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Calibration method and experiments of multi-camera’s parameters
based on freely moving one-dimensional calibration object
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(1. School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China;
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Abstract: The one-dimensional (1D) calibration method is of easy implementation and with high efficiency. In order to

overcome deficiencies of existing 1D calibration methods, anew method is proposed in this paper to calibrate the internal

and external parameters of multiple cameras by using a 1D calibration object. Firstly, the pair-wise calibration is carried

out, where the positions of principal points are assumed to be approximately known and only those parameters such as

the distortion, focal length, relative rotation and translation are needed to be taken into consideration. Then, with the

fundamental matrix and geometry constraints of feature points on the calibration wand, the internal and external parameters

of binocular cameras can be determined. After the pair-wisecalibration, all parameters (including the positions of principal

points) of the multicamera system are refined by using Dijkstra’s shortest path algorithm and the bundle adjustment method.

The simulation and real experiments demonstrated the effectiveness of the proposed method.

Key words: multi-camera; internal and external parameters; calibration; 1D calibration object; free motion

1 ÚÚÚóóó(Introduction)
�XO�ÅEâ�uÐÚ��Å¤��eü,õ

��ÅXÚm©Ñy3Àú��(vision-based con-

trol)+�[1–3].,
,��ÅI½´Àú��XÚ�O

���'�Eâ[4] ,3¦^õ��ÅXÚ�,  �

k?1õ��ÅI½. ��5`,<�Ï"UÓ��

¤õ��Å�SëêÚ	ëêI½,Ï�ù�Q�±

!��mq�±�Ø©mI½�5�\ÈØ�. �â

¦^�I½Ô�ØÓ,�ò8c�I½�{��©

¤4a: :I½[5]!��I½[6–10]!0u������

m�I½[11]Ú��I½[12].�Ù¦3«�{�',�

�I½�`:´I½Ô(�{ü!��N´!Ø´ñ

	!¦^�B�;J:3uQ���§Ý/�B<¦

^,q�¦�U/Jp�{�°�5ÚI½°Ý.

©z[8]�éõ��Å�I½¯K,JÑ
�«�

�I½�{,=k?1üüI½,,�2Ú�¦)õ
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�ÅºÞ(cÙ´2�ºÞ)�3ÆC,±9vkéõ
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Ä
¢SA^¥�3���ÅºÞÆC(éAu

12.2!Ú13.1!); 2) æ^'�N��{éõ��Å

XÚ�¤këê(�)ÆCXê)?1�N`z(éA

u13.3!),ò���Å�­ÝKØ�dA���~

��0.5����m,��/Jp
I½°Ý; 3) O\


ý¢ã�¢��y(éAu14.2!). 3�©��{

¥,b½���Å�Ì: u�¡¥%(Tb��Ün

5�©z[8]), �âõ��Åû����I½Ôã�,

k?1üüI½,,�2Ú�`z¦)õ��Å�S

	ëê.�©�{�©z[8]¥�{���«O3uO

�¥Ú\
��ÅºÞ�ÆC�.Ú'�N�`z

�{,ò���Å�­ÝKØ�d3∼6���~�

�0.5����m,�Ì/Jp
I½°Ý.�©�{

�Ì�A:�: 1) ØI�¤k��Å�mkú�À

|,=I�Ù¥eZüü��Åkú�À|; 2) �{

�gÄz§Ýp,�B<¦^.

�'©z[7],�©�{ØI����I½Ô�3

¤k��Å�ú�À|S$Ä,�V8I½���5

`z8I¼ê¥^�
ã�þ¤k:�&E,�{�

°�5�Ð.�'©z[9], �©k´b����ÅÌ

: u�¡¥%,,�3'�N��ãé���Å�

Ì:�I�?1`z,ù��bC¢S�¹. �'©

z[10],�©Ó�I½õ��Å�S	ëê,¿�3Ú

�¦)õ��Å�	ëê�,Ø´±,���Å�I

X�­.�IX,
´r­.�IX�3õ��Å�

7«�SÜ�L.qIþ,ù��N´é�Y² �.

