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Modeling and robust tracking control for coaxial unmanned helicopter

YUAN Xia-ming1, ZHU Ji-hong1, MAO Man2

(1. Department of Computer Science and Technology, Tsinghua University, Beijing 100084, China;
2. Shanghai Electro-Mechanical Engineering Institute, Shanghai 201109, China)

Abstract: To deal with the nonlinearity and coupling characteristics in dynamics of the coaxial unmanned helicopter,
we propose a robust tracking control strategy via dynamic feedback linearization technique. According to the blade element
theory, Pitt-Peters dynamic inflow model and the disturbance analysis of coaxial rotors, we build the mathematical model of
a coaxial helicopter. On the height-attitude subsystem, a dynamic feedback linearization is performed through dynamic state
augmentation, and the zero dynamic characteristic is analyzed. Poles are placed for the decoupled subsystems according to
the desired performance of inner-loop dynamics. A robust complementary controller is employed to improve the robustness
of height and attitude tracking. After that, an outer-loop proportional-derivative (PD) controller is designed for the planer
position subsystem to realize trajectory tracking. Finally, the decoupling characteristic of feedback linearization is validated
by tracking simulation of the inner loop, and the performance and robustness of the proposed controller for the whole system
is also validated via trajectory tracking under disturbance.

Key words: coaxial helicopter; feedback linearization; robust control; trajectory tracking

1 ÚÚÚóóó(Introduction)
Ã<�,ÅU
R�åü!½:]Ê!(¹ÅÄ,
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)¸!m]!4+�3�½~íÄï�!AÏöp�

A!	óåÝ!ÍÜ©Û9XÚE£��¡mÐ
�

X��ïÄó�[11–13]. DÚ�ÄuOÃý���5
���{Ã{éÐ/?nr��5�ÍÜ,ÏdÄu
�"�5z[14]!�Ú��[15]!w���[16]���5

���{9Äu�U��[17]��1���OCc5

��
Æö��pÝ­À.,
,¦+®k�þ©z
éÃ<�,Å����O?1
ïÄ[18–21],�¢Ã�
´�éTaÙÛ�¶ª�,Å���¯K�'©z

é�. Dzul�Qé�«{z��¶ª�,Å�.�O

Äu�Ú{��l��ì[22],�T�.�L{üÃ
{�NÙÊ��pÝÏ��î­ÍÜ.

�©�é¢�¿3ï��¶ªÃ<�,Å,�â
®k��¶ª^Ê�íÄåÆïÄ¤Jïá
·^

u�ý�y����O�{z��5êÆ�.. T�
.�Ä
þe^Ê��pZ6,U
�Ð/�NÙÊ
�!pÝÏ�ÍÜA5. ÏL©Û�.,òÙ©)�p
Ý–^�ÄåÆ�Y²¡S �ÄåÆü�fXÚ,
æ^S	���(�,	�æ^'~�© (propor-
tional-derivative, PD)��¢y ���.éuS�Ä
k?1�"�5z,ÏL*ÐG�Cþ��IC�ò
��5fXÚ?1°(�5z,,��â�O�¦�
�4:,¢yépÝ!^��-�Ï"�lA5,�
��O°�Ö�ìé�.�Ä9	Ü6Ä�)�Ø

|K�?1³�.

2 XXXÚÚÚÄÄÄåååÆÆÆ���...(System dynamics)
¢�¿3ï��.�¶ªÃ<�,ÅXã1¤«.

þe^Ê��^=,�g�).å��ÛÝ.SC3
²�þ�4�ûÅÏLöpÅ���þe^Ê÷å�
?
UCíÄå. Ñ\�oå!�ÄCå!p�±Ï
Cå9î�±ÏCå,©O^θc, θr, θe, θaL«. �©
¥,^eIu, l©OL«éAuþ!e^Ê�Cþ. o
å!�ÄCå�þ!e^Ê�g�oåθu, θl�m�3

Xe'X:

θc =
1
2

(θu + θl) , θr =
1
2

(θu − θl) . (1)

ã 1 3ï�¶ªÃ<�,Å

Fig. 1 Coaxial unmanned helicopter under research

ï�L§¥�9ü��IX:�//n�IX
Oe − xeyeze�3¶©O����!�ÀÚR�/¡�
e,3$�$���À�.5�IX;ÅN�IX
Ob − xbybzb´±�%��:�Ä�IX, x¶��Å

Þ, z¶��ÅJ, y¶dmÃÚ^½K(½.

