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Consensus value of multi-agent systems with
intervention and design of target tracking
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Abstract: The consensus for multi-agent systems with intervention in undirected interaction topology is defined. Based
on graph theory, matrix theory and limit theory, we present sufficient conditions and consensus value for the convergence
of the system. Then, for the system to converge to the specified location, we design a valid intervention controller. Finally,
the consensus tracking algorithm is developed for a moving target. Simulation results are given to validate the effectiveness
of theoretical results.

Key words: multi-agent systems; consensus; intervention; control protocol

1 ÚÚÚóóó(Introduction)
é)Ô+N1�(X[âja�?è�1!~+�

à81�!¬+��Óó��)�ïÄ,¦õ�UNX
Ú¤�ISþ�ïÄ9:. ù�¡�ïÄ¤J[1–15],
3éõ+�kX2��A^,XõÅì<XÚ!�U
�Ï!�N;[XÚ!©Ùª�Uûü!©ÙªO�!

õgÌ�1ì!Ã�Da�äÏÕ�N����.

��5©Û��´õ�UNXÚ�Ì��K��.
@31987c, C. ReynoldsUìg,.¥ÄÔ+N1�
�A:,¿JÑ
Í¶�Boid�.. 3d��, 1995
c,©z[1]JÑ
Vicsek�.. 2003c,©z[2]|^
�êãØ9��nØéVicsek�.�
nØ©Û.�
�,©z[3]��
�Ã��ØCÏ&ÿÀã´ëÏ
�,õ�UNXÚU��Âñ,¿�Ñ
õ�UN�
�ÂñG�,=Âñuõ�UNÐ© ��²þ�?.
©z[4]�Ñ�Ï&�äÿÀ(�ã�ëÏ��²ï
ÿÀ(��,õ�UN��ÂñuÐ© ��à|Ü.
¤kù
ó��âõ�UN��G������Æ.
3Ï&ÿÀ(�rëÏ½�3)¤ä�,��UNÂ

ñuXÚSÜ�²ïG�. ��Ü©©zþ�?ØX
ÚÉ�Zý½Z6�,XÚEU�±��5�^�.
©z[5]ÏLV\�N��{¢yé��õ�U

NXÚ�Zý. eé½�õ�UNXÚ�\	3Z
ý½Z6,XÚEU�±��5�^�´�o,Ù²
ï:3�o �,´�©Ì�ïÄ�SN.,	,©Ù
�ïÄ
e�ò½$1�õ�UNXÚ,�?��
½� �à8,T�ON��Zý��ì.
,	,3©z[6]¥, RenòXÚJl�8Iw�´

J[+�ö,�O
Jl���Æ.�Ù�O�Ä:
´$Ä�®�,��
Ù¢SA^. �©ò3�°
��^�e,�O��Jl8I��{.

2 ¯̄̄KKK£££ããã(Problem statement)
^Ã�ãG = (V, E, A)L«��Ý
�A�õ

�UN�äÏ&(�. V = {p1, p2, · · · , pn}L«ãG

�!:8, EL«ãG�>8, eij = (pi, pj)L«ãG

��^>. �eij ∈ E,½Â��Ý
A���aij = 1,
ÄKaij = 0. L����Ý
A�éA�LaplacianÝ

. NiL«�UNi��Ø8Ü.
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�Ä��õ�UNXÚ

ẋi = ui, (1)

Ù ¥: xi =(xix
, xiy

)T ∈ R2, ui =(uix
, uiy

)T ∈ R2,

i = 1, 2, · · · , n©O��UNi�G��þ9��ì.

�XÚ�ÏÕÿÀ�ä�Ã�rëÏ�,Ù��
Ý
�A ∈ Rn×n,éA�LaplacianÝ
�L ∈ Rn×n.

¯õ©zX©z[2–4, 6, 10, 14]�¥,þæ^

ui = − ∑
j∈Ni

(xi − xj), i = 1, 2, · · · , n (2)

�XÚ����Æ,¿��
3ÏÕÿÀãëÏ^�
e,õ�UNXÚ��Âñ���UNÐ© ��²
þ�.�¢SA^¥  I��UN8(�,��½
 �(Ø�½´Ð© ��þ�?),=æ^ª(2)��
�w,ØU��8�. �d,�©�ÄXe���Æ

ui = − ∑
j∈Ni

(xi − xj) + εi, (3)

Ù¥εi, i = 1, 2, · · · , n�é�UNi�Zý½Z6(Ø
2�6XÚ�G�,e©¡�Zýì).

