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High-order parameter-optimization iterative learning control algorithm
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(Institute of Advanced Control Technology, Dalian University of Technology, Dalian Liaoning 116023, China)

Abstract: A high-order parameter-optimization iterative learning control algorithm is presented for solving the tracking
problems of a class of linear time-invariant discrete system. The proposed algorithm is based on a quadratic performance
objective function with the tracking errors from earlier trials. By solving this function we obtain the optimal time-varying
parameters as the learning gain of the iterative update law. It is proved theoretically that when applied to the relaxed linear
discrete system, the proposed algorithm guarantees the tracking error to converge to zero monotonically even the original
system is nonpositive. Moreover, since more information of previous iterations is considered in the proposed algorithm, the
robustness and convergence performance of the algorithm are improved accordingly. Finally, a case study is carried out to
illustrate the performance of this new algorithm.
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1 ÚÚÚóóó(Introduction)
S�ÆS��(iterative learning control, ILC)Ì�

A^uk��mm�[0, T ]SE$1���?Ö,
¢yé�½ÑÑ;,r(t)����l. ÙÌ��n´
|^cgS��XÚ&EïáÆSÆ,¦XÚ��l
Ø�Åg~�.
Cc5,Äu�.�`z���{��
2��

A^. ù«�{ÏLé��XÚï�,|^êÆ�.
�O��ì,Ù��ì�(��ëê�6uÉ�é�
��.(�Úëê. 3dÄ:þ,|^�`�K�O
S��#Æ,�Ñ3,«5U�Ie��`��&Ò
�`zS�ÆS��,¿�¤�
S�ÆS��ïÄ
+����9:[1–4]. Ù¥,ëê`zS��ÆS�
��{[5](parameter optimal iterative learning control,
POILC)´`zS�ÆS������ïÄSN.

POILC´Äu�g.�`z�{,äk¢�{B
�A:,���é���5�ØC�.¿äk�½5
�ÑÑØ��üNÂñu". e��é���.��
½,K�lØ�üNÂñ����"�.Cc5,®k
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�{Ä:þJÑ
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òü�ëê`z�{ÿÐ�õëê`z�{. ©z[9]
JÑ°�5_�.POILC�{. ©z[10]ïÄ
Äu
FÝeü�°�5POILC�{. ù
�{éÏ"ÑÑ
��lO(Ý�XÚ�.��½5;��',�A^
u��é����½ØU°(�l�½Ñ\. 8c,
·^u��½5XÚ�POILC�{ïÄ¤J�Ø´
éõ,X©z[11]òPOILC�{�ÆSOÃIþ��
O�����S�gêCzCz���Ý
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��È�8S|¢Ñd��Ý
��`),òÙ�\
�POILC�{¥,U
¦��½���é��lØ�
üNÂñu". �´Ù|¢�{��E,�´�ÏJ
�,Ïd3¢SA^¥J±¢y. ©z[12]ò��é
�Ñ\ÑÑ�.©)¤ ��.Ú®��.üÜ©,
¿æ�®��.�_¦±�gS�Ø���#��

��#þ,E,|^POILC�{�8I¼ê¦ÑÆS
OÃ�ES��{,ïÄ(JL²T�{Ó�U
¦
��½���é��lØ�üNÂñu". �´T�
{EI�é®��.�_¦),�XÚ��ê�~p
�,O�þòC��~ã�.

S�ÆS���{õ´|^c�gS�����

Ñ\9c�g�ÑÑØ�(m�/ªÆSÆ)½�cØ
�(4�/ªÆSÆ))¤�gS����Ñ\,ù«
/ª���Æ�¡���/ª�S�ÆSÆ.æ��
gS��cõgS�&E�ES�ÆS��Æ¡�

p�S�ÆS���{. Cc5,p�S�ÆS��
�{�5�����.�'5. ©z[13]�éäkØ
(½5½Z6�E��5�CXÚ,�O�«#�
9Ï�"p�S�ÆS��ì. ©z[14]ïÄ
�a
��î��"�C��5XÚ�g·AS�ÆS�

�3�������Ø(½5XÚ¥�A^. ©z
[15]�é�a��5�6ÄXÚJÑ
p�PIDæ�
��ÆS���{,?Ø
p��{�Âñ5¯K±
9T�{�`³�"�.©z[16]ïÄ
p�P.S
�ÆS��Æ3�kØ(½5���5XÚ�A^.
©z[17]�é�k�¢Ú6Ä���5XÚJÑp
�PID.S�ÆS��Æ.©z[18]?Ø
��Ú�
�P.S�ÆS��Æ3Ü©�.����5�CX
ÚA^��ÂñA5. ©z[19]��é(½5�5X
Ú,�O
��Úp��'~.S�ÆS��)û�
Y,¿'�
p�Ú$�ILC�{�Âñ5Ú°�5.
¦+kéõïÄ'5�S�ÆS���p��{,�
8cÄu�`���K�p��{ïÄ�Ø´é´

L.

DÚ�POILC�{�·^u�½�XÚ�.,d
^�´�����. Ïd,U?POILC�{��O,�
téXÚ�.�^��¦,¿¦��lØ�üNÂñ
u",äk��nØÚ¢S¿Â.�d,�©JÑ�
«p�ëê`zS�ÆS���{. T�{(�{ü,
|^�cõgS��&E�ïëê`z8I¼ê,�
��`�S���Ñ\&Ò.d�{A^u��½X
Ú�,E,U
�yüNÂñ,¿��°(�lÏ"
ÑÑ;,��J.Ó�,p�S�ÆS���{�ÊÏ
ÆS�{�',|^
±cõgS�L§�Ñ\ÑÑ
&E5�E#���Ñ\,�Jp÷ÆSS����
Âñ5UÚ°�5.

�©dXeA�Ü©|¤�: 312!,{ü0�


DÚëê`zS�ÆS�{;13!JÑ��ëê
`zS�ÆS�{¿éÙÂñA5?1
©Û;
14!313!�Ä:þJÑp�ëê`zS�ÆS
�{,Ó�éÙ5�?1©Û;��,15!|^��
�ý¢~`²�©JÑ�{�k�5.

2 ¯̄̄KKK£££ããã(Problem formulation)
�ÄXe��SISO�5�ØCtµXÚ:{

xk(t + 1) = Axk(t) + buk(t),
yk(t) = cxk(t),

(1)

Ù¥: cb 6= 0, xk ∈ Rn, uk ∈ R, yk ∈ R; A, bÚc©O

��A�ê��þÚÝ
; kL«S�gê; t ∈ [0,

N ]L«XÚæ���.XÚ (1)��l8I&Ò�
yd(t). -ek(t) = yd(t)− yk(t)�t���XÚ�lØ

�,¿b½yd(t)´NN�,=�3ud(t)¦�{
xd(t + 1) = Axd(t) + bud(t),
yd(t) = cxd(t),

(2)

S�ÆS���8�´�O·��S�ÆSÆ,¦S
�gêkªCuÃ¡�,XÚÑÑyk(t)°(/�l�
½ÑÑyd(t),= lim

k→∞
‖ek(t)‖ = 0.

�!Äk{ü/0�DÚ�ëê`zS�ÆS�

��{[5],òG��m�.(1)=��Äu�mS��
Ñ\ÑÑ�þ�.�

~yk = G~uk + ~dk. (3)

ª(3)¥�GÚ~dk�Xe/ª�Ý
Ú�þ:

G =




cb 0 0 · · · 0
cAb cb 0 · · · 0

...
...

...
. . .

...
cAN−1b · · · · · · cAb cb




,

dk =




cAxk(0)
cA2xk(0)
cA3xk(0)

...
cANxk(0)




,

~ukÚ~yk�Ñ\ÑÑ��mS��þ:

~uk = (uk(0), uk(1), · · · , uk(N − 1))T,

~yk = (yk(1), yk(2), · · · , yk(N))T,

¿½Â~yd, ~ek�XÚ(1)�½Ñ\�þÚ1kgS��

Ø��þ:

~yd = (yd(1), yd(2), · · · , yd(N))T,

~ek = (ek(1), ek(2), · · · , ek(N))T.

�©¥éXÚ(1)kXeb�:

bbb��� 1 XÚ�Ð©G�xk(0) = x0. du�©
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Ì�¦^¢SÑÑÚÏ"ÑÑ� ����"þ?