2.1 fffNNN$$$ÄÄÄÆÆÆ���ÄÄÄåååÆÆÆ(Kinematics and dynam-
ics of rigid body)
�,Å �!�Ý9¤ÉÜ	å3�//n�I

X¥L«�pe = (px, py, pz)T, ve = (vx, vy, vz)T9
F e = (Fx, Fy, Fz)T. ^î.�R = (φ, θ, ψ)T£ãÅ
N�IX��//n�IX�m��é=Ä'X,�
�Ý¥þ9¤ÉÜ	åÝ3ÅN�IX¥L«�

ωb = (p, q, r)TÚMb = (L, M, N)T. 8gdÝ$Ä
�§Xe:

v̇e =
1
m

F e, (2)

ṗe = ve, (3)

ω̇b = −J−1S(ω)Jωb + J−1Mb, (4)

Ṙ = Cpω
b, (5)

Ù¥: J�.5Ý
,du.5Èé�ÙCq�é�
Ý
; S(ω)���Ý¥þ��é¡Ý
;$ÄÆ=�
Ý
�

Cp =




1 sφtθ cφtθ

0 cφ − sφ

0 sφseθ cφseθ


 .

^ �cα, sα, tα, seαL«cosα, sinα, tanα, sec α.

2.2 ^̂̂ÊÊÊÄÄÄåååÆÆÆ(Rotor dynamics)
�ïáU
�N�¶ª�,ÅíÄA5�·^u

���O�{z�.,�Xeb�:

bbb��� 1 @�÷��f5,æ^¥%��nØ©
Û�Í$Ä;�Ñ÷��Ü�ä�A!÷k����
Í		�þ;Ø�Ä�½~�A.

�â��nØ,ò� ��ψf!»� ��r?�

��ÛÜ,ål�{åd÷Ð��±�È©,��üB
^Ê�.å�ÛÝ�

T =
Nb

2π

w 2π

0

w R

0
(lcν − dsν) drdψf , (6)

Q =
Nb

2π

w 2π

0

w R

0
(lsν + dcν) rdrdψf , (7)

Ù¥: Nb�÷�ê, R�^Ê�»,

ν = θ − α = arctan
Rλ

r
, (8)

θÚα©O���÷å�!ÛÜH�, λ���Cq\

6':

λ = λin + λfs =
vin

ΩR
− w

ΩR
, (9)

Ù¥: Ω�^Ê=�, vin�p��Ý, w�ÅN�Ý
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3Obzb¶�©þ, λinÚλfs�üö¤éA�\6'.

�¶ª^Ê�AÏ�?3uþe^Ê�m�3í

ÄZ6. ��NTÍÜA5,æ^Pitt-PetersÄ�\6
�{ép��Ýï�. T�{�'uµ6nØ½O�
6NÄåÆ(computational fluid dynamics, CFD)�{
äkO�þ�!L�{'�`:,��¢�êâ¬Ü
�Ð,Ïd3�ý����O¥�2�æ^. ÙØ%
g�´òp��Ý�Ä�Cz�íÄå�CzÏL

��1��5�©�§éXå5:

Mλ̇in + V L−1λin = C, (10)

Ù¥: λin = (λ0, λs, λc)TL«p�\6'��þ!
1�î�Ú1�p�©þ, C = (CT, Cl, Cm)T�^Ê
.å!E=åÝÚ:�åÝXê, M ,V , L©O�\

6ÄåÆ�.5Ý
!�þ6þëêÝ
Ú·�D4

Ý
.

ò�¶ª^ÊíÄZ6A5ï��p��Ý��

pK�(i, j ∈ {u, l}, i 6= j):

λi = λin,i + Kjiλin,j + λfse1, (11)

e1 = (1, 0, 0)T,�^Ê�ª�\6'dλiL«, Kul,
KluL«^Êmp��ÝK�Ý
,Ùëê�^Ê�
O!�1G�k'[11]. íÄZ6wÍK�
üB^Ê
�íÄ�Ç,�B^Ê÷å�Cz¬K�,�Ì^Ê
�íÄA5,¦��^ÊXÚ�.å�ÛÝÄ�Cz
L§�\E,. �Ä�TA5Ì�K�oå�Ê�Ï
�,Ïdb�p��Ý3÷�²¡Sþ!©Ù,^�
þ©þλ0CqL«,K�Ý
{z�ü�Iþ. aq
ª(1),½Â�¶^ÊXÚ�²þ\6'Ú�Ä\6'
Xe:

