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Abstract: Controllability is a fundamental research issue in the study of cooperative control of multi-agent systems.
This paper presents an overview on the state-of-the-art of the controllability of multi-agent systems. Some basic issues in
the field of controllability of multi-agent systems are introduced, and the research hotspots and frontiers are analyzed and
summarized from the perspective of interconnection topology. Furthermore, some of the latest research achievements on
structural controllability are presented, and some related problems such as observability, stabilizability and controllability
of complex networks are also introduced. Finally, the existing problems to be solved and the possible research direction are
summarized.
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1 ÚÚÚóóó(Introduction)
gþ­V80c�±5,�XO�ÅEâ!DaE

â!�äEâ���uÐ,õ�UNXÚ(multi-agent
system, MAS)(�¡õ�NXÚ!+NXÚ!+8XÚ
½õgÌNXÚ)�ïÄ®²¤���+�¥���
ïÄ9:[1–4],Úå
��!êÆ!)Ô!Ôn!Ï
&!O�ÅÚ<ó�U�+��Eó�ö�ßþ,

�[5–12]. õ�UNXÚ¢�þ´dõ�äk�½D
a!O�!�1ÚÏ&Uå��UN|¤�8Ü.�'
uü�XÚ,õ�UNXÚäkÃõwÍ`:. ~X,
U
�k�/�¤(ü��NÃ{�¤�)?Ö;äk
�Ð�N�5!°�5ÚS3¿15�. Cc5,õ�
UN�N��Eâ®3£Äõ�ý?è[13]!�U�

ÏXÚ[14]!Ã�Daì�ä8I�l�i�[15]!Ï

&�äPl��[16]!<E¥(q^���[17]!õg

ÌYeÊ1ì?è[18]�ó§¢�¥��2�A^.

U�5´y���nØ¥���Ä�Vg,�@
´dk�ù(R. E. Kalman)�320­V60c�ÐÄg
JÑ�[19–20]. U�5���«£ãXÚG��d	
ÜÑ\?1���5U,§�ïÄ�XÚ��ìÚ�
Oì�©ÛÚ�OJø
nØÄ:. õ�UNXÚU
�5�@´dTanneru2004cJÑ�[21]. õ�UNX
ÚU�5´�,ÏLéõ�UNXÚSÜ,�½,A
�+Êö(leader)�UN�\	Ü��Ñ\,XÚSÜ
��UN�mÏL�pÜ�Úg|�,¦���ö
(follower)�UNd?¿�½�Ð©G���Ï"�
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�ªG�. V)/`,õ�UNXÚU�5�N
	
.ÏL+Êö�UNé��ö�UN���Uå. õ
�UNXÚU�5�ïÄäk­��nØd�Ú¢

�¿Â: 1)lg,y��*:5w,�þ{ü�NÉ
�	.��(e-½K�)\þ�
{ü�p5KÒU

�)Û©y�,~X:�þÉÔ�:��U
��
���+���½/: ú½ö£�[22];�þé¬Ï
Lg�º��zÆ-�5Ú���¬+±�á´»

�$ Ô[23];ÏLe-�ÁNS��17%� ²�,
�±K��Á����� ²�ä[24]. 2)l�¬¢
��*:5w,õ�UNU�5�ïÄäk2�ó§
�µÚA^d�,U
���Åì<?è��!>å
�ä��!�¬zØz���!âu¯�Aé!D/

¾�£!)��o!�±YuÐüÑ��½�Jø­

��nØ��[24–26]. 3)lXÚ�Æ�*:5w,õ�
UNU�5�ïÄØ=´LÚÿÐ
õ�UNXÚ

nØïÄ��Æ,Ó���#�E!#Eâ�mu�
uÐJø
­��nØÄ:Úg��{.

Cc5,õ�UNU�5��õ�UNXÚïÄ
¥��#,�q�©­��ïÄ�K,É�
Ãõ+
�;[Æö�2�'5,¼�
´a�¤J.�d,�
©åã3¿Ûõ�UNU�5+��#ïÄ¤J�

Ä:þ,éT+��uÐyG?1nã,¿JÑT+
�ïÄ�c÷5¯K.

2 ÄÄÄ���¯̄̄KKKÚÚÚAAA:::(Basic problem)
lXÚ���nØ�Ý5w,õ�UNU�5�

ïÄäkNõ#A:,Lu]Ô5.

Äk,õ�UNU�5æ^+Êö–��ö(lea-
der-follower)ÿÀ(�. +Êö–��ö(�´�3õ
�UNXÚ¥�½��½õ��UN��+Êö

(leader),Ù{�UN����ö(follower). +Êö�
É	Ü��&Ò,¿é��öuÙ���-,l
K
���ö�$Ä.��öØ�É	Ü��&Ò,¦�
�m#N�3&ED4,¿��½m�É�+Êö�
K�.+Êö–��ö(��Ú\�õ�UNU�5
�ïÄ�5�
#�¯K,'X:+Êö�ÚéU�
5�K�;+Êö�À�¯K(�)+Êöê8Ú 
�);+Êö�¿�¯K�.