2 õõõ������ÅÅÅ¤¤¤������...(Multi-camera imaging
model)

2.1 ������¤¤¤������...(Pinhole imaging model)

�©k5£��e©z [8]¥�õ��Å��¤

��.. Xã1¤«,b�n��m¥?¿�:Aj (A

:1jg$Ä�� �, BjÚCjÓn, j = 1, 2, · · · ,

n)�­.�I�[Xj Yj Zj]
T,§31iÒ(i=0, 1, · · ·,

m)��Åã�²¡¥�ÝK:�aij ,���ã�:

aij��I�[uij vij]
T,P

m̃ij = [uij vij 1]T, M̃j = [Xj Yj Zj 1]T.

�â��Å���¤��.k

sijm̃ij =Ki[Ri ti]M̃j , Ki =







fxi 0 u0i

0 fyi v0i

0 0 1






, (1)

Ù¥: sij�Ø�0�'~Ïf, Ki�1iÒ��Å�S

ëêÝ
, (u0i, v0i)�1iÒ��Å�Ì:�I, fxi,

fyi©O�1iÒ��Å u, v¶þ�k��å, [Ri ti]

�	ëêÝ
, Ri, ti©O�­.�IX�1iÒ��

Å�IX�^=Ý
Ú²£�þ. ,	, Pi = Ki[Ri

ti]¡�1iÒ��Å�ÝKÝ
,��I½Ôd3��

��A�:A, B, C|¤,¿�k

‖A − C‖ = L, ‖A − B‖ = L1, ‖B − C‖ = L2.

2.2 ÆÆÆCCC���...(Distortion model)

¢Sþ,��¤��.¿ØUO(/£ã¤�A

Û'X,cÙ´3¦^2�ºÞ�,3�lã�¥%

?¬k���ÆC.e��Ä��»�ÆC,�1i

Ò(i = 0, 1, · · · ,m)��Å�ÆCXê�ki ,n��

m,�:31iÒ��Åþ�n�ã��I�

(xui, yui),ÆCã��I�(xdi, ydi),KkÆC�

.[15]:
{

xui = xdi(1 + kir
2
di),

yui = ydi(1 + kir
2
di),

(2)

Ù¥: rdi =
√

x2
di+y2

di, (xui, yui)Ú (xdi, ydi)´±Î

��ü �ã��IX��I.ù�, fxi, fyi, ki, u0i,

v0i�å�¤
1iÒ��Å�Sëê.

ã 1 ��I½Ô3���Åã�²¡þ�¤�

Fig. 1 Projections of 1D calibration wand on multi-camera’s

image planes

3 III½½½���nnn(Calibration principle)
�©¤J�I½�{�6§Xã2¤«,Ù¥¦)

õ��ÅS	ëê�Ð©�Ü©Ä�æ^©z [8]¥

��{,
Ù¦Ü©Ñ´�©#O�SN.e¡òé

z���!?1�[`².

ã 2 I½�{�6§ã

Fig. 2 Flow chart of the proposed calibration algorithm
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3.1 ¦¦¦)))ÆÆÆCCCXXXêêê(Solution of the distortion coe-

fficient)

�©|^©z[15]¥��{,�â���ßÀÝ

KØC5,ïáºÞÆCëêI½�`z8I¼ê¦

)ºÞ�ÆCëê.äN5`,eAj , Bj , Cj31iÒ

��ÅþéA�ÃÆCã��I©O�au,ij , bu,ij ,

cu,ij ,[Üù3:���^��lj .P:au,ij(bu,ij, cu,ij

Ón)���lj�ål�‖au,ij − lj‖,¦)1iÒ��

ÅºÞÆCëêki�du¦)Xe�`z¯K:

min
ki

Ni
∑

j=1

(‖au,ij−lj‖
2+‖bu,ij−lj‖

2+‖cu,ij−lj‖
2), (3)

Ù¥Ni�1iÒ��ÅÀ|S���I½Ô�$Äg

ê.��ÆCXêki��,dª(2)=���ÃÆC�

ã�:�I.

3.2 ¦¦¦)))õõõ������ÅÅÅSSS			ëëëêêê���ÐÐÐ©©©���(Solution

of initial values of multi-camera’s internal and

external parameters)

�©Ä�þæ^©z [8]¥��{O�õ��Å

S	ëê�Ð©�,o(¤XeeZÚ½(äNSN�

©z[8]),Ù¥üüI½�b½z���Å�Ì:þ

 u�¡¥%, u, v¶þ�k��åþ��(=fxi =

fyi,þ�ufi),¿±10ÒÚ11Ò��Å�~?1`

².