3ª(3)���e,õ�UNXÚ(1)���Âñ²
ïG�9æ^N��Zýìεi¦XÚÂñu�½ �

´�©ïÄ�Ì�SN.

3 ÌÌÌ���(((ØØØ(Main results)
ÚÚÚnnn 1 éuA���0 = β1 < β2 6 β3 6 · · ·

6 βn�n�¢é¡Ý
B,eëY�þ¼ê

γ(t) = (γ1(t), γ2(t), · · · , γn(t))T

÷v lim
t→∞

γ(t) = γ9
w ∞

0
γ(t)dt�3,K

lim
t→∞

w t

0
e−B(t−τ)γ(τ)dτ =

q1q
T
1

w ∞
0

γ(t)dt + (
n∑

i=2

1
βi

qiq
T
i )γ. (4)

Ù¥qi(i = 1, 2, · · · , n)����qC�Ý
Q��

�þ,=QTBQ = diag{β1, β2, · · · , βn}.

yyy PΛ = diag{β1, β2, · · · , βn},K

−B = Q(−Λ)QT,

u´

e−B(t−τ) = Qe−Λ(t−τ)QT. (5)

5¿�

e−Λ(t−τ) =

diag{e−β1(t−τ), e−β2(t−τ), · · · , e−βn(t−τ)}, (6)

QTγ(t) = (qT
1 γ(t), qT

2 γ(t), · · · , qT
n γ(t))T, (7)

¿P

αi(t) =
w t

0
e−βi(t−τ)qT

i γ(τ)dτ, (8)

Ù¥i = 1, 2, · · · , n. dª(5)−(8)��w t

0
e−B(t−τ)γ(τ)dτ =Q(α1(t), α2(t), · · · , αn(t))T.

(9)

,	,duβ1 = 0,�

lim
t→∞

α1(t) = qT
1

w ∞
0

γ(τ)dτ. (10)

òαi(t)(i = 2, 3, · · · , n)U��Xe/ª:

αi(t) =

w t

0
eβiτqT

i γ(τ)dτ

eβit
. (11)

dL’Hospital{K,

lim
t→∞

αi(t) =
1
βi

qT
i γ. (12)

�âª(10)(12),ª(9)3t →∞��4��
lim
t→∞

w t

0
e−B(t−τ)γ(τ)dτ =

Q(qT
1

w ∞
0

γ(τ)dτ,
1
β2

qT
2 γ, · · · ,

1
βn

qT
n γ)T. (13)

qdQ = (q1, q2, · · · , qn)�,ª(4)¤á. Ún1y..

555 1 dêÆ©Û�£,e¼êf(x)3[0, +∞]þ��

ëY(½�üN¼ê),�
w∞
0

f(x)dx�3,K lim
x→∞ f(x) = 0.

Ïd,�âÚn1�^�, γ = 0. âd,Ún1�(Ø�?�Ú
�{z�

lim
t→∞

w t

0
e−B(t−τ)γ(τ)dτ = q1qT

1

w∞
0

γ(t)dt. (14)

Px = (xT
1 , xT

2 , · · · , xT
n)T ∈ R2n, ε = (εT

1 , εT
2 ,

· · · , εT
n)T ∈ R2n§I2� � � ü   Ý 
,� � �

Æ(3)��e�õ�UNXÚ(1)�£ã�

ẋ(t) = −(L⊗ I2)x(t) + ε(t). (15)

½½½nnn 1 éuÿÀ(��Ã�ëÏ�õ�UN

XÚ(15),�Zý½Z6ε(t)3[0,+∞)��ëY(½

üN),�U��m�ëY\\,=
w ∞

0
ε(t)dt�3,K

õ�UNXÚ(15)��Âñu
1
n

n∑
i=1

(xi(0) +
w ∞

0
εi(t)dt). (16)

yyy Ï�A�Ã�ëÏã���Ý
,¤±Ù
LaplacianÝ
L���n− 1�n�¢é¡
. �ÙA
���0 = λ1 < λ2 6 λ3 6 · · · 6 λn,éA���A
��þ�v1, v2, · · · , vn. Ù¥A��λ1 = 0éA�A

��þv1 =
1√
n

1n,ùp1n =(1, 1, · · · , 1)T. ¿PP

= (v1, v2,· · · , vn),KL=PΛPT,Ù ¥Λ=diag{λ1,

λ2, · · · , λn}.