λc =
1
2
(λu + λl), λr =

1
2
(λu − λl). (12)

duþ!egÄ��ìÏL4���.\ë�,�
m����,ÏdòÙ����B^Êïá�ÍÄå
Æ{z�.:[

ȧ

ḃ

]
= −

[
q

p

]
+ Af

[
a

b

]
+ Bf

[
θe

θa

]
. (13)

G�Ý
�Ñ\Ý
©O�

Af =



− 1

τf

0

0 − 1
τf


 , Bf =




1
τf

0

0
1
τf


 ,

Ù¥: a, b©O�^Êp�!î��Í�, τf��Í�

m~ê.

éþã�Ü©?1éá!È©�±��Xe\6

ÄåÆ�.[23](i, j ∈ {u, l}, i 6= j):

λi = λ0,i + Kjiλ0,j + λfs, (14)

λ̇0,i = k4(−k1θi + k2λ0,iλi + k3λi), (15)

9ü�^Ê�.åXê�ÛÝXê:

CTi = k5(
1
3
θi − 1

2
λi), (16)

CQi = λiCTi + k7Cd. (17)

��^ÊXÚ�.å�ÛÝ�

T = Tu + Tl = k6(CTu + CTl) = k6CT, (18)

Q = Qu −Ql = k8(CQu − CQl) = k8CQ. (19)

�Xê�

k1 =
σa0

45
, k2 =

4
15

, k3 =
σa0

30
,

k4 =
−45πΩ

16
, k5 =

σa0

2
,

k6 = ρAΩ2R2, k7 =
σ

8
, k8 = k6R,

Ù¥: c�÷�u�, A�÷�¡È, a0�Ê.,å�

�Ç, Cd�Ê.{åXê, σ = (Nbc)/(πR)�÷�¢
Ý, ρ��í�Ý.

d	,�Ä^Ê�ÍfÝ,��E=�:�Ï��
ó4åÝ[24]Xe:

Lhub = k9b, Mhub = k9a, (20)

Ù¥: k9 = (NbSβγIβΩ2)/8, Iβ�÷��Í.þ, Sβ

�^ÊfÝXê, γ�÷�â�ê.

2.3 ååå���åååÝÝÝÜÜÜ¤¤¤(Composition of forces and mo-
ments)
©Oòå¥þF�åÝ¥þML«�/n�I

XÚÅN�IX,�±��

F e = Ce
b(T

b
u + T b

l ) + mge, (21)

Mb = τ b + rb
u × T b

u + rb
l × T b

l , (22)

Ù¥:

T b
i = (−sacb, casb,−cacb)TTi, (23)

τ b = (Lhub,Mhub, 0)T + Qb, (24)

Qb = (sacb,−casb, cacb)TQ, (25)

ruÚrl�þ!e^Ê¥%å�%� �¥þ, ge�­

å\�Ý¥þ. ¥þ3ÅN�IX�/¡�IX�m
=�ÏLî.=�Ý
¢y:

Ce
b =




cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ

cθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ

−sθ sφcθ cφcθ


 .

l¤ï�.N´wÑ�¶ª�,Å���J:3

u: üB^Êéu4�Ï�����^ÃÌg�©,�
'~5ü^Ê��÷ÙÛ�,Å
óÙpÝ�Ê�

Ï�ÍÜ�\î­. 3�Ä^ÊmíÄZ6é\6Ä
åÆ�K��,Ùå�åÝ�Ä�CzL§�E,,
3�,Å�NÄåÆ���5�	?�ÚU\
�

�å�)L§�î­��5,Ó��\­
ÍÜ¯K.
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3 pppÝÝÝ–^̂̂���fffXXXÚÚÚ)))ÍÍÍ���OOO(Decoupling
design of height-attitude subsystem)
þ!¤ïá��¶ª�,Å�.3�½^�e�

±w�´pÝ–^�fXÚ� �fXÚ�?é,c
ö��ö�'äk�p�Ä�,3¢Söp�õÏL
é^����±¢yé²¡ ��N!. Ó�,d^
ÊÄåÆÚ\�íÄÍÜ!fNÄåÆÚ\�.5Í

Ü�Ì�ÍÜÏ�Ì��3upÝ–^�fXÚ,Ï
d�!òÄkÄu�"�5z�{éÙ?1)Í�

O,ÏL��5�IC���"òÙ=���5XÚ.
�Uõ°�5,3e�!¥ÏL4:���°�Ö�
ì�O¢yépÝ–^��°��l,(Ü	���
�ª¢y ��Ê��l.