1O�,~êxk(0)3O�¥¿Ø�9,Ïdxk(0)
�"�Ä��ØK��©�(Ø.

ëê`zS�ÆS�{����#Æ�±e�

Arimoto.c"�{[20]:

uk+1(t) = uk(t) + βk+1ek(t + 1). (4)

�â©z[21],éuXÚ(1),�{(4)�ëêβk+1÷v

|1− βk+1cb| < 1�,�lØ�U
ìCÂñ�". w
,e�{(4)äk¦�lØ�üN4~�A5,@o4
�XÚÒk�Ð�°�5. �d,©z[5]JÑ
�«
éëêβk+1?1`z��{:

~uk+1 = ~uk + βk+1~ek, (5)

Ù¥ÆSOÃβk+1�±e8I¼ê�):{
β∗k+1 = arg minJ,

J(βk+1) = ‖~ek+1‖2 + wβ2
k+1, w > 0.

(6)

e�ê�Euclid–2�ê,��éª(6)¥�¼¦ �-
∂J

∂β
= 0,��ª(6)��`)β∗k+1�

β∗k+1 =
〈~ek, G~ek〉

w + ‖~Gek‖2
, (7)

Ù¥〈·, ·〉L«SÈ.�{(5)äkXe�5�[5]:

½½½nnn 1 �{(5)�lØ�~ek��êüN4~,¿
k lim

k→∞
βk+1 = 0.

½½½nnn 2 eXÚ(1)�Ñ\ÑÑ�.Ý
G÷v

G + GT > 0,=G + GT�½. K�{(5)÷v:

lim
k→∞

‖~ek‖ = 0.

�âþãëê`zS�ÆS���{�½n�±

wÑ,T�{�3�5XÚ�ÑÑ¼êG��½�â

U(�°(�l�½Ñ\. �©ò3e¡Ù!�ÑU
?�ëê`zS�ÆS���{,¦ÙÓ�·^u�
�½�5XÚ.

3 ������ëëëêêê`̀̀zzzSSS���ÆÆÆSSS���������{{{ (First-or-
der parameter optimal iterative learning con-
trol algorithm)
�âDÚëê`zS�ÆS�{(5)�5�,�X

Ú�.��½�,�{òÃ{(��lØ�Âñ�",
lK��{é��½8I;,��l°(Ý.�d,
�©�é�5XÚ(1),JÑXe�S�ÆSÆ:

uk+1(t) = uk(t) + βk+1(t)ek(t + 1), (8)

5¿�©JÑ�ëê`z�{L�ª(8)¥,¦^
3
�m�þ�C�ÆSOÃëêβk+1(t),5��DÚë
ê`zS�ÆS���{(5)¥��ØCëêβk+1. ù
��O�±¦ÆSOÃëê�À��\gd(¹,¿

�A/���Ð��l�J.

-~βk+1 =[βk+1(0) βk+1(1) · · · βk+1(N − 1)]T,
~βk+1dª(9))Ñ{

~β∗k+1 = arg min(J),
J(~βk+1) = ‖~ek+1‖2 + w~βT

k+1
~βk+1, w > 0.

(9)

�e5é~βk+1�äN�?1O�,òª(1)�k + 1
gS��.�kgS��.�~¿�\ª(8)k

∆xk+1(t + 1) = A∆xk+1(t) + b∆uk+1(t) =

A∆xk+1(t) + bek(t + 1)βk+1(t), (10)

±9

−∆ek+1(t) = c∆xk+1(t) =

cA∆xk+1(t− 1) + cbek(t)βk+1(t− 1), (11)

Ù¥:

∆xk+1(t) = xk+1(t)− xk(t),

∆uk+1(t) = uk+1(t)− uk(t),

∆ek+1(t) = ek+1(t)− ek(t).

-bek(t + 1) = Bk(t),|^ª(10)–(11)k

−∆~ek+1 = G̃k
~βk+1, (12)

Ù¥

G̃k =




cBk(0) 0 · · · 0
cABk(0) cBk(1) · · · 0

...
...