ÚÚÚ½½½ 1 ¦)k��å.

òã��IX��:²£�Ì:,KSëêÝ


{z¤�é�Ý
: K̃0 =diag{f0, f0, 1}ÚK̃1 =

diag{f1, f1, 1}.�é²£���ÆCã�:�I,|

^8�z8:{[16]¦)ÑÄ�Ý
,,�ÏL^=C

�¦�ü4:�I©O�

ê0 = [ê01 0 ê03]
T, ê1 = [ê11 0 ê13]

T,

ù��Ä�Ý
Fe�L«�Xe{z/ª:

Fe ≈







ê13 0 0

0 1 0

0 0 ê11













c1 c2 c1

c3 c4 c3

c1 c2 c1













ê03 0 0

0 1 0

0 0 ê03






. (4)

Kdeª�±O�Ñü��Åk��å�Ð©�:

f0 =

√

−c1c3ê
2
01

c1c3ê
2
03 + c2c4

, f1 =

√

−c1c2ê
2
11

c1c2ê
2
13 + c3c4

.

(5)

ÚÚÚ½½½ 2 ¦)ü��Å�m�	ëê.

e±10Ò��Å�ÄO,ü��Å�SëêÝ


K̃0, K̃16½�,�±¦)Ñ��Ý
E. é��Ý


?1ÛÉ�©),Ò�±��	ëêR1, t̃1k4«�

U)[17].

�äÑ�(|Ü��{�: ��I½Ôþ�A�

:3�m¥7, uü��Å�c�,=­ïÑ5�

�m:�Z�Ið��. 5¿: �â^=Ý
�½Â,

^=Ý
�A���1.

c¡¦)�(J¥‖t̃1‖ = 1,ù�¦Ñ5�²£

�þt̃1�ý¢�²£�þt1���'~Ïfλ,ÙO�

�{�

λ =
1

N

N
∑

k=1

L

L̃k

, (6)

Ù¥: N�ã�|ê, L���I½ÔüàA�:�m

�ý¢ål, L̃k�d1k|ã�­ïÑ���I½Ô

üàA�:�m�ål. �ªk

t1 = [t1x t1y t1z]
T = λt̃1. (7)

ÚÚÚ½½½ 3 ü��ÅS	ëê���5`z.

duD(�Ï��K�, 3�A�:m�3ålØ

�±9ã�:é�m�3�¡Ø�(�¡Ø�±:

A�~, B, CÓn):

g1(x) = |L1 − d1(A
r
k, B

r
k)|, (8)

g2(x) = |L2 − d2(B
r
k, C

r
k)|, (9)

g3(x) = |L − d(Ar
k, C

r
k)|, (10)

g4(x) = |d(Ar
k, C

r
k) − d1(A

r
k, B

r
k) − d2(B

r
k, C

r
k)|,

(11)

g5(x) = |akT
1 K−T

1 [t1]×R1K
−1
0 ak

0|, (12)

Ù¥: ëê�þ

x = (f0, f1, k0, k1, r1x, r1y, r1z, t1x, t1y, t1z)
T,

r1x, r1y, r1z�^=Ý
R1�RodriguesL«/ª[16],

Ar
k, Br

k, Cr
k©O�|^1k|ã����A, B, C�

m­ï:�I, d1�:Ar
k, Br

k�m�­ïål, d2�

:Br
k, Cr

k�m�­ïål, d�:Ar
k, Cr

k�m�­ï

ål, [t1]×�dt1½Â��é¡Ý
,§�/ª�

[t1]× =







0 −t1z t1y

t1z 0 −t1x

−t1y t1x 0






. (13)

Ïd,�âª(8)–(12)����ª�`z¯K�

min
x

(ρ1

N
∑

k=1

(g1(x)2 + g2(x)2 + g3(x)2) +

ρ2

N
∑

k=1

g4(x)2 + ρ2

3N
∑

k=1

g5(x)2), (14)

Ù¥: ρ1Úρ2��­Xê,�ρ1 = 1000, ρ2 = 1.±c

¡���S	ëê���Ð�,|^Levenberg-Mar-

quardt�{[18]¦)d��5`z¯K,Ò�±��V

8ÀúS!	ëê��`).