Ùg,õ�UNXÚ3(�þäk/�NÄ�+
Ï&ÿÀ0�A:[26];3G�üz�¡�UNÉ��
Ø�p5K�K�.ù
A��õ�UNU�5�ï
Ä�5
�
(J.�â�UNXÚï��ª�ØÓ,
õ�UNU�5ïÄ©�lÑ�mXÚ!ëY�mX

Ú.�â�Ng�ÄåÆA�,�©�ü�È©ì�
.!p�È©ì�.Ú���5Ä��.�. �â�
N�m�Ï&ÿÀ'X,õ�UNU�5ïÄq©�
�½Ú��ÿÀ!k�ÚÃ�ÿÀ!�kÏ&�¢Ú

ÃÏ&�¢!k�­ÚÃ�­�. d	,É�Nüz5
KK�,©ÛÚ�O{ü©Ùª1�5K,±¢yÏ
"�+N�/�´õ�UNU�5nØÚA^ïÄ

¥�#�K.

,	,�X�UNê8�O\±9�UNg�Ä
åÆA5ÚÏ&ÿÀ(��E,z,ïÄõ�UNX
Ú3E,�ä�.e�U�5¯K�´��4ä]

Ô5�ó�.��¡,E,�ä��äkNõØÓ/
ªÚ�.,X�Å�ä!�­.�ä!ÃIÝ�ä�.
,��¡,duE,�ä!:ê8¯õ!(�E,!
�NÄ�õC,²;U�5�©ÛÚO��{Ø2�
��?. Ïd,òãØ!�ê©Û!E,�änØ�²
;U�5��{�(Ü5ïÄE,�ä(�eõ�

UNXÚU�5¯K,´��#�]ÔÚ}Á.

3 UUU���555���...(Model of controllability)
l�UNg�ÄåÆA5�Ý5w,U�5ïÄ

�©�ü�È©ì�.!��È©ì�.!p�È©

ì�.Ú���5�.. ,��¡,£ã�UNXÚ
�Ä�q©�ëY�mXÚ�.ÚlÑ�mXÚ�

.. e¡{�?Ø�cU�5ïÄ¥A�Ì���..

3.1 ëëëYYY���mmmXXXÚÚÚ���...(Model of continuous-time
MAS)
�Än��UN|¤�õ�UNXÚ,z��UN

Ä��§dXeü�È©ì�.£ã:

Ξ :





ẋi = ui, i ∈ In,

ui =
∑

j∈Ni

(xj − xi),
(1)

Ù¥: xi ∈ Rd�1i��UN�G��þ, ui ∈ Rd�

�\���Ñ\, Ni´�UNi¤k�Ø�¤�8Ü,
In = {1, 2, · · · , n}L«�UN�ê�¤��I8.
b�õ�UNXÚ(1)�Ï&ÿÀdãG£ã,�A�
.Ê.dÝ
(Laplacian matrix)�L,�x = [xT

1 · · ·
xT

n ]T ∈ Rnd,KXÚ(1)�±L«�ẋ = −(L⊗ Id)x,

⊗L«�ÛS�È(Kronecker product).

555 1 �£ã�Bå�,b��UN�G��êd = 1.

õ���¹�±|^�ÛS�ÈL«,�©¤�9�(Jé

õ�E,¤á.

Tanner [21]Äkïá
ü�È©ì�UNU�5

�.. b�XÚ(1)¥km(> 1)�+ÊöÚn−m�

��ö. �öÚ\+Êö–��öÿÀ(�,�A�.
Ê.dÝ
L�¤Xe©¬/ª:

L =

[
Lf lfl
llf Ll

]
, (2)

Ù¥: LfÚLl©OéA��öÚ+Êö�?Ò, lflL

«l+Êö���ö�Ï&ë�'X.�â+Êö–
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��ö(�y©,XÚ(1)�L«�

Ξ :

{
ẋf = −Lfxf − lflxl,

ẋl = u,
(3)

ùpu�	.���-, xfÚxl©O´¤k��öG

�Ú+ÊöG��S\�þ. U�5ïÄ�´+Êö
é��ö���Uå,=XÚ

ẋf = −Lfxf − lflxl (4)

�U�5¯K.éu�½ÿÀG,�.(4)´���5
�ØC(Linear time-invariant, LTI)XÚ.Ù¥,��
Ý
ÚÑ\Ý
,=: −Lf ∈ R(n−m)×(n−m)Ú−lfl ∈
R(n−m)×m,�.Ê.dÝ
L�'.�XÚ(4)¥�k
��+Êö(m = 1)�,Ñ\Ý
−lflòz¤����

þ. TannerÄk?Ø
Ý
Lf , lfl�mA��ÚA��

þ�'X,�Ñ
�½XÚ(4)U��¿©7�^�,
=: 1) Lf�A���Ø�Ó; 2) Lf�¤kA��þØ

�lfl��. ��,�
Æö/ÏãØóäéXÚ(4)�
U�5?1
�\ïÄ.AO/, Ji�[27]�éäkõ

�+Êö��/,?Ø
XÚ(4)U�5¯K,��

�
�êÚãØ��½^�.

©z[28–29]�Ä
,�«ü�È©ìU�5�
.. b�dn��UN|¤�XÚ�¹m(> 1)�+Ê
öÚ(n−m)���ö,z��UNÄ��§£