. . .
...

cAN−1Bk(0) cAN−2Bk(1) · · · cBk(N−1)




.

(13)

òª(12)�\ª(9),-
∂J(~βk+1)

∂~βk+1

= 0,���`)

~β∗k+1÷v

(wI + G̃T
k G̃k)~β∗k+1 = G̃T

k ~ek. (14)

dué?¿x ∈ RN ,Ñk

xT(wI + G̃T
k G̃

)
kx = wxTx + ‖G̃x

k‖2 > 0

¤á,���=�x = 0�þª��Ò¤á. ÏdÝ

��½Ý
,K�âª(14)k

~β∗k+1 = (wI + G̃T
k G̃k)−1G̃T

k ~ek. (15)

æ^Xª(15)��`)�~β∗k+1,ëê`zS�ÆS�
��{(8)÷vXe�½n:

½½½nnn 3 �{(8)^ué�(1)��lØ�äkü
N4~�5�,=‖~ek+1‖ 6 ‖~ek‖,� lim

k→∞
~β∗k+1 = 0.

yyy òª(9)���`)~βk+1 = 0�\8I¼ê:

‖~ek+1‖2 6 J(~β∗k+1) =
‖~ek+1‖2 + w‖~β∗k+1‖2 6 J(0) = ‖~ek‖2,
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�~eküN4~. 2dþª�4í�

w‖~β∗k+1‖2 6 ‖~ek‖2 − ‖~ek+1‖2,

?w
∞∑

k=0

‖~β∗k+1‖2 6 ‖~e0‖2,=S�{‖~β∗k+1‖2}Âñ,

�k lim
k→∞

‖~β∗k+1‖ = 0.

½½½nnn 4 �{(8)^ué�(1)÷v lim
k→∞

~ek = 0.

yyy d½n3�� lim
k→∞

~β∗k+1 = 0,2dª(14)�

lim
k→∞

G̃T
k ~ek = 0.

-G̃T
k ~ek = ~rk = (rk

1 , · · · , rk
N)T,�âª(13)k

rk
N = BT

k (N − 1)CTek(N) = bTcTe2
k(N).

�â½n39ª(14)k

lim
k→∞

~rk = lim
k→∞

[rk
1 · · · rk

N ]T = 0,

= lim
k→∞

rk
N = lim

k→∞
bTcTe2

k(N) = 0.�âþª9b�

bTcT = cb 6= 0k lim
k→∞

ek(N) = 0.2�Ärk
N−1. dª

(13)k

rk
N−1 = bT

k (N − 2)ATcTek(N)+
bT

k (N − 2)cTek(N − 1) =
bT

k ATcTek(N − 1)ek(N) + bT
k cTe2

k(N − 1),

Ónk lim
k→∞

ek(N − 1) = 0.±daí��

lim
k→∞

ek(N) = · · · = lim
k→∞

ek(1) = 0,

Ïd lim
k→∞

~ek = 0.

�âª(15)�±wÑ,~�Iþ��wòO�ÆS

OÃβ∗k+1,lO�S�Ñ\Cz�ÌÝ,¿�A/
\¯�{�Âñ�Ý.Ïd��wØ¨�����,3
¢S$�L§¥,À�w�,��u"��êþ��

�Ü·.

ÏLé½n4�y²��±wÑ,�{(8)��3
XÚ(1)¥�ëê÷vcb 6= 0�^�e,ÒU
(��
lØ�üNÂñ�". d^��'�DÚëê`z
S�ÆS���{¥XÚ�.7L��½�^�[5],
w,��~�¿�´u¢y. Ïd�©JÑ��{U

�2�/A^u�5lÑXÚ��l¯K,�ØD
Úëê`zS�ÆS��[5]�·^u�½5XÚ��

�^�.

555 1 �{(8)ÄukgS�Ø��Ek + 1g��Ñ\,

�w����{. �©ò3e!JÑëê`zS�ÆS��

�p��{.