ÚÚÚ½½½ 4 õ��ÅS	ëêÐ©��Ú�.

SëêÚ��K:3(½,���Å�k��å

�,ÀJ@
�Ùk',�ã��mA�:é�õ�

üüI½(J,��ù���Å��ªSëêÐ©�.

	ëêÚ��K:±10Ò��Å(��ÀJ�Ù
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¦��Åk�õú�À|���Å�0Ò)�ÄO,æ

^ãØpDijkstra�á´»{[19]Ïéz���Å�

10Ò��Å��á´»,=r��õ��ÅXÚ^

��Ã�ãL«,z��º:�L����Å,e1

iÒÚ1jÒ��Åú�À|S�m:��ê�Mij ,

Kë��Aüº:>��­�1/Mij(XJMij = 0,

K�A�üº:�mvkë�).�á´»(½±�,

Ò�±¦Ñù���Å�éu10Ò��Å�^=Ý


Ú²£�þ.

?�Ú,e®�­.�IX�10Ò��Å�IX

�^=Ý
Ú²£�þ,K�±¦�z���Å3­

.�IXe�	ëê.

3.3 õõõ������ÅÅÅSSS			ëëëêêê������NNN`̀̀zzz—–'''���NNN���

(Overall optimization of multi-camera’s internal

and external parameters—bundle adjustment)

þãõ��ÅS	ëêÚ��{�Ñ�(J, 

 ��3X���Ø�. Ïd,�©I�|^'�N

�(bundle adjustment)�{[16]5é13.2!¥�(J

?1�N`z©��/,'�N�´��±��ÅÝ


Ú�m:�`zCþ!±��z­ÝKØ��`z

8I���5`zL§©�´�Ä�¢SA^¥�

��ÅºÞ�Ñ�3ÆC,�©�Ú\ÆCXê?1

'�N�,¤�¦)���5`z¯KXª(15)¤«:

min
{Pi,ki,Aj ,Bj ,Cj}

m
∑

i=0

n
∑

j=1

(‖aij − f(Pi, ki, Aj)‖
2 +

‖bij−f(Pi, ki, Bj)‖
2 + ‖cij−f(Pi, ki, Cj)‖

2).

(15)

duAj , BjÚCj3:´���,Kk[6]

Bj = Aj + L1[sin φj cos θj, sin φj sin θj, cos φj]
T,

Cj = Aj + L[sinφj cos θj, sin φj sin θj, cos φj ]
T,

Ù¥¥¡�IφjÚθjL«�ã���.ù�,ª(15)

Ò�±U�¤ª(16):

min
{Pi,ki,Aj ,φj ,θj}

m
∑

i=0

n
∑

j=1

(‖aij − f(Pi, ki, Aj)‖
2 +

‖bij − f(Pi, ki, Aj , φj , θj)‖
2 +

‖cij − f(Pi, ki, Aj, φj , θj)‖
2), (16)

Ù¥: `zCþki , Pi(�¹Ì:�I)±13.3!��

�(J��Ð©�,�m:Aj(Bj, CjÓn)�I�Ð

©�¼��{Xe[10]: �éUÓ�w�Aj:�¤k

üü��Å|Ü,z«|ÜeÏLn�{[16]O���

�|Aj:�n��I,,��²þê��Aj:�I

�Ð©�.�
�ØØ��:�É~:,��O��

��Aj , Cj:ålØ��K��1%.

�`zCþ�Ð©�(½±�,��|^Leven-

berg-Marquardt�{¦)��z¯K(16)O�þé�,

Ï��`zCþ��êMé�,O�E,Ý�

O(M3).,
duØÓ�n�:Ú�Åëê�p�m

'é��,T¯KäkDÕA5. �©ëì©z[10]

æ^Sparse Levenberg-Marquardt�{[20]5¦)��

z¯K(16),O�E,Ýü�O(M),4�/Jp
`

z�Ç.3InteloØ?nì!Ìª2.13 GHz��ªÅ

þ, XPXÚÚVS2005�¸e,`zCþ�êM =

778�,��z¯K(16)=I29.7 s.