Px0 = x(0) ∈ R2n(�XÚÐ©�mt0 = 0)�X
Ú�Ð©G�,KXÚ(15)�G�)�

x(t) = e−(L⊗I2)tx0 +
w t

0
e(L⊗I2)(τ−t)ε(τ)dτ, (17)

=õ�UNXÚ(15)�=�G�dXÚ�Ð©=£G
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�

x0t = e−(L⊗I2)tx0

�Zý=£\ÈG�

xεt =
w t

0
e(L⊗I2)(τ−t)ε(τ)dτ

U\�(J.

XÚ�G�=£Ý


e−(L⊗I2)t = (P ⊗ I2)(e−Λt ⊗ I2)(PT ⊗ I2). (18)

5¿�

lim
t→∞

e−λit = 0, i = 2, 3, · · · , n.

dª(18),Ð©=£G��²ïG�x0∞�

x0∞ = lim
t→∞

x0t = ((v1v
T
1 )⊗ I2)x0 =

1
n

(1n ⊗ I2)
n∑

i=1

xi(0). (19)

X©z[5]¥(Ø,õ�UNXÚ3���Æ(2)��
�e,õ�UNXÚ�ª��ÂñuÐ© ��þ

�
1
n

n∑
i=1

xi(0)(�©¡�XÚSÜ²ï:).

ÄuÚn1,�y�

xε∞ = lim
t→∞

xεt = (v1v
T
1 ⊗ I2)

w ∞
0

ε(t)dt. (20)

5¿�v1 =
1√
n

1n,¤±ª(20)�U��

xε∞ =
1
n

(1n ⊗ I2)
n∑

i=1

w ∞
0

εi(t)dt. (21)

Ïd,õ�UNXÚ(15)�²ïG��ª(16). ½n1
y..

½n1�Ôn¿Â�:3Ï&�Ï��¹e,�X
Úvk	ÜZý½Z6�,XÚ¥��UN��mí
£7òà8�SÜ²ï:;��3	ÜZý½Z6�,
Zý��VÚXÚ��N\ £�þ�?(½Â�	
Ü²ï:)à8. Ù(J´¤k�UN�ªòà8�
S	²ï:�U\?.

4 888IIIJJJlll���OOO(Design of target tracking)
c©®²Qã,éu��vkZý�½�õ�

UNXÚ,Ù��UNò�XÚ�SÜ²ï:à8.
@o,�¦�¤k�UN��½�/:à8,Zý�
�ìXÛ�O?

¯¤±�,�ê¼êf(x) = e−ax(a > 0)k¯�
Âñu"�A5. ÏdòZý��ì�O�

εi(t) = (sgn αe−
1
|α| t, sgn βe−

1
|β| t)T. (22)

Ù¥: i = 1, 2, · · · , n, sgn�ÎÒ¼ê, α, β�ëê,
| · |�ýé�ÎÒ(e©¡��ê��ì). w,εi(t)÷
v½n1�^�,´�eã½n2.

½½½nnn 2 Ã�ëÏÿÀ(�e,õ�UNXÚ

(15)��Âñu?��½ �(a, b)T�¿©^��Z
ý εi(t)(i = 1, 2, · · · , n)����ê��ì,��ê
��ì�ëê (α, β)T = (a− a0, b− b0)T,Ù¥
(a0, b0)T�XÚSÜ²ï:.

yyy �Iòª(22)�\ª(16)=�y�.

eò8I �D4�ëê(a, b)T,�â½n2,Z
ý�¦�XÚ¥¤k�UN�8I �à8. l�
¤8IJl?Ö.

�XÚ¥�UN�ê
�,�éz��UN¢�
Zý,(Jé�.�d,�±ÏLéXÚ¥Ü©�UN
¢�Zý,Ó��U����Jl8Iù�?Ö.e
©½n3±Zý���UN�~,¢y8IJl.

½½½nnn 3 Ã�ëÏÿÀ(�e,õ�UNXÚ
(15)��Âñu?��½ �(a, b)T�¿©^��é
XÚ¥����UNk¢�Zý

εk(t) = (sgn αe−
1

n|α| t, sgn βe−
1

n|β| t)T,

�ëê(α, β)T = (a− a0, b− b0)T (Ù¥(a0, b0)T�
XÚSÜ²ï:).

yyy �Iòεk(t)�L�ª9εi(t) = 0(i 6= k)�
\ª(16)=�y�.

