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Design and implementation of
a chattering-free discrete-time repetitive controller

WU Ling-wei, SUN Ming-xuan†
(College of Information Engineering, Zhejiang University of Technology, Hangzhou Zhejiang 310023, China)

Abstract: This paper presents an attracting-law-based design of discrete-time repetitive controllers for systems with
periodic reference/disturbance signals. A measure of disturbance-rejection is embedded in the attracting law to form the
ideal error dynamics, by which the discrete-time repetitive controller is derived. For characterizing the tracking performance
and the convenience in adjusting the controller parameters, we derive the expressions for the range of the steady-state error,
the boundary of the monotonically decreasing region and the absolute attractive layer, and the steps for tracking error to
converge to the origin/steady-state error bound without/with the disturbances. The developed repetitive controller is not
only effective for rejecting the periodic disturbances, but also ensures chattering avoidance. A motor servo system is taken
as an example, and experiment results are given to validate the feasibility and effectiveness of the presented control method.
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1 ÚÚÚóóó(Introduction)
lÑw���´¢S¥~^��«���{,§

Úå<�4�,��´ÙwÄ��éXÚ3É�ë
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CÆ¥/i\0Z6³���,�EÑn����¼
êÄ�,dÙ��Ä��§í�Ñ�¢y���ì.
¢Sþ,§´�Ä
Z6³�8�^u?nØ(½X
Ú�ªCÆ�{. ©z[10–11]JÑ�n�Ø�Ä�
�O�{´ÄuU
¦�lØ���ªC�:�á

ÚÆ,�E�«äkZ6³��^�n�Ø�Ä�.

¢S¥kNõ��é�~��¦�1±Ï�l?

Ö,X>å>f�´9M�/1�pÑXÚ�. ùaX
Ú�ë�&Ò´±Ï®��±Ï&Ò,E$1�É
��	.Z63��  ¥±ÏA5. E��E
â�³�±ÏZ6,¢yé±ÏÏ"Ñ\&Ò�°(
�l[12–15]. �õ©z|^S��n�ª��{�O
E��ì[12]. ©z[13]ò��ëY/lÑXÚn
ØA^uE��,JÑ
�«Äu��·Ü�.�
E��#�{;©z[14]æ^�ÚªCÆ�{,�
Ñ���Æ´E��Æ,/ªþw´�±Ï?�;
©z[15]æ^�gªCÆ�OC(�E��ì.

�©JÑ�«ÄuáÚÆ�E���{. ÏL
òZ6³���/i\0�áÚÆ¥,�EÑn�Ø
�Ä�,¿Äud�OE��ì,¦4�XÚäk
n�Ø�Ä�¤L��Ï"5U.�©¡ù«�{�
n�Ø�Ä��{. �©JÑn�Ø�Ä��{�Ä
ÅulÑw����n���Ä��{. üö�«
O3u: ò�lØ�����¼ê!�:��w�¡;
w����¦k��m��w�¡,�©JÑ��
{�¦k��m���:;4�XÚEäk'uëê
�ÄÚ	.Z6�°�5U,�´w���U
�y
wÄ���ØC5,�©JÑ��{�¢y�:(=
�)��ÓA5. �
?1��ìëê�½ÚL�
4�XÚ��l5U,©¥í�ÑüN~«�!ýé
áÚ�Ú�Ø��>.�L�ª,¿�Ñ
�lØ
�3ÃZ6�Âñu�:93�3Z6�Âñ?\

�Ø��S¤I�õÚê�L�ª. ��ÏL3>
Å¢�C�þ�A^(J�y
3�>.�Ú¤JÑ
���{�k�5.

2 ¯̄̄KKK���JJJÑÑÑ(Problem formulation)
�ÄXeüÑ\üÑÑ(single input single output,

SISO)lÑ�mXÚ:

A(q−1)yk = q−dB(q−1)uk + wk, (1)

Ù¥: ukÚyk©O�k���Ñ\ÚÑÑ, wkL«k

���XÚZ6; A(q−1)�B(q−1)�ò´�fq−1�

õ�ª:

A(q−1) = 1 + a1q
−1 + · · ·+ anq−n, (2)

B(q−1) = b0 + b1q
−1 + · · ·+ bmq−m, b0 6= 0, (3)

Ù¥: n�A(q−1)��ê, m�B(q−1)��ê, a1, · · ·,
an, b0, · · ·, bm�XÚëê,�1 6 m 6 n; dL«ò´,

��©¥�d = 1.