4 ¢¢¢���(((JJJ(Experimental results)

4.1 ���ýýý¢¢¢���(Simulation experiments)

�ý¢�¥,b½4���Å�k��åÑ´800

pixel,ã�©EÇþ�1024 pixel× 768 pixel,��I

½ÔþA, Cü:m�ål�210 mm,A, Bü:m�

ål�70 mm.���Å�IX�­.�IX�^=

Ý
R(±7x, y, z¶�^=�/ªL«)©O�

[51.57, 51.57, 51.57]T , [24.46, 52.27, 54.97]T ,

[42.16, 21.97,−11.50]T , [39.42,−22.69,−1.77]T ;

²£�þt©O�

[−100.0, 300.0,−600.0]T , [−908.6, 291.1, 630.4]T ,

[−347.6, 294.8, 473.5]T , [691.4,−115.2,−340.4]T .

��I½Ô3õ��Å�7�«�¥�Å�Í

400g,3���ã�:þU\þ��0,IO�σl0

�1.0,z�0.1��Cz�pdD(.z�D(Y²e

�10g¢�,�²þ���TD(Y²e�¢�(J.

I½(JXã3¤«,Ù¥0 unopti(1unopti, 2unopti,

3 unoptiÓn)L«'�N�c�m:310Ò��Å

þ�­ÝKþ��Ø�, 0 opti(1 opti, 2 opti, 3 optiÓ

n)L«'�N���m:310Ò��Åþ�­ÝK

þ��Ø�.

ã 3 õ��Å�I½Ø��D(Cz­�

Fig. 3 Multi-camera’s calibration errors with respect to

noise level

dã3��,Ø�­��D(�?�CzÄ�þ¥

4OCz,'�N��{UU?õ��ÅS	ëêÚ

��ã�Ñ�(J,���Ð��O(J (ã¥e¡
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�4^��'�N���(J).31.0����D(�

?e,'�N�c�m:313Ò��Åþ�­ÝK

þ��Ø���7.64 pixel,
²L'�N���

0.98 pixel©ù`²�{äk�Ð�°�5ÚI½°

Ý.

4.2 ýýý¢¢¢¢¢¢���(Real experiments)

ý¢¢�¥,)öÀ^4��Ó.Ò���Å(Ba-

sler scA640-120gm/gc)Ú2�ºÞ(Pentax C60402KP,

À|�86.77◦),ã�©EÇþ�658 pixel× 492 pixel.

Xã4(a)¤«,��I½Ôd���3�u1�LED�

|¤,Ù¥A, Cü:�m�ål�600 mm,A, Bü:

m�ål�200 mm.�©34���Åc�3 m× 3 m

× 3 m�«�S�Í��I½\,¿ÏL�½�ã�

?n�{P¹e§3���Å²¡þ�ã�¤�:

�I,,�Uì¤JÑ��{é4���Å?1I½.

ã 4 I½Ô�ã�(�géA1D, 2DI½Ô).

Fig. 4 Sample images of the calibration object (two images

correspond to the 1D and 2D calibration object

respectively).

üüI½�¤�,õ��ÅXÚ�±^��Ã�

ã(ã5)L«,>þ�ê�ü��Åú�À|S�m:

��êÚT>��­. dã5��,10Ò��ÅÚ

11Ò��Åú�À|S��m:�ê��,�â

Dijkstra�á´»{,N´é�§��m��á´»

�1-3-0.ã5¥�¢�L«���Å�10Ò��Å

��á´». ã5¥­.�IXOwXwYwZw�(½�

{�:rd4�LED�|¤�L.qI,Y²/��u

õ��ÅXÚ�7«��SÜ(�ã6),©O±ù4

�LED�|¤�ü^��>�OwXw¶ÚOwYw¶,

OwZw¶�����ç��þ. ���¤õ��Å�

I½,N´¦�­.�IXOwXwYwZw�10Ò��

Å�IX�^=Ý
Ú²£�þ,���±��

OwXwYwZw�¤k��Å�^=Ý
Ú²£�þ.

