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Motion planning for cranes with double pendulum effects subject to
state constraints
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Abstract: For underactuated cranes, most existing methods treat the payload swing as that of a simple pendulum.
However, when the hook mass is not negligible compared with the payload mass or the payload size is large, the payload
will rotate around the hook, which exhibits double-pendulum effects and complicates the swing dynamics. Consequently, an
extra underactuation degree appears, making the control problem much more challenging. Additionally, currently available
approaches cannot guarantee the desired transient control performance. To deal with these problems, a trajectory planning-
based control method is presented. Specifically, the planned trajectory has an analytical expression and takes full account of
the system safety and physical constraints. An elaborate differential flat output signal is created, and the constraints/ indices
imposed on the trolley motion and payload swing are equivalently transformed to some new constraints on the flat output,
which converts the trajectory planning task into a convex optimization problem. The proposed method ensures the swing
angles/angular velocities and the trolley velocity/acceleration/jerk to be always within prescribed bounds. Simulation results
show that, in comparison with existing methods, the proposed approach is convenient for implementing and achieving
superior control performance in terms of both working efficiency and swing suppression.
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2 )8R (Problem statement)
AR I R an 1 R, Hshas
FEERT QB 7 R
(m + my + my)i + (my + my)ly (cos 0,6, —
9? sinf,) + Malabs cos Oy — mglgég sinfy, = F,
(1
(my + ma)ly cos 01 + (my + mo)I20, +
malyly cos(By — 02)05 + malyly sin(f; — 6,)62 +
(my + ma)gly sinfy, =0, 2)
Mialy cos Oo& + malyly cos(f — 02)51 +
mal20y — myly1,0% sin(0, — 0,) +
magls sinfy = 0, 3)

K x(t), 01(t), 02(0) 7 MR R G ALK B 4%
F R ) LR UG 11 B 45 A (20 4% 4,
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Fig. 1 Schematic illustration for the crane model with

double-pendulum effects
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COS 61% + llél + m2l2 008(91 — 92)9-2 +
my + me
mol . ; .
o j_an sin(6, — 6,)03 + gsin6, = 0, 4)
COS 921’ + ll COS(Gl — 92)9.1 + lgég —
110% Sin(01 — 02) + gsin 02 =0. (5)

TR — (S T 7RI ()5 RE P HAL D)
01(L), 0o(t) 2 MBI A X R, MG MIEE) 28]
RANIPIAR R TR, X T2 0B R
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ISR SEPR MAE RGN e bE . TR LB
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1) AL AT A 238 IF45 1B AR H bRAL B pqa &b,
HAEBAIZAT ISR T, & 2B T I B A
TR AR LR FRLE SRV L P, B

z(0) = £(0) = #(0) = z®(0) = 0, (6)
z(T) = pq, &(T) = &(T) =z®(T) =0, (7
|8 (t)] < Vmaxs [EE)] < Gmaxs 7 ()] < Jimaxs
(3)
KM Vmax, Gmaxs Jmax € RT2M 27N AT 25 (1) fig
IR RE B £ 2 B R B /DA B /s B b PRAE.

2) fEEEAN AT R, MERZ RN HAED)
01(t), 0 (t) SR ELARTRPLO, (), 0o () MLARFFAE AT BRI
JulElN, HY G R0k Hhfr B ohkai®sh, /)

61(0) = 62(0) = 0, 61(0) = 62(0) =0, (9
0,(T) = 05(T) = 0, 6,(T) = 05(T) = 0, (10)
101(2)] < 01 max, [02(2)] < 02 max; (11)
101(t)] < Wi maxs 102(6)] < Womans (12)
P01 max, 02maxs Wimax, Wamax € RT3HIN R
(IR EN0, (£), 0 (t) AR F R EED, (), 6, () BT
(EERS
3 FES R (Main results)

AT TER PRI R . BART e

ARFRAR e, K438 — AN BT T R S 5, B A 4RiE

B 5 AR SN AR 8 (AR R, AR 2y
ISR ORI 20 B S R — 4%
2 A, AR LR S AT, R ik n s 24
BEATIRALSK A

3.1 ARV H (Model transformation)

P 22 1) AR R T, SR R IR 3 AN e
ke la i, SRR N TAERCR. Bk, 7555br
I o A 2R R SR P A 3101 maxs 02 max TR
TESFELLN, W1 max, Wa max B AEEL /N TG FE A AR AL
FEIXFPE UL R, cosf; ~ 1, cos (6, — 0,) ~ 1, sin6;
~ 0, sin (0 — 62)0% ~ 0, i = 1,2. A1 H, 5 5510
BT —G) AT W R

. Lo .
b+ 22 G, g0, =0,  (13)
maq meo
AL A(13) 5 (14) IFREATHEE, 7] 15
myls -
0y + g(6; —6;) = 0. 15
p— g(6> — 0y) (15)