ë�&Ò rk´±Ï�N�±Ï&Ò,÷v rk =
rk−N . ½Â�lØ�

ek = rk − yk. (4)

�©���8�´Ïé��S�uk,3�y4�XÚ
½�Ó�,¦�ÑÑ&Òyk¦�U/�lþ�½�

ë�&Òrk.

�©ÄuáÚÆ�OE��ì,JÑL��l
Ø�ÂñL§�3�>.,=�Ø��>.∆SSE!

ýéáÚ�>.∆AALÚüN~«�>.∆MDR. ù3
�>.�äN½Â��©z[10].

¢Sþ, ∆SSE, ∆AALÚ∆MDR�äN���6u

��ì(14!�Ñ)¥��Nëêρ, εÚ6Ä�.�

∆. À�ØÓ���ìëê¬��ØÓ�>.�.�
©ò©Oí�Ñ3�>.�äNL�ª.

3 áááÚÚÚÆÆÆ(Attracting law)
�
?1��ì�O,�©JÑ�«Ø�áÚÆ

�{,§�N
ÃZ6(wk = 0)��Ø�Ä�A5,
�U
÷v��XÚ�6�Ú�5U�¦.

�ÄeãlÑáÚÆ:

ek+1 = ek −min {|ek|, ρ|ek|+ ε} sgn(ek). (5)

Ù¥: 0 < ρ < 1, ε > 0��Nëê.

555 1 ª(5)�A�ªCÆ´d©z[7]JÑ�,§¦�

��¼êªCw�¡;�©¤JÑ�áÚÆ(5)U
¦�l

Ø���ªC�:,���N
Ø�Ä�A5.

½½½nnn 1 �wk = 0�,|^ª(5)�O��ì,K
lÑXÚäk±eÂñ5U:

1) �lØ�ÓÒüNÂñ;

2) ÃË�!Ã�K�O�y�,=



sgn(ek+1) = sgn(ek), |ek| > ε

1− ρ
,

ek+1 = 0, |ek| 6 ε

1− ρ
.

(6)

yyy ÓÒüNÂñ.

�ek > ε/(1− ρ)�,dª(5)��

0 < ek+1 = (1− ρ)ek − ε < ek. (7)

�0 < ek 6 ε/(1− ρ)�,dª(5)�ek > ek+1 = 0. Ó
n��,�ek < 0�,kek < ek+1 6 0.

e¡y²ÃË�!Ã�K�Oy�.
�|ek| > ε/(1− ρ)�,ª(5)C¤

ek+1 = ek − (ρ|ek|+ ε) sgn(ek). (8)

dª(8)�
ek+1sgn(ek) = (1− ρ)|ek| − ε >

(1− ρ)
ε

1− ρ
− ε = 0 ⇒

sgn(ek+1) = sgn(ek). (9)
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�|ek|6ε/(1− ρ)�,dª(5)�, ek+1 =0. y..

½½½nnn 2 �wk = 0�,|^ª(5)�O��ì,é
?¿Ð©�e0(e0 6= 0),�lØ�²Ldk1e+ 1Ú�ü
NÂñu�:. Ù¥, k1�L�ª�

k1 =





log(1−ρ)(
ε

ε + ρ|e0|)− 1, |e0| > ε

1− ρ
,

0, |e0| 6 ε

1− ρ
,

(10)

d#eL«�u½�u#����ê.

yyy e¡U|e0| > ε/(1− ρ)Ú|e0| 6 ε/(1− ρ)ü
«�/?1y².

1) �Ä|e0| > ε/(1− ρ)�/.