4 ppp������{{{(High-order Algorithm)
XJòkgS��c�XÚ&E\\�S�ÆS

���{��O¥5��k + 1g�S�Ñ\,Ò¡�
p�S�ÆS���{. dup��{æ^�L�g
S�±þ���Ñ\Ú�lØ�?1
\�?n,Ï

dl�*þ5wp��{�Âñ5Uò��U

õ[18–19]. �´,ù«��¤á�Ä3nØy²þ�3
Xé��(J.~X,©z[6–7]¥�Ñ
p�ëê`
zS�ÆS���{,�,3�{��Oþ��E,,
�´E,�·^uÑ\ÑÑ�.��½�XÚ,ÙÂ
ñ5U¿vk���A�Uõ.

�d,ëìþ©JÑ���S�ÆS���{,�
!JÑp�ëê`zS�ÆS���{. dup��
{é�L�gS�±þ���Ñ\Ú�lØ�?1


\�?n,Ïd�$��{�',p��{ä��
Ð�°�5,U
�fXÚD(é�l5U�K�.

�ÄXe�p�ëê`zS�ÆS���{:

uk+1(t) = uk(t) +
r∑

i=1

βi,k+1(t)ek−i+1(t + 1),

r 6 k. (16)

-

~βi,k+1 =[βi,k+1(0) βi,k+1(1) · · · βi,k+1(N − 1)]T.

ëê~βi,k+1dXe�`z8I¼ê)Ñ:

J = ‖ek+1‖2 +
r∑

i=1

wi‖~βi,k+1‖
2
,

w1 > 0, · · ·, wr > 0, (17)

òª(1)�k + 1g�.�kg�.�~��

−∆~ek+1 = Ḡk+1
~βk+1, (18)

Ù¥: Ḡk+1 ∈ RN×(N×r), ~βk+1 ∈ R(N×r)×1,¿k

~βk+1 =[β1,k+1(0) β2,k+1(0) · · · βr,k+1(0) · · ·
β1,k+1(1) β2,k+1(1) · · · βr,k+1(1) · · ·
β1,k+1(N − 1) β2,k+1(N − 1) · · ·
βr,k+1(N − 1)]T, (19)

Ḡk =


cB̄k(0) 0 · · · 0
cAB̄k(0) cB̄k(1) · · · 0

...
...

. . .
...

cAN−1B̄k(0) cAN−2B̄k(1) · · · cB̄k(N−1)




,

(20)

±9

B̄k(t) = b[ek(t + 1) ek−1(t + 1) · · ·
ek−r+1(t + 1)], 0 6 t < N. (21)

�âª(19),8I¼ê(17)�U�¤

J = ‖ek+1‖2 + ‖W ~βk+1‖2,W ∈ R(Nr)×(Nr), (22)

Ù¥

W = diag{√w1, · · · √wr,
√

w1, · · ·√wr, · · · ,
√

w1, · · · ,
√

wr},
w1 > 0, · · · , wr > 0.
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òª(18)�\ª(21)¿-
∂J

∂β
= 0��

(W + ḠkḠ
T
k )~β∗k+1 = ḠT

k ~ek. (23)

du(W + ḠkḠ
T
k )��½Ý
��_,Ïdª(23)�

±U��~β∗k+1 =(W + ḠkḠ
T
k )−1ḠT

k ~ek,p��{(16)
÷v±e½n:

½½½nnn 5 �{(16)^ué�(1)�lØ�äkü
NÂñ�5�,=‖~ek+1‖ 6 ‖~ek‖,� lim

k→∞
~β∗k+1 = 0.

yyy òª(21)���`)~βk+1 = 0�\8I¼ê:

‖~ek+1‖2 6 ‖~ek+1‖2 + ‖W ~β∗k+1‖2 6 ‖~ek‖2, (24)

K�âª(24)4í�
∞∑

k=0

‖W ~βk+1‖ 6 ‖~e0‖. (25)

�âþ¡�ª (25)��,S� {‖W ~β∗k+1‖2}Âñ,K
lim

k→∞
W ~β∗k+1 = 0. duW�é����þ��,Ïd

�� lim
k→∞

~β∗k+1 = 0.