3.1 ���...©©©ÛÛÛ(Model analysis)
pÝ–^�fXÚ�G�Cþ!Ñ\9ÑÑCþ

©O�

x = (pz, vz, φ, θ, ψ, p, q, r, λ0,u, λ0,l, a, b)T,

δ = (θc, θr, θe, θa )T,

y = (pz, ψ, θ, φ)T.

^G��m�.L�:{
ẋ = f(x) + g(x)δ,

y = h(x),
(26)

Ù¥Ñ\�§�G��§�±L«�

g(x) = [g1 g2 g3 g4] =



0 0 0 0

−2
3
k18 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1
3
(k19 + k20)

1
3
(k19 − k20) 0 0

1
3
(k21 + k22)

1
3
(k21 − k22) 0 0

2
3
k23λr

2
3
k23λc 0 0

−k1k4 − k1k4 0 0

−k1k4 k1k4 0 0

0 0
1
τf

0

0 0 0
1
τf




,

f(x) = [f1 f2 · · · f12]T =




vz

k18λc + g

p + qsφtθ + rcφtθ

qcφ − rsφ

(qsφ + rcφ)seθ

k13qr + k9k12b− 1
2
(k19λu + k20λl)

k15pr + k9k14a− 1
2
(k21λu + k22λl)

k17pq − 2k23λcλr

k2k4λ0,uλu + k3k4λu

k2k4λ0,lλl + k3k4λl

−q − a

τf

−p− b

τf




.

�{zL«½ÂXêXe:

k10 = rb
u(3), k11 = rb

l (3),

k12 =
1

I(1, 1)
, k13 =

I(2, 2)− I(3, 3)
I(1, 1)

,

k14 =
1

I(2, 2)
, k15 =

I(3, 3)− I(1, 1)
I(2, 2)

,

k16 =
1

I(3, 3)
, k17 =

I(1, 1)− I(2, 2)
I(3, 3)

,

k18 =
1
m

k5k6cφcθ,

k19 = k5k12(k8λua + k6k10b),

k20 = k5k12(−k8λla + k6k11b),

k21 = k5k14(−k8λub + k6k10a),

k22 = k5k14(k8λlb + k6k11a),

k23 = k5k8k16.

é����5�.(26)í�Ù)ÍÝ
�

A =




LfLg1h1 0 0 0
LfLg1h2 LfLg2h2 0 0
LfLg1h3 LfLg2h3 0 0
LfLg1h4 LfLg2h4 0 0


 , (27)

Ù¥:

i ∈ {1, 2}, gij = gi(j), LfLg1h1 = g12,

LfLgi
h2 = gi6 + gi7sφtθ + gi8cφtθ,

LfLgi
h3 = gi7cφ − gi8sφ,

LfLgi
h4 = gi7sφseθ + gi8cφseθ.

duTÝ
ÛÉ,pÝ–^�fXÚØ�3'X
Ý,Ì��Ï´du�ÍÄåÆ�Ú\,��î!p�
±ÏCåöp��^vkwyu)ÍÝ
¥. ���
*�?n�{´O\G�Cþ,¦oå�Cåöp3
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�©L§¥/ò´0Ñy,ù�´Ä��"�5z�
Ä�g�[25].

3.2 )))ÍÍÍ���OOO(Decoupling design)
ÏLé�.©Û,Ú\�pÝÏ�Ú ÊÏ��

�Ñ\È©�'�*ÐG�Cþ[26],�gépÝÏ
�! ÊÏ��îp�Ï�?1�"�5z.

ÚÚÚ½½½ 1 pÝÏ��O.

pÝ�2��ê�

p̈z = −2
3
k18θc + k18λc + g. (28)

�O*ÐG�ξ1 = p̈z, ξ̇1 = u1,¦pÝÏ���
Ñ\�^ò´1�Ñy,�í��oå�

θc = −3(ξ1 − g − k18λc)
2k18

. (29)

ÚÚÚ½½½ 2  ÊÏ��O.