�ek > ε/(1− ρ)�,dª(5)Ú½n1�1)�

ek = (1− ρ)ke0 − ε
1− (1− ρ)k

ρ
.

b�3 dk1e����lØ�Âñ?\� |ek| 6 ε/
(1− ρ)���S,�k1 = log(1−ρ)(ε/(ε + ρ|e0|))− 1
÷v

(1− ρ)k1e0 − ε
1− (1− ρ)k1

ρ
=

ε

1− ρ
.

�0 6 k 6 dk1e�, e0 > ε/(1− ρ),Kk

edk1e = (1− ρ)dk1ee0 − ε
1− (1− ρ)dk1e

ρ
6

(1− ρ)k1e0 − ε
1− (1− ρ)k1

ρ
=

ε

1− ρ
.

¤±,�lØ�Âñ?\|ek| 6 ε/(1− ρ)��S�Ú
ê�dk1e=dlog(1−ρ)(ε/(ε+ρ|e0|))−1e.�0< |edk1e|
6 ε/(1− ρ)�,dª(5)�, edk1e+1 = 0. Ón��,�
e0 < −ε/(1− ρ)�,�lØ�Âñu�:�Úê�
dlog(1−ρ)(ε/(ε− ρe0))e.

2) �Ä|e0| 6 ε/(1− ρ)�/.

�|e0| 6 ε/(1− ρ)�,dª(5)�e1 = 0. ¤±�l
Ø�Âñu�:�Úê�1. y..

555 2 3ÃZ6�,|^áÚÆ(5)�O���ì,Ø�

U¢yÃË���,��±�y�lØ�3k�ÚSÂñ

u�:. ,	,UCεÚρ����±UCek�áÚ�Ý.

4 EEE������ììì���OOO (Repetitive controller
design)
3ù�!,ÄuáÚÆ(5)�En�Ø�Ä�,^

uE��ì�O.n�Ø�Ä�´3áÚÆ¥/i
\0
Z6³���,�N
Z6�3���XÚ�
Ø�Ä�A5.

duXÚ�3Ø(½5Z6,áÚÆ(5)3¢S¥
Ø�¢y. �d,òZ6³���/i\0�áÚÆ

(5)¥,�EXen�Ø�Ä�:

ek+1 = ek −min{|ek|, ρ|ek|+ ε}sgn(ek)−
dk+1, (11)

Ù¥: dk = wk − wk−N , N�±ÏZ6Ü©�±Ï.

555 3 n�Ø�Ä�(11)¥Ú\�Cþdk�ü�±Ï

�m�Z6��(wk − wk−N ),�N
éu�½±Ïé¡A

5�Z6&Ò�³���;yk�Z6³�Eâ�õ´^

c���Z6é�c��Z6?1Ö�!³�,=c�üÚ

Z6��(wk − wk−1).

-∆�dk�þ.�,=

|dk| 6 ∆, ∀ k > N. (12)

òª(1)ò�NÚ,��

wk−N = A(q−1)yk−N − q−dB(q−1)uk−N . (13)

dª(1)(4)(13)�

dk+1 = rk+1 − rk+1−N − ek+1 + ek+1−N +

q(A(q−1)− 1)(yk − yk−N)−
q−d+1B(q−1)(uk − uk−N). (14)

òª(14)�\ª(11),��XeE��ì:

uk = uk−N + [q−d+1B(q−1)]−1[ek+1−N − ek +

min{|ek|, ρ|ek|+ ε}sgn(ek)− rk+1−N +

rk+1 + q(A(q−1)− 1)(yk − yk−N)]. (15)

555 4 ª(15)¥, yk�ÏLþÿ¼�, rk+1−NÚrk+1

��½ë�&Ò�1k + 1−NÚk + 1���, ek−N+1Úek

�ÏLO�¼�, uk−NÚyk−N���&ÒÚÑÑ&Ò�c

�±Ï�;�,�lS�¥��. �,l��ì/ªþw�

�E,,����{=I�c��ÑÑ&E!c�±Ï��

&EÚÑÑ&E(2N + 1�S�Ó^�m)=U¢y. 3E

��ì(15)�^e,Ø(½XÚ(1)�Ø�Ä�5Udª(11)

û½. Ï,Äuª(11)�O�E��ì(15)Ø=�¢yk

��mÂñ,�U
��³�±ÏZ6&Ò.