þãü½n�ã�´8I �ð½ØC�,¢y
8IJl�¿©^�.�8I �CÄ�,ÏLN�
½n2,½n3¥�ê��ì�ëê,��¢yé£Ä
8I���Jl. äNö�Ú½�ã1¤«.

ã 1 ��Jl�{6§ã

Fig. 1 Flow chart of consistent tracking algorithm
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5 ���ýýý¢¢¢~~~(Simulation and experiments)
ã2¤«´d5��UNA, B, C, D, E|¤�õ�

UN�äÿÀ(�.

ã 2 XÚ�Ï&ÿÀã
Fig. 2 Communication topology of the system

éA�LaplacianÝ
�


3 − 1 − 1 − 1 0
−1 3 − 1 − 1 0
−1 − 1 3 0 − 1
−1 − 1 0 3 − 1
0 0 − 1 − 1 2




. (23)

��UNA, B, C, D, E�Ð© �©O�(0, 0)T,

(−1, 0)T, (1,−4)T, (2, 3)T, (−1, 3)T,O��XÚ
Ð© ��þ��(a0, b0)T = (0.2, 0.4)T. �Zý
εi(t) = (e− 1

3.5 t, e− 1
2.8 t)T, i = 1, 2, · · · , 5,d½n1�

(Ø,XÚ�²ï:3(3.7, 3.2)T. O�Å�ýXã3
¤«.

ã 3 ÉZýXÚG�ã
Fig. 3 States of system with intervention

�
òõ�UNà8��½ �(3, 2)T(?¿�
½),�â½n 2,��Zý��ì εi(t) = (e− 1

2.8 t,

e− 1
1.6 t)T, i = 1, 2, · · · , 5.O�Å�ýXã4¤«.

ã 4 XÚ��½ �à8�G�ã
Fig. 4 States of system to the specified location

�
��þã8�,½��â½n3,=é1��
�UNA��Zý��ì ε1(t) = (e− 1

14 t, e− 1
8 t)T,

εi(t) = 0, i = 2, 3, · · · , 5.�ýXã5¤«.

ã 5 ���NÉZýXÚ��½ �à8�G�ã
Fig. 5 States of system to the specified location with

an individual intervention

�õ�UN3Jl8IL§¥,8I� �u)
UC.�â��Jl�{,�I?U�ê��ì�ë
ê,=��¤JlL§. Xõ�UNÐ© �Óþ,8
I�Ð© �3(3, 2)T. XÚJl 1 s�,8I �U
C�(5,−3)T. �
�¤é£Ä8I�Jl,æ^�
�Jl�{. Äk��XÚ(1)Zý��ìεi(t) =
(e− 1

2.8t , e− 1
1.6t )T, i=1, 2,· · ·, 5,XÚ�8I:(3, 2)T

Jl. 3t=1��,�ÿ�8I �3(5,−3)T,Ó�

O��UN�c ��þ�(a1, b1)T =
1
n

n∑
i=1

xi(1),

¿òXÚ�Zý�ê��ì�ëê?U� (α, β)T =
(5− a1,−3− b1)T. XÚò�8I:(5,−3)TJl.

õ�UNXÚJl£Ä8I�O�Å�ýX

ã 6¤«.

ã 6 £Ä8IJl�XÚG�ã

Fig. 6 State of system to track moving target

6 (((ååå���(Conclusions)
ïÄ
õ�UNXÚ3Ï&ÿÀÃ�ëÏ�§É

�Zý½Z6�¹e,XÚ�±��5¿Âñ�²ï
:�^�9XÚ²ï:�O�úª. �O
����
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²ï:�?¿�½ �����Æ(�ê��ì). é
u£Ä8I���Jl�Ñ
äN���Jl�{.
��,ÏL�ý¢~,�y
�©(Ø��(5.

éu�UN�G��þ´p���/,�©�ï
Ä�{9(Øþ�²1í2.

©Ù¥,=?Ø
õ�UNXÚ3ÿÀ(�Ã�
ëÏ���/. XÛ��k�ÿÀã(��õ�UN
XÚ,´ù�©Ù��Yó�.
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