UEAh, eI 140, A AR S S AT R R N, (f) =
x(t) 4+ 11 sin 6, (t) + Iy sin Oy(t). F REH| LR IT IR
AR, I LU E 5 X, (8):

Xp £ 2+ L6 + 150, (16)
g5 (14)(16) %0
1. : 1 . 1
0, = _§Xp = 0, = _§X£3)7 by = —EX;(;L)-
(17)
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f0X(17) L (A8 ML ARN(16), Tz ()K= Al
T

L+ malily (4)

T =xp+ Xp + . (20)
? g " (my4my)g??
H—n]1g
20 = 0 4 L+l e malily (444)
p g 1% (ml + m2)92 P ’

(21)

X EbR(i) (i = 1, 2, 3)Fomz(t) KT IS 5
5.

M A7) - AT LAE H, BT RECREB T LLE

IR X () B SEAS TR B 3 B AR HOR T 5K Rk LA

Xp (1) M %, HER13)—(1S)4LR 10 i 488 ¥ R 48
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3.2 BB (Trajectory planning)

R X, (8) R R 15k 2 s th 223

15 _
Xp(t) = paao + 3 ou7') £

=1
15 t .
paloo + D2 ai(f)z]) (22)
=1
Hrp: 0 <t < T, 7 = TR TR &, S50
FL %(%)H, i=1,2,---,15. (23)

B X A7D—-D AN X (6)—(12), R K5 i i £E (1),
01 (t), 0o (1) B LS H LR EEAL Ty R T, (t)
KM FHU ARG
xP(0) =0, i=0,1,---,7,
{Xg)(T)O,jl,Zm,?, (24)
XP(T) = Pa;

|Xp+ 5 &
(ma
NOMESL NI (| <
1 m1l2
— —Xp — (4) g 0 max
| 0" iy + ma)g? @ | < e

(25)

FH 223), T 5 RQ22)F 7mx, (1) 5% T T 7EY

SH FHFARAK QO BT IR IG5 1, G388
EPRE

ag=0a; = --=a7 =0. (26)
FEMEIER B, xp (6) RIE A
15
Xo(t) = pa 3 ar. @7)
i=8
AN, X, (8) T BT RT 7B S 3k L
15 i 1 ,
(r) _ ) 2 T\T T
) =Py e ()T @)

Horbr = 1,2, 7. AU, K K24 b 552, 347 B

& B2 AARN K (28) - 3 B, v 15— K Tag, ag,
o ans )\ TG IREMET R, SKgZ T REAL, WA
K22 Has, ag, -, ags WIH:
(s = 6435, g — —40040, o — 108108,
a1 =—163800, a1, =150150, a13=—83160,
aqy = 25740, a5 = —3432.
(29)

TER o, o, -+ -, s IEG, AT Q22) Pl
By (1), A E T LA SE SN PUL RS . #21
SR i 5T, A5 PR ) 2 s A 325) AN AS:
LW, F— 5T, T R & ZEHBAT IR, A $e
e ARG TARRCR, NAET IR AT RED. BEAh, 2 %0
Q@5 PAER LRI LR, Bk, Z T 1L
ATUEEE At A )

min 7', s.t. (25). (30)

X T 2B AT AL L, E AR ik
HEAT SR AR, FLAASK g n 8k b i D AR S T s,
T, Ty € RYDHE SR SETH RS -
BRAL: e AR AL 25700 22, 1 T Ak 45 AR 1 0 T b v,
AR A SE PR T B K TS Umax, @maxs Jmaxs 01 maxs
0 mases W1 mascs W2 max A B(25) T E SRR FFRAH;
T J3i e 2025 P AR I S EUT AU

S 1 IR RE GO RS
Input: T3, T, Umaxs Gmax; Jmaxs 01 max; 02 max
W1 maxy W2 max
Output: 7™
repeat
set T,,, = (T, + T,,)/2
if the constraints in (25) are satisfied then
T, T,
else {the constraints in (25) are not satisfied }
T, — Ty
end if
until [T, — T}| < ¢
T «— T,

¥ EIRTEAS R Moo, oo, - - -, ans T AIULTRR
TR AR (20), BRI
T =
li+1s .
Xp+ p Xp+ (ml+m2)92 p s
P, t>T".