 ÊÄåÆ9�\�Ý�§�

ψ̈ = (φ̇θ̇ + θ̇ψ̇sθ + q̇sφ + ṙcφ)seθ, (30)

ṗ = f6 + g16θc + g26θr, (31)

q̇ = f7 + g17θc + g27θr, (32)

ṙ = f8 + g18θc + g28θr. (33)

òª(32)–(33)�\ª(30),��

ψ̈ = η0 + η0cθc + η0rθr, (34)

Ù¥:

η0 = (φ̇θ̇ + θ̇ψ̇sθ + (f7sφ + f8cφ))seθ,

η0c = (g17sφ + g18cφ)seθ,

η0r = (g27sφ + g28cφ)seθ.

�O*ÐG�ξ2 = ψ̈, ξ̇2 = u2,)��ÄCå�

θr =
ξ2 − η0 − η0cθc

η0r

. (35)

ÚÚÚ½½½ 3 �¶ª^Ê.å�ÛÝÄ�5Æ©Û.

3~5ü^Ê��÷ÙÛ�,Å¥,Ì^Ê��
÷����^�éÕá,�÷Ø�)ýå±Jø Ê
öpåÝ±	,éÙ¦Ï�K�Ø�.3�¶ª�,
Å¥,¤I.åÚ ÊåÝdüBÌ^Ê�Ü�),
�÷å�¥yE,���5'X,pÝ� ÊÏ�î
­ÍÜ.?�Ú/,�Ä^ÊmíÄZ6é\6Äå
Æ�K�,ÙÄ�Cz5Æ��\E,. 3�Y�
p!î�)Í�O¥,I�é^Ê.åXê!ÛÝX
ê�Ä�Cz5Æ?1¦).

dª(12)(16)(18)�±)�²þ\6'CzÇλ̇c

�^Ê.åXêCzÇĊT�'X.éª(29)¦�,�
þã'X?1éá�±)�

ĊT = CT(φ̇tφ + θ̇tθ)− m

k6

u1seφseθ. (36)

^Ê.åXê�ÛÝXêCzÇ�3Xe'X:{
ĊT = ĊTu + ĊTl,

ĊQ = λuĊTu − λlĊTl + kQ,
(37)

Ù¥kQ = λ̇uCTu − λ̇lCTl,dd�±òü�^Ê.å
Xê�CzÇL«�




ĊTu =
ĊQ − kQ + λlĊT

2λc

,

ĊTl =
−ĊQ + kQ + λuĊT

2λc

.

(38)

ÚÚÚ½½½ 4 p�Ï��©.

:��!E=��2��ê�

θ̈ = q̇cφ − ṙsφ − φ̇ψ̇cθ, (39)

φ̈ = θ̇ψ̇cθ + ṗ + ξ2sθ. (40)

Tª¥vkw¹±ÏCå,UY¦��
...
θ = (q̈ − ṙφ̇)cφ − (r̈ − q̇φ̇)sφ −

(φ̈ψ̇ + φ̇ψ̈)cθ + φ̇θ̇ψ̇sθ, (41)
...
φ = (θ̈ψ̇ + θ̇ψ̈ + ξ2θ̇)cθ −

(θ̇2ψ̇ + u2)sθ + p̈. (42)

ª(41)¥�¹���:���Ý2��ê,dXÚG�
�§�Ù�¹p��Í�CzÇ,ÏdÄkéª(32)
¦�,�ª(38)éá�

q̈ = η10 + η1QĊQ + η1aȧ + η1bḃ, (43)

Ù¥:

η10 = k15(pṙ + rṗ) +
k14k16a

2λc

[(k10λl +

k11λu)ĊT − (k10 − k11kQ)],

η1Q =
k14k16

2λc

(k10 − k11)a− k14b,

η1a = k14[k6(k10CTu + k11CTl) + k9],

η1b = −k14k8CQ.