½½½nnn 6 �S�gêk →∞�,�{(16)��l
Ø�ªCu",= lim

k→∞
‖~ek‖ = 0.

yyy �â½n 5Úª(23)��,� lim
k→∞

~β∗k+1 = 0

�,7k lim
k→∞

ḠT
k ~ek = 0. -ḠT

k ~ek = ~sk = 0,5¿ḠT
k

∈ R(N×r)×N , ~ek∈RN×1,Ïd~sk∈R(N×r)×1,u´k
~sk = (~s 1

k , ~s 2
k , · · · , ~s N

k )T,Ù¥~s i
k ∈ Rr(1 6 i 6 N ),

�Äª(20)¥Ḡk�(�±9ª(21)¥B̄T
k�(�k

~s N
k = B̄T

k (N − 1)CTek(N) =

bTcT[ek(N) ek−1(N) · · · ek−r+1(N)]Tek(N) =

bTcT[e2
k(N) ek−1(N)ek(N) · · ·

ek−r+1(N)ek(N)]T.

dXÚ(1)�b�cb 6= 0,� lim
k→∞

~sN
k = 0�

lim
k→∞

ek(N) = 0,

¿dd�±íÑ

lim
k→∞

ek−1(N) = lim
k→∞

ek−2(N) = · · · =
lim

k→∞
ek−r(N) = 0.

2�Ä~sN−1
k ,�âḠk�(�k

~sN−1
k =

B̄T
k (N − 2)cTek(N − 1) +

B̄T
k (N − 2)ATcTek(N) =

bTcT[e2
k(N − 1) ek−1(N − 1)ek(N − 1)

· · · ek−r+1(N − 1)ek(N − 1)]T +

bTcT[ek(N − 1) ek−1(N − 1) · · ·
ek−r+1(N − 1)]Tek(N).

�âcb 6= 0, lim
k→∞

~sN−1
k = 09 lim

k→∞
ek(N) = 0�

�� lim
k→∞

ek(N − 1) = 0,¿dd�±íÑ

lim
k→∞

ek−1(N − 1) = lim
k→∞

ek−2(N − 1) =

· · · = lim
k→∞

ek−r(N − 1) = 0,

2±daík



lim
k→∞

ek(N − 2)= · · ·= lim
k→∞

ek(1) = 0,

lim
k→∞

ek−1(N − 2)= · · ·= lim
k→∞

ek−1(1) = 0,
...

lim
k→∞

ek−r(N − 2)= · · ·= lim
k→∞

ek−r(1) = 0,

=

lim
k→∞

~ek = lim
k→∞

~ek−1 = · · · = lim
k→∞

~ek−r = 0.

dd½n6�y.

�!3ª(8)�Ä:þ�Ñ
p��{(16),¿y
²
p��{(16)A^u��½XÚÓ�¦�lØ�
üNªCu". �´du

1) ���{3z�gS��,��Ñ\þ�¹

c�g�&E.�g4í,?��¹
±c?Û�
gS��Ñ\ÑÑ&E.

2) �S�gêO\�,�S�Ø�ò�"ªC,
S�Ñ\ò�Ï"Ñ\ªC.

Ïd�±�ä,p��{�S�5Uò3S�m
©?1�kJp,�XS�gê�O\,p��{
��^òÅì~f. �e5�©ò|^���ý¢~
5�y�{�5U.

5 ���ýýý¢¢¢~~~(Case study)
�
�©JÑ�{�k�5,�ÄXelÑ�5

XÚ:



x(t + 1) =

[
1 0.3

0.1 1

]
x(t) +

[
0.1
0

]
u(t),

y(t) = [0.1 0]x(t).
(26)

æ�±ÏN = 20,Ï"ÑÑyd(t) = sin(2πt/N). é
ª(26)�lÑÑ\ÑÑ�.G?1Ý
O�,¦�
G + GT�A�������[−0.2697 0.4856],Ï
dª(26)���½. ©O|^Xe�ëê`z�{?
1éª(26)�ý:

1) DÚëê`zS�ÆS�{[5]:

~uk+1 = ~uk + βk+1~ek,

βk+1d8I¼ê(6))Ñ.

2) ��ëê`zS�ÆS�{:

~uk+1 = ~uk + ~βk+1~ek,

~βk+1d8I¼ê(9))Ñ.
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3) ��ëê`zS�ÆS�{:

~uk+1 = ~uk + ~β1,k+1~ek + ~β2,k+1~ek−1, (27)

~β1,k+1Ú~β2,k+1d8I¼ê(22)(r = 2))Ñ.