555 5 �©JÑ�E��ì�O�{�·^u~�

N!¯K,ù��Cþdk÷vdk = wk − wk−1,E��ì
(15)?U�

uk = uk−1 + [q−d+1B(q−1)]−1[rk+1 −
rk + min{|ek|, ρ|ek|+ ε}sgn(ek) +

q(A(q−1)− 1)(yk − yk−1)]. (16)

dª(16)´�,T��ì¢Sþ´E��ì(15)�N = 1

��«AÏ�/.

3¢y�,E���{Uìª(15)?1?§. ä
N���ìëêρ, ε��âL�XÚÂñ5U��I

?1�½,ù
�I�±dL��lØ�ÂñL§
�3�>.5�x.
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5 °°°���555©©©ÛÛÛ(Robust analysis)
�!�öí�Ñ�Ø��!ýéáÚ�±9ü

N~«�>.�L�ª,¿�Ñ�lØ�Âñ?\�
�Ø��S¤I�õÚê�L�ª.

3E��ì(15)�^e,XÚ�lØ���
Ø��>.∆SSE!ýéáÚ�>.∆AALÚüN~«

�>.∆MDR©O�

∆SSE = ∆AAL =





∆− ε

ρ
, ε 6 (1− ρ)∆,

∆, ε > (1− ρ)∆,
(17)

∆MDR =





∆− ε

ρ
, ε 6 (1− 2ρ)∆,

ε + ∆

1− ρ
, ε > (1− 2ρ)∆.

(18)

XÚ>.∆SSE, ∆AAL, ∆MDRù3ö�y²L§
aq,e©�y²�Ø��>.∆SSE.

e¡U∆SSE > ε/(1− ρ)�∆SSE 6 ε/(1− ρ)ü
«�¹?1y².

1) �Ä∆SSE > ε/(1− ρ)�¹.

�ε/(1− ρ) < ek 6 ∆SSE�,ª(11)=z�

−∆SSE 6 (1− ρ)ek − ε− dk+1 6 ∆SSE.

|^|dk| 6 ∆,k{
(1− ρ) ∆SSE − ε + ∆ 6 ∆SSE,

−∆ > −∆SSE.
(19)

)Ø�ª�§|(19),��

∆SSE > max{∆− ε

ρ
,∆}. (20)

Ón,�−∆SSE 6 ek < −ε/(1− ρ)�,���Ó�
(J.Ïd,�Ø��>.∆SSE�(À�÷v>.�
�^�����)

∆SSE = max{∆− ε

ρ
, ∆} >

ε

1− ρ
. (21)

�06ek 6ε/(1− ρ)6∆SSE�,dª(11)�−∆SSE 6
−dk+1 6 ∆SSE. |^|dk|6∆,k∆SSE >∆. Ón,�
−∆SSE 6 −ε/(1− ρ) < ek�,���Ó�(J.Ï
d,�Ø��>.∆SSE�

∆SSE = ∆ >
ε

1− ρ
. (22)

(Üª(21)–(22),��

∆SSE = max{∆− ε

ρ
, ∆} >

ε

1− ρ
. (23)

2) �Ä∆SEE 6 ε

1− ρ
�¹.

� 0 < ek 6 ∆SSE 6 ε/(1− ρ)�,dª(11)��
−∆SSE 6 −dk+1 6 ∆SSE. d|dk| 6 ∆�∆SSE > ∆.
Ón,�−ε/(1− ρ) 6 −∆SSE 6 ek < 0�,���Ó

�(J.Ïd,�Ø��>.∆SSE�

∆SSE = ∆ 6 ε

1− ρ
. (24)

�âª(23)–(24),��ª(17).

555 6 3�>.����ûu��ìëêρ, εÚ6Ä�

.�∆. 3¢y�,�ÄkJÑé3�>.���¦,äN�

��ìëê��½ó���âù
�¦Ú3�>.�äNL

�ª?1.