*	uy�¦)�:��3��ê¥�¹r̈,ò 
Ê��Ý��xù,éª(30)¦��

r̈ =

φ̇(ṙtφ − q̇) + [(u2 − θ̇2ψ̇)cθ −
(2θ̇ξ2 + ψ̇θ̈)sθ − θ̇φ̈− θ̈φ̇]seφ − q̈tφ =

η20 − q̈tφ. (44)

éª(33)¦�¿�þªéá,��ĊQ�q̈�'X:

ĊQ =
1

k8k16

[η20 − k17(ṗq + q̇p)]− 1
k8k16

tφq̈ =

η30 + η3qq̈. (45)

òþª�\ª(43),�ª��^ȧ, ḃL«�:��
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�Ý2��ê�§:

q̈ =
1

1− η1Qη3q

(η10 + η1Qη30 + η1aȧ + η1bḃ) =

fq0 + fqaȧ + fqbḃ. (46)

òª(44)(46)�\ª(41),��
...
θ = fq0seφ − ṙφ̇cφ + (q̇φ̇− η30)sφ − (φ̈ψ̇ +

φ̇ψ̈)cθ + φ̇θ̇ψ̇sθ + fqaseφȧ + fqbseφḃ =

fθ0 + fθaȧ + fθbḃ. (47)

ÚÚÚ½½½ 5 î�Ï��©.

Uì�q�?n�{,éª(31)�©,�\ª(38)
(45),�n�

p̈ = η40 + η4qq̈ + η4aȧ + η4bḃ, (48)

Ù¥:

η40 =
k6k12b

2λc

[k10(λlĊT − kQ + η30) +

k11(λuĊT + kQ − η30)] + k13(q̇r + qṙ),

η4q =
k12

2λc

[2λca + k6(k10 − k11)b]η3q,

η4a = k12k8CQ,

η4b = k12(k6k10CTu + k6k11CTl + k9).

òª(46)�\ª(48),��

p̈ = η40 + η4qfq0 + (η4a + η4qfqa)ȧ +

(η4b + η4qfqb)ḃ =

fp0 + fpaȧ + fpbḃ. (49)

òþª�\ª(42),��E=�3��ê�
...
φ = (θ̈ψ̇ + θ̇ψ̈ + ξ2θ̇)cθ − (θ̇2ψ̇ + u2)sθ +

fp0 + fpaȧ + fpbḃ =

fφ0 + fφaȧ + fφbḃ. (50)

ÚÚÚ½½½ 6 pî�Ï��O.

nÜª(13)(47)(50),�±��E=!:�Ï��
Ñ\ÑÑ'X:[ ...

θ...
φ

]
= Am + Bm

[
θe

θa

]
, (51)

Ù¥:

Am =

[
fθ0

fφ0

]
+

[
fθa fθb

fφa fφb

](
Af

[
a

b

]
−

[
q

p

])
,

Bm =

[
fθa fθb

fφa fφb

]
Bf .

-u3 =
...
θ , u4 =

...
φ,��±ÏCåÑ\[

θe

θa

]
= B−1

m

([
u3

u4

]
−Am

)
. (52)

�d,ÏL6ÚéTfXÚ¢y
Ä��"�5
z. cüÚ©O?noå�Ê�Ï�,)��oå!�
ÄCå9��Ñ\��®�Cþ^u�Yí�;Ú
½3ïá
�¶ª^Ê.å!ÛÝ©��Ä�5Æ,¤
�(J´pî�Ï�©Û�7�Ä:;Ú½4–5©O
é:�!E=Ï�?1�"�5z,ÏL Ê��Ý
��xù��:�Ï�3��ê)ÛL�,,�òÙ
(J^uE=Ï��5z¥;Ú½6�Ñ
���p
î�3��êL«. 3Ø�Ä�.�Ä��¹e,Ñ
\u = (u1, u2, u3, u4)T�ÑÑy�)Í�3gÈ©ì
Gé'X.

3.3 """ÄÄÄ���©©©ÛÛÛ(Zero dynamics analysis)
��yþã�"�5zL§ØÑyÛÉ,é©1

9)ÍÝ
�A5?1©Û:3~5�1¥E=��
:��Ø¬Ñy�C90◦��¹,Ïdª(29)(35)(46)
9seφ, seθ�þØ¬ÑyÛÉ(η3Qη4q��u1);3e
ü\�Ý�u­å\�Ý�,=Ø�Ä^ÊK.å�
�¹,p��ÝØ¬��,�y
ª(38)Úª(48)k);
fφafθb�C0,
fφbfθa�þ?3104±þ,ÏdÝ