ã1�Ñ
æ^DÚ!�©JÑ���Ú��ëê
`zS�ÆS�{�,XÚÑÑØ�3S��þ�Â
ñ�¹. �ý(JL²,æ^©z[5]JÑ�DÚëê
`z�{�XÚ�lØ�üNÂñ,��"ê,ù´
duXÚ���½5E¤�[5]. æ^�©JÑ�ëê
`z�{(��!��)��l(J9Âñ5U��Ð
uDÚëê`z�{. d	,�©JÑ����{�
Ø�Âñ5U3�Ð�AgS��ÐL���{,
�XS�gê�O\,���{Ú���{��lØ
�Åì�C.

ã 1 3«ØÓ�{��lØ�Âñ�¹
Fig. 1 Convergence of tracking error of 3 different

POILC

�e5�Ä�XÚ�3ÿþØ���{�°�5,
éXÚ(26)\\G�6ÄÚÑÑ6Ä:




x(t + 1) =
[

1 0.3
0.1 1

]
x(t) +

[
0.1
0

]
u(t)+

[
0.001× rand n

0.001× rand n

]
,

y(t) = [0.1 0]x(t) + 0.001× rand n,

(28)

Ù¥rand n´3�m�þþ��0!���1�xD(
S�. XÚ(28)�Ï"ÑÑÚæ�±ÏÚXÚ(26)�
Ó,©O|^�©JÑ����{Ú���{?1�
ý,���lØ�3S��þ�Âñ�¹Xã2¤«.

dã2�±wÑ,3�3ÿþZ6�¹e,���
{�Ø��l�Ú���{�'�\²w,Éÿþ
Ø�K��ÅÄÌÝ��. dd�ä,���{�°
�5�Ðu���{.

ã 2 ���{Ú���{�°�5Âñ�¹
Fig. 2 Robustness convergence of first-order POILC and

second-order POILC

Ø©=é�kÿþD(��¹?1
�ýïÄ,
éu�{í2��kÑ\ÑÑ6Ä��ÅXÚ��

¹ò´�ö?�Ú�ïÄó�.

6 (((���(Conclusions)
�'�uDÚëê`z�{,�©JÑ��{3

XÚ�.���½��,äk4�½5,¿¦�l
Ø�üNÂñ�". ÏdT�{�·^u���¹e
�lÑ�5�ØCXÚ,A^���\2�.38�
�ó�¥,òéd�{3�kÑ\ÑÑ6Ä��ÅX
Ú�A^�?�ÚïÄ,¿ép��{Ú$��{�
Âñ�Ý�'�?1nØ©Û.

ëëë���©©©zzz(References):

[1] GAO F, YANGA Y, SHAO C. Robust iterative learning control with
applications to injection molding process [J]. Chemical Engineering
Science, 2001, 56(24): 7025 – 7034.

[2] ³Jm,û§),�ý�,�.��5lÑ�mXÚ��`ªàS�
ÆS�� [J].��nØ�A^. 2012, 29(8): 1025 – 1030
(CHI Ronghu, HOU Zhongsheng, WANG Danwei, et al. An optimal
terminal iterative learning control approach for nonlinear discrete-
time systems [J]. Control Theory & Applications, 2012, 29(8): 1025
– 1030.)

[3] �®,=�u.�«m�L§�nÜýÿS�ÆS���{ [J].�
�nØ�A^, 2012, 29(8): 1069 – 1072.
(CHEN Chen, XIONG Zhihua. An integrated predictive iterative
learning control for batch process [J]. Control Theory & Applications,
2012, 29(8): 1069 – 1072.)

[4] PANG B, SHAO C. Modified Newton-based ILC solving specific tar-
get tracking problems for non-linear batch reactor [J]. International
Journal of Modelling, Identification and Control, 2013, 18(2): 158 –
165.

[5] OWENS D H, FENG K. Parameter optimization in iterative learning
control [J]. International Journal of Control, 2003, 76(11): 1059 –
1069.