555 7 ldk�½Âw,�O�E��ì(15)���³

�±ÏZ6&Ò; ∆SSEL«�±ÏZ6&Ò�³�Y².

½½½nnn 3 Ø(½lÑXÚ(1)÷v

ρ

1− (1− ρ)k

k−1∑
i=0

(1− ρ)i|dk−i| 6 δ < ∆. (25)

|^ª(11)�O��ì(15),K|e0| > ∆SSE�,�l
Ø��õ²Lk∗Ú�Âñ?\�Ø��∆SSES,
¿½uÙS.Ù¥: k∗ = dk2e, k2�L�ª�

k2 =





log(1−ρ)(
∆− δ

ε− δ + ρ|e0|),
ε 6 (1− ρ)∆,

log(1−ρ)(
ε− (1− ρ)δ
ε− δ + ρ|e0|),

ε > (1− ρ)∆, |e0| > ε

1− ρ
,

1, ε > (1− ρ)∆, |e0| 6 ε

1− ρ
,

(26)

d#eL«�u½�u#����ê.

yyy ε 6 (1− ρ)∆�ε > (1− ρ)∆ü«�¹�y
²L§aq,e©�y²ε > (1− ρ)∆��¹.

�ε > (1− ρ)∆�,dª(17),��

∆SSE = ∆ <
ε

1− ρ
.

�|e0| > ε/(1− ρ)�,dª(11)Úª(25)�

|ek| = (1− ρ)k|e0| −
k−1∑
i=0

(1− ρ)i(ε− |dk−i|) 6

(1− ρ)k|e0| − (ε− δ)
1− (1− ρ)k

ρ
.

b�3dk3e���lØ�Âñ?\|ek| 6 ε/(1− ρ)
���S,�k3÷v

(1− ρ)k3 |e0| − (ε− δ)
1− (1− ρ)k3

ρ
=

ε

1− ρ
.

�0 6 k 6 dk3e�, |e0| > ε/(1− ρ),Kk

|edk3e|6 (1−ρ)dk3e|e0| − (ε−δ)
1− (1−ρ)dk3e

ρ
6

(1− ρ)k3 |e0| − (ε− δ)
1− (1− ρ)k3

ρ
=

ε

1− ρ
.
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¤±�lØ�Âñ?\|ek| 6 ε/(1−ρ)��S¤
IÚê�dlog(1−ρ)((ε−(1−ρ)δ)/(ε−δ+ρ|e0|))−1e.
�|edk3e| 6 ε/(1− ρ)�,k|edk3e+1| 6 ∆SSE.

nþ,�ε > (1− ρ)∆�|e0| > ε/(1− ρ)�,�l
Ø�Âñ?\�Ø��S¤I�õ�Úê�

k∗ = dk2e = dk3e+ 1 =

dlog(1−ρ)(
ε− (1− ρ)δ
ε− δ + ρ|e0|)e.

� ε > (1− ρ)∆� |e0| 6 ε/(1− ρ)�,k|e1| 6
∆SSE. Ïd,�lØ�Âñ?\�Ø��S¤I�
Úê�k∗ = dk2e = 1. y..

555 8 �|dk| = ∆�ε 6 (1− ρ)∆�,�lØ�Ø¬Â

ñ?\�Ø��S.���Ñy|dk| < ∆�¹,�lØ�ò

¬3k�ÚÂñ?\�Ø��S,�Ñygê�õ,Ø�Â

ñ�Ý�¯,¤I�Úê��.

6 ¢¢¢���(((JJJ(Experiment results)
�!±>Å���é�,�yþãnØ(J.�ö

ò>ÅÄ�A5L����lÑÄ�XÚ,ÙÑ\Ñ
ÑA5�L��

yk+1 = −a1yk − a2yk−1 + b1uk +

b2uk−1 + wk+1, (27)

Ù¥: ukÚyk©O�k���XÚ��Ñ\ÚÑÑ,
wk�k���Z6&Ò(�)ëê�Ä!	ÜZ69
�«�ï�Ä�A5�). �.ëê�

a1 = −1.5001, a2 = 0.4989,

b1 = 2.8786, b2 = −0.4113.