Bm÷�. ±þ^��y
��ì)�L§Ø¬Ñy
ÛÉ¯K.

nÜþã©Û,²LÄ�*Ð�XÚäk'XÝ
�þ(3, 3, 3, 3),�XÚk14�G�Cþ,Ïdk2�
SÜCþ,I�éÙ|¤�SÄ�?1­½5©Û.
��yÑÑ9Ù���ê�",XÚG��§¥�f
NÄåÆ!�ÍÄåÆþ�²ï�,XÚ�SÄ��
\6ÄåÆ.3]Ê:NC�5z,)���ÙA�
��−36.8623,−1.6095,"Ä�­½,ddy²
Ù
pÝ–^�fXÚ�±ÏLÄ��"�5z?1)Í
��.

4 °°°������lll������ììì���OOO(Robust tracking con-
troller design)
XÚ��l�-�pxd, pyd, pzd, ψd. Äk,�O

PD��ì,�âY²�Ý�:��!E=��'X,
éY² �Ø�?1'~�©?n,��S�:�
�!E=�ë�Ñ\,²3��-ÈÅì��:��!
E=��-,(ÜpÝ� Ê�-�¤S�Ñ\

yd = (pzd, ψd, θd, φd)T.

�-ÈÅì�

Gf (s) =
c

s3 + as2 + bs + c
. (53)

�éþ!����5z�.,�Ä�.�Ä�¹,
(Ü²;��5XÚ�O�{�°�Ö�g�,�O
S�°��l��ì,��S���Ñ\u,���â
ª(29)(35)(52)��¢S��Ñ\δ. ��ì(�X
ã2¤«.
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ã 2 ��XÚ(�µã

Fig. 2 Structure diagram of the control system

pÝ–^�fXÚ²L��5�IC�N�Φ(·)
��#�G�Cþ:

Φ(x, ξ1, ξ2)T = (y, ẏ, ÿ,η)T, (54)

Ù¥: η�SÜCþ,®y²SÄ��ì?­½. S
��lØ��þz = (z1,z2,z3)T½Â�

z1 = y − yd, z2 = ẏ − ẏd, z3 = ÿ − ÿd,

Ù¥: yd, ẏd, ÿd�S��l�-9Ù���ê. ²
LÄ��"�5z)Í���5XÚG��§�




ż1 = z2,

ż2 = z3,

ż3 = u + ∆.

(55)

��6Ä∆�)�.�Ä!	ÜZ6±9Ï"

�-�3��ê. �JpXÚ°�5,�©æ^Xe
�{é�"�5z��XÚ?1���O.Äkæ
^¤Ù��5XÚnÜ�{�OG��"��ì,
	½S��lØ�;Ùg,��ØdØ�ÿ�"�
5�·�,�O
�°v
p�1�$ÏÈÅì)
¤p��©�"±�O)Û¦�;��,�é��
6Ä��O°�Ö�ì[27]. S���Ñ\dXeü
Ü©|¤:

u = u0 + uRC. (56)

u0�éI¡�5XÚ�O,æ^4:���{,Ï
"��fXÚ4�D4¼êA�õ�ªXe:

Di(s) = (s2 + 2ζiωnis + ω2
ni)(Tis + 1), (57)

i = 1, 2, 3, 4©OéApÝ!Ê�!:��E=Ï�.
Äud,G��"Ý
Ki�O�

det(sI −Ai + BiKi) = Di(s), (58)

Ù¥:

Ai =




0 1 0
0 0 1
0 0 0


 , Bi =




0
0
1


 .

½Âzi = (z1(i), z2(i), z3(i))T,I¡��Ñ\:

u0
i = −Kiz

i. (59)

Ö�Ñ\�uRCæ^XeL�ª:

uRC = −F (s)∆(s), (60)

Ù¥Ö�ÈÅìF (s)�O�

F (s) = diag{F1(s), F2(s), F3(s), F4(s)}, (61)

Fi(s) =
f3

i

(s + fi)3
gi

s + gi
. (62)

ÈÅì�g�âé��g�ûÅÄ�û½,��4
�,��6Ä�dª(55)�í��,Ö�ìëê�O
L§ë�©z[28].

