STAKE B H ILAT &= e B SIAKE
B, Mm 2 i 1, 7EA G IS EUE KNS BL R, nr
JE B ) B A BRI, AT AN 2T M e R AR N I
B SIAKE M2 A IR, A SO, £,

LB = A, - Ay, - Ay, AT ERE R AR,
C = Ay, + A, +- -+ Ay, HnfSIAREFE I BRIE,
D)4 508 1) STAKE (1) 4 75 2 A7 R, B =0(3) 5 11
WK, HBE AT UE B BN B STAH B DI TG BRIk
e, HIEj — ocoZ 0, D € O, Bl 3) T LLE ik k-
A FSRSTARE B DA PR, 51 36 n] 41, DAL 8k
HEIC(C) i aad, AR RSNl
WL Rl AE T (D) A RAFAE. PRI

lim D% =1-¢c7,

kij —o00
Horp ke, 2m S A OG, W H 5 (37 R0 50, T A ml s
PR TR Y. ) A I kR

TAFAED (A;) 2 SRIEM ), 51 #en &1, I'(B)
S T (1, PRI, AN B A AR A AR PR 4 8 20 e K
IE. AFAAFAET (A;) 29I 1, JEE RIS 88 w]
RE L SRIET ).



518 E R R 75

5 N %30 &

EH 2 AT OIH4, 1L RGAE NS DT
AL R, AR A S AR R A Il o, T
BB [ 6 ) T 0 T2 8 98 B AT -l A A .

iE 2G(k1),G(k), -+, G(km) A & A B H X
[k, k + 1)(k = 1,2, - ) LRGBS B,
I (BRG0G0 K Ay Ay, -+, Ag,,» 51 EES-6
A, FeflAL = Ay, - Ag, - - Ay, ISTAZERE, W&
5T DSBS L — SO, )

klim z[k + 1] :klim Ay - A - Ay -z]0] =

1-c" - z0], (20)
NIER]
klim zlk+1] = zn:ci-y:i(()), i=1,2---
—00 i=1

FALE ER LR, BT EE8 W 5, R H AR LS B
A DA A R i AT 3 1 Bl RO T A AT 1 .
IEEE.
4 B {HH B (Numerical examples)
T R G ER TR I A, 2 vk A 1) A
VR 2 10 40 o2 I 0 RS A AL B JEC 3% 2 42 55 I ) 2 4R A
) . A7 1) P 1 2 R AR B M 2 T R R A Ay A
Apigo. B ERIN BT S S AT 1 AR IR, 15 25008 R AL
EATEA KT IES, HAREI Y BEHUARRE. &
SR, N TR EL AR E =L =1 1 -+ 1],
H RS AE ) B 43 s Ay D Ry H
(08 0 0 02 0 0
0406 0 0 0
02 0 02 0 06
0 09 0 01 0
0 07 0 0 0.3
0 0050 0 05
0 0030 0 0304
ST, Apigt FIRFEAE 00 A =1, Ay = 0.25
+ 0.23981, A3 = 0.25 — 0.2398i, A, = 0.3, \s =
0.2, X\¢ = 0.4, \; = 0.5. HARBEFAEIN, = 15
() 22 AT 1) A
yM =10.8773 0.4668 0 0.1949 0 0 0].

n. (21

AFigl =

o O O O

0
0
0
0|,
0
0

B
(1 0 0 0 0 1
0406 0 0 0
02 0 02 0 0.6
0 09 0 01 0
0070 0 0.3
0 0050 0 05
0

0 030 0 0304

Apigo =

o O O O O

0

0

0
0. 01,
0. 0
0

é’éﬂﬂ‘ﬁ, Aplgglﬁ‘Jf%?HE%%Uﬁ'J )\1 = 1, )\2 = 0-6,
Ag = 03, )\4 - 02, )\5 - 01, )\6 - 04, )\7 - 05
OB N, = IRFR (R A5 AE 1) 5

y? =[1000000)].

MAF LSS RERT N, 135052 P AN ME— 1 K1
REAEAE. PR [ P G oy, va, 04 34N TR, 7EY™)
T, 551, 2, 413N IE, HoR O E. FEE2, X

FERFAE 1 AT 28— AN TG E R IE. IXBIE T 53710
IERATE.

T BGAUE S ES K IE A PE, 4 A S TAN TN
(A ) B Can B3 BT ), SRR i 4T . 4447 1)
B KSR BEAE 2 e 7n WAL, Ay, Ag, Ay I T HEE
TG, AR B H [R]—A7 AR R e R A S, HL
PRUEFL A BEHLAFE, HEARAS 41 H.

/Q'\Ao = A, - Ay A3z - Ay @ﬁﬂﬁ?%flo £0]
BRAEE 28 9 = 1, As = 0.6050, A3 = 0.3947,
Ay = 0.167340.1462i, A5 = 0.1673—0.1462i, \g =
0.5000, A7 = 0.1657. AT X} N T3 AEAE 1 RIHEAE 17
=H

y© = [0.3742 0.7484 0.2591 0.0576
0.2591 0.4030 0].
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Fig. 3 Four graphs each of which has seven vertices
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5 45 (Conclusions)
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