[6] LI H J, HAO X H, XU W T. A fast parameter optimal iterative learn-
ing control algorithm [C] //2008 International Conference on Embed-
ded Software and Systems Symposia. Los Alamitos, CA: IEEE, 2008:
375 – 379.



1 4Ï ÃÇ�: p�ëê`zS�ÆS���{ 567

[7] HAO X H, OWENS D H, DALEY S. Proportional difference type
iterative learning control algorithm based on parameter optimiza-
tion [C] //2008 Chinese Control and Decision Conference. New York:
IEEE, 2008: 3136 – 3141.

[8] HATONEN J, OWENS D H, FENG K. Basis functions and parameter
optimisation in high order iterative learning control [J]. Automatica,
2006, 42(2): 287 – 294.

[9] HARTE T J, HATONEN J, OEWNS D H. Discrete time inverse
model-based iterative learning control: stability, monotonicity and
robustness [J]. International Journal of Control, 2005, 78(8): 577 –
586.

[10] OEWNS D H, HATONEN J, DALEY, S. Robust monotone gradient-
based discrete-time iterative learning control [J]. International Jour-
nal of Robust and Nonlinear Control, 2009, 19(6): 634 – 661.

[11] OWENS D H, TOMAS-RODRIGUEZ M, DALEY S. Limit sets
and switching strategies in parameter-optimal iterative learning con-
trol [J]. International Journal of Control, 2008, 81(44): 626 – 640.

[12] HATOEN J J, OWENS D H. MOORE L. An algebraic approach to
iterative learning control [J]. International Journal of Control, 2004,
77(1): 45 – 54.

[13] CHEN Y, XU J X, LEE T H. Feedback-assisted high-order iterative
learning control of uncertain nonlinear discrete-time systems [C] //In-
ternational Conference on Control, Automation, Robotics and Vision.
New York: IEEE, 1996: 1785 – 1789.

[14] o·,��S,ñ��.����������C��5XÚg·A
S�ÆS�� [J].��nØ�A^, 2012, 29(6): 730 – 740.
(LI Jing, HU Yun’an, GENG Baoliang. Adaptive iterative learning-
control for second-order time-varying nonlinear system with un-
known control directions [J]. Control Theory & Applications, 2012,
29(6): 730 – 740.)

[15] 4�,�.p�PIDæ�S�ÆS�� [J].��ó§, 2012, 19(1):
73 – 76.

(LIU Fei, FAN Yang. Higher-order PID sampled-data iterative learn-
ing control [J]. Control Engineering of China, 2012, 19(1): 73 – 76.

[16] CHEN Y Q, WANG C Y, SUN M. A robust high-order P-type it-
erative learning controller using current iteration tracking error [J].
International Journal of Control, 1997, 68(2): 345 – 353.

[17] CHEN Y Q, GONG Z M, WEN C Y. Analysis of high-order iterative
learning control algorithm for uncertain nonlinear systems with state
delays [J]. Automatica, 1998, 34(3): 1867 – 1880.

[18] RUAN X, BIEN Z Z, WANG Q. Convergence characteristics of
proportional-type iterative learning control in the sense of Lebesgue-
p norm [J]. IET Control Theory and Applications, 2012, 6(5): 1 –
8.

[19] RUAN X, BIEN Z, WANG Q. Convergence properties of iterative
learning control processes in the sense of Lebesgue-p norm [J]. Asian
Journal of Control, 2012, 14(4): 1095 – 1107.

[20] ARIMOTO S, KAWAMURA S, MIYAZAKI F. Bettering operation
of Robots by learning [J]. Journal of Robotic Systems, 1984, 1(2):
123 – 140.

[21] TOGAI M, YAMANO O. Analysis and design of an optimal learning
control scheme for industrial robots: A discrete system approach [C]
//Proceeding of the 24th Conference on Decision and Control. New
york: IEEE, 1985: 1399 – 1404.

�ö{0:
ÃÃÃ ÇÇÇ (1981–),I,Æ¬ïÄ),8cïÄ���S�ÆS�

�, E-mail: pangbo@mail.dlut.edu.cn;




 ªªª (1958–),I,�Ç,Æ¬)��,8cïÄ���E,X

Úï�9`z��, E-mail: cshao@dlut.edu.cn.