3D
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SEAFVLIRIR, xp (¢) FEEEEIEAE—, AT I HABTE R, = 2 R4S
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AN L) A R e AT HE DA AT 280 R AN ) TR I AR B
PO TSGR M R G, WA RBUR
ERI ) 2%, 4 Ee 5 — 13053 ( proportional derivative, PD)¥ il 2%
HZEE, e miEH RS G

5529)), I 2B D)TF] 501, W A7 24N 2 58 (1 2 50 Blpg 5T,
pa P EFARE BB B ¥oE, T WAUEI FE R T
SIS ST, QSR RS A B .
SRS A B RS TR

F QWL XL T os
Table 1 Performance indices
TE‘FEIJE‘F& Pd Umax Gmax  Jmax 01 max 02 max W1 max W2 max
AO7E v v v v v
SEHES X X x X X

4 PiE 543 #r(Simulation and analysis)
AR AN 8 G B A SCIR I BT R T VA A
I 55 SCHR (25170 B TER P 2 ) v AT 56 L4 AT
AR, MESHREW T
{m:20kg, my = 5kg, my =5kg, )
lL=2m, I =02m, g=9.8m/s%
B4 HEMLE X RGURE LR
pd = L.5m, vpax = 0.5 m/s, amayx = 0.5m/s%,
Jmax = 0.5 m/5%, 01 max = B2 max = 2 (°),
W1 max = W2max = D (°)/s.

(33)

W

x(t) / m

OO =

S W ©
T
N,
\,
1

(‘\.m 2 T T T T T T T T T

: 3 /a/max

§/ e A ———
S_z 1 1 1 1 1 1 1 1 1

| %9 2 4 6 8§ 10 12 14 16 18 20

t/s

L SN W Sy sy sy Sy N S Sy S
& gy
E oo\
S 05p==m=g--p--p=mmdymmpmmmmgm
% 0 2 4 6 8 10 12 14 16 18 20

t/s
— KT - KR - AL
B2 48N (t), 2(1), i (t) e (1)
Fig. 2 Trolley motion z(t), &(t), Z(¢t) and =3 (t)

P AT IR S B IE R e =

0.0005s, T, = 0's, T, = 40 s. H 5 29 K 4% 1 (33),
LN TIGT* =8.1360 s; fEALEEZS A Intel 15-2300
(2.8 GHz), N 17 4 4 GB, #: /£ & 4t JyWindows 7
(6447), MATLABHR A AR2008alt 12 1T F 355 H1, #&
PRI FE IS 29 171 s BT B E S 20(26)(29) T 7~
Mar, g, -, arsHAANXG) AT R AR &
BRI N TSCHR (2514 tH I TG IR 72, HAs
SR N Ky = 15, k = 43.5, BRTRE, £EILn 251%
FEilgs i HARRIA

5 T T T T T T T T T

0,1/ (°)

60/ ((°)+s™)

0,1) / (°)

1 1
12 14 16 18 20

0,0/ ((°)+s™)

1 1
12 14 16 18 20

t/s
— ARIFHE - WFEE --- RELR

K3 PLEEEN01(t), 61 (1), 02(t) Seba(t)
Fig. 3 Double pendulum swing 61 (t), 61 (t), 02(t), 02(t)
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MR 5 EB BRI 4R L T E BT %, A
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KEGHELH, G4 R i ST 3 S I i
AT BRI, 1 SRR A AU R B A AR 2]
J et BT a5/ s P AN ), AT PT g
2 WA, TR RIS

PR R LA AP T VEAE I 5 5 08 A 7 THI 45 )
PERE. X G 2 5 B3 Wy = () it 2 ] g, AR SCOT vk
fe TE PR K B 45 A B H As 7 B AL, IR S
01(t), o (t) 1 I MR AE 5331 by Xof Ll 7 7125 TAH B 42
FIS1%H152%. UL AL, tH 338 v &, XA S0
7k, MEERIE HALE S, AR RS, A
b2 N, SCHR (25100 Jads £ i 7 v )4 6 I Yl 1) ok
REBEBN, FAK T R TAERCR. &8 BTk, A5k
TEFERT  FEAAET7 TS e AT 50 A B A R 45 ) 2k
R

E 3 ASOPRE IS L TAEEAS RIS R
MPERGE. AT IREh AL AR R R R 4 R4,
TR ) GRS ) 28 v] B B I S NS 5 it T3R5
HAL AR T R B ) i 25 R 4, ASCITRI B
T Sy ERER, WA R A PDE R & A ER R 1 B,
KR AR AR 5 e A AN [ A 5 57
5 %5 (Conclusions)

B U ST A NG K SR R V2R R K,
ASCHR-H T —FI BT IRI J7 1, ML BESEIL &
B8 A S RSP RO E G H FR, 18 REIRIE R S8
RIS WL SRR BE L o, HRT R 54T, B REF )
NS BRI, i & 418 SR iEsh 2
] RS 5 K &R, M3 T — A P38 5 A5 5, R
ANF RS RGPS R, B 6 F e 5 15
PR H bS5 B N S0 A E T
PR HH T 2 A, TR R e A A A
Pt il L. S BT FL s CA I3 T T
B, S RSO LRI S R R IR
TEJG S AR, 3K A R 2 i 42 50 5

5, LB R I INRAHL, A5 Bl LU KT £ i it
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RIEAT IR, 7555 A F A, KU SO kN
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