5 ���ýýý©©©ÛÛÛ(Simulation analysis)
3MATLAB�¸eé¤�O��ì?1�ý�

y. �u�)Í�O�J,ÄkéTfXÚ?1�
6Ä�5z,�OLQR�`��ì,òÙ���J
�Äu�"�5z���5���J?1é'. S
�fXÚÏ"4�A5�âª(57)�OXe:

T = (1, 0.2, 0.1, 0.1)T s,
ζ = (0.7, 0.7, 0.9, 0.9)T,

ωn = (1, 10, 10, 10)T rad/s.

Ø�Ä�.�Ä�	Ü6Ä,ü«�{���(J
Xã3¤«. c10 s�pÝN!,î.�þ�±�0;
3110 s�½��Ý���-,�±w�d�ãü
«��ìþ�±¢yûÐ�pÝ�^�)Í�l;
120 sm©�½���Ý�^��-,d�dur
ÍÜ�î­��5��3,�5���JC�,p
Ý�Ê�þJ±�±. �'
ó,du�"�5z
U
é��5�.?1O(��5z?n,¦Ù3
Ø�Ä�.�Ä��¹e�±3���1��S¼

�ûÐ��l�J.
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ã 3 pÝ�^���
Fig. 3 Control of altitude and attitude

�Ä�.�Ä�	ÜZ6,�O°�Ö�ìë
ê�: fi = 80, gi = 50, i = 1, 2, 3, 4.

	���ì�'~!�©Xê©O�

kφ
p = −kθ

p = −0.05043, kφ
d = −kθ

d = −0.1828.

�-ÈÅìëêÀJ�: a = 28, b = 280, c =
1000.�,Å�Ð© ��^�: pe

0 = (0, 0, 0)m,

R0 = (0, 0, 0) rad.ý½;,�½�

pe
d = (5sin(0.1t +

π

4
), 3cos(0.2t), 10)T,

�¦�lL§¥�±Ê�ØC.

�ý(JXã4–7¤«. 3�ý¥�Ä
� �
�å^��ûÅÄåÆ,¿òZ6©�.5ëê�
Ä!íÄëê�Ä�å/åÝ6Ä3a,c10 s�n�
�.,��z�10 s\\�a6Ä.Äk\\10 kg1
Ö,�â1Ö¤3 �O���3¶.5ÝOþ�
(1.3, 1, 0.5) kg ·m2;,�\\íÄëê�Ä,)ö
©Oé^ÊmíÄK�ÏfKulÚKlu. +10%Ú
−10%;��\\å�åÝZ6.

ã 4 ;,�l�ý– �

Fig. 4 Trajectory tracking simulation-position

ã 5 ;,�l�ý– �Ø�

Fig. 5 Trajectory tracking simulation-position error

ã 6 ;,�l�ý–î.�

Fig. 6 Trajectory tracking simulation-Eular angles



1 10Ï �g²�: �¶ªÃ<�,Åï��°��l�� 1293

ã 7 ;,�l�ý–��Ñ\

Fig. 7 Trajectory tracking simulation-control input

dã4–7��ý(J�±w�,æ^�"�5z
�{U
k�)Ø�Ï�mÍÜ,¢y�Ð�;,
�l,Ù¥.5ëê�ÄéÙ���JK�Ø�,
�íÄëê�Ä�å/åÝZ6¬²wü$��ì
�°�5,cÙéuÍÜî­�pÝ�Ê�Ï�,
�l�JC�. �©¤J�{k�/Uõ
°�5,
3�3õ«�.Ø(½5��¹e,EU�Ð/�
lÏ";,,Ó�;�
^�Ñy����.

6 ooo((((Conclusion)
�©�é�a�¶ªÃ<�,ÅÄåÆ�.�

O
Äu�"�5z�°�;,�l��ì. (Ü
®k��¶ª^ÊXÚíÄï�¤J,�©ïá

U
�N�¶ª�,Å^ÊmíÄZ6ÍÜA5�

ÄåÆ�.. éupÝ–^�fXÚ,ÄkÏL*Ð
G�CþéTfXÚ?1
Ä��"�5z,©Û

XÚ"Ä��­½5;,�é)Í��fXÚ?
1
4:��,ÏL�O°�Ö�ìUõ°�5;
��ÏL�O	�PD��¢y
;,�l. �ý(
JL²,¤�O��ìäkûÐ�)ÍA5,3�
3õ«�.Ø(½5�¹e,Eäk�Ð��l5
U�°�5.
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