�ª�I½(J(�ã7)±z��Å�­ÝKþ

��Ø�L«. lã7�±wÑ,¤k��Å²¡þ�

­ÝKþ��Ø�þ�u0.5 pixel,
�11Ò��

Å(�á´»�1-3-0)�­ÝKþ��Ø��12, 3Ò

(�á´»©O�2-0, 3-0)��OØ�.

ã 5 õ��ÅXÚ�Ã�ãL«

Fig. 5 Undirected graph representation of multi-

camera system

ã 6 ^u(½­.�IX���/�&��ã�

(�géA10, 3Ò��Å)

Fig. 6 Sample images of a rectangular foam board used for

determining the reference coordinate system (two

images correspond to the zero and third camera

respectively)

ã 7 ¢S¢�¥õ��ÅXÚ�I½Ø�

Fig. 7 Calibration errors of multi-camera system in

a real experiment
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��Å©O?1I½. L1–4�111�Äu�©JÑ

�1DI½�{�I½(J,121�Äu2D²¡��

�I½(J,131�1DI½(JÚ2DI½(J��

éØ�(±2DI½(J�fx�ÄO).lþãL¥�±
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u�©Ú©z[22]æ^�ÆC�.ØÓ,Ïd¦��

ÆCXê�Ø�Ó,L¥vkéÆCXê¦�(J?

1'�.

L 1 10Ò��ÅSëêI½(J

Table 1 The calibration results of camera 0

fx fy u0 v0

1DI½ 782.81 788.20 329.61 244.03

2DI½ 771.62 774.09 326.73 216.56

�éØ� 1.45% 1.83% 0.37% 3.56%

L 2 11Ò��ÅSëêI½(J

Table 2 The calibration results of camera 1

fx fy u0 v0

1DI½ 788.18 788.55 353.82 257.03

2DI½ 770.73 769.65 336.26 263.72

�éØ� 2.26% 2.45% 2.28% 0.87%

L 3 12Ò��ÅSëêI½(J

Table 3 The calibration results of camera 2

fx fy u0 v0

1DI½ 782.84 785.84 339.79 256.32

2DI½ 764.02 766.04 347.21 266.98

�éØ� 2.46% 2.59% 0.97% 1.40%

L 4 13Ò��ÅSëêI½(J

Table 4 The calibration results of camera 3

fx fy u0 v0

1DI½ 786.20 789.56 354.48 251.95

2DI½ 770.41 772.67 351.03 251.91

�éØ� 2.05% 2.19% 0.45% 0.01%

,	,�©�}Á
^2D²¡��5I½õ��

Å�	ëê. du2D²¡���3ñ	±9õ��Å

�m�Uvkú�À|½ú�À|k�,ØUÓ�I

½õ��Å�	ëê. Ïd,�©æ^�´küüI

½,2Ú�õ��Å	ëê�üÑ.¢�¥uyü�

��Å	ëêI½°Ý�§��m�ål(Ä�) k

': Ä�Ä�,	ëêI½°Ý�p; Ä�°�,	ë

êI½°Ý�$. �Ï�U´�Ä�°�,ú�À|

¥�2D²¡��lz���Å�ål�'��,ù

�2D²¡��3z���Å¥Ó�o��ê�é�

�,E¤�:J�°Ý�eü,?
K�ü��Å	

ëê�I½°Ý.

�Ä�þã¯K,e¡�©=�ÑÄu1DI½(

J�n�­ï�J.r��I½Ô�Å�3õ��Å

�7«�S�10� �?,ÃÄ:���I½Ô

þAÚCüà:�¤�:�I,üà:­ï�Ý�þ

��605.06 mm,þ���2.19 mm.�éuý¢�5

`,­ïØ�31%�m.

­ïØ�5
Ì�k: 1DI½Ôþ�A�:��

�Ø�ÚålØ�; I½L§¥A�:J�Ø�; n

�­ï���I½ÔþAÚCüà:�¤�:�I´

ÃÄJ��,�3�½Ø�. ¦+Xd, 1DSëêI

½(JÚ2DSëêI½(J´�'��,Äu1DI

½(J�n�­ï�éuý¢�5`Ø��´'�

��,ùL²�©��{�±3¢S¥��A^.

5 (((ØØØ(Conclusions)
�©JÑ
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