éudª(27)L«�É�é�,E��ì(15)C
¤

uk = uk−N +
1
b1

[b2(uk−1−N − uk−1) + rk+1 −
rk+1−N − ek + a1(yk − yk−N) +

a2(yk−1 − yk−1−N) + ek+1−N +

min{|ek|, ρ|ek|+ ε}sgn(ek)]. (28)

�©�O���ì��>Ån���XÚ¥� 

����ì.

3¢�¥,æ�±ÏTs = 5 ms,��ìëêÀ�
�: ρ = 0.45, ε = 0.00025.

1) ½ ��.

½ ��¢�¥>Å��½ �ë�&Ò

rk =





0, 0 < kTs 6 1,
3π

4
[10(kTs − 1)3 − 15(kTs − 1)4+

6(kTs − 1)5], 1 < kTs 6 2,
3π

4
, kTs > 2.

æ^��ì(16),¢�(J�ã1.  �ÑÑ&Ò¯�
�lþ�½� �ë�&Ò,�Ã�N;½ Ø�3
2× 10−3 rad�m.

ã 1 æ^��ì(16)��½ ��5U

Fig. 1 Positioning performance by controller (16)

2) ±Ï�l.

±Ï�l���½ë�&ÒÀ��

rk =
3π

4
× sin(2πfTsk) rad,

Ù¥ªÇf = 0.25 Hz. æ^��ì(16),¢�(J�
ã 2–3. ¢�¥�� dk�êâ¿� dk�þ!e.�

±0.0017. Ïd,.�

∆ = 0.0017.

dd��,

∆SSE = ∆AAL =
∆− ε

ρ
= 0.0032,

∆MDR =
ε + ∆

1− ρ
= 0.0035.

XÚ�lØ�ek3��æ�±Ï(Ts = 5 ms)��Â
ñ?\ |ek| 6 1.2× 10−3 rad���S(�ã3��
ã),�¥±Ï5,±Ï��½ë�&Òrk�Ó.

ã 2 æ^��ì(16)��ë�&ÒÚCþdk

Fig. 2 The reference signal and dk-variable by controller (16)
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ã 3 æ^��ì(16)���lØ�ÚÚO��ã
Fig. 3 Tracking error and its count histogram by

controller (16)

æ^��ì(28),¢�(J�ã4–5. ¢�¥��
dk�êâ¿�dk�þ!e.�±0.00075. Ïd,.�

∆ = 0.00075.

dd��,

∆SSE = ∆AAL =
∆− ε

ρ
= 0.00111,

∆MDR =
ε + ∆

1− ρ
= 0.00182.

XÚ�lØ�ek3��ë�&Ò±Ï(T = 4 s)��
Âñ?\|ek| 6 8× 10−4rad���S(ë�ã5),�
Ã±ÏA5. ¢�(JL²,¤JÑ�E��ì�
¢yé±ÏZ6&Ò���³�.

ã 4 æ^��ì(28)��Cþdk

Fig. 4 dk-variable by controller (28)

ã 5 æ^��ì(28)���lØ�ÚÚO��ã
Fig. 5 Tracking error and its statistical histogram by

controller (28)

7 (((ØØØ(Conclusions)
�©�é�a±Ïë�/Z6&Òe�Ø(½l

Ñ�mXÚ,JÑ�«ÄuáÚÆ�E���{,
3áÚÆ¥/i\0Z6³���,�EÑn�Ø�
Ä�,¿Äud�OÑE��ì. ©¥í�ÑU

L�4�XÚÂñ5UÚ�5U�üN~«�!ý

éáÚ�Ú�Ø��>.�L�ª,¿�Ñ�lØ
�3ÃZ6�Âñu�:93Z6�3�Âñ?\

�Ø��S¤I�õÚê�L�ª. nØ�¢�(
JL²,¤JÑ�E���{é±ÏZ6&Ò�¢
y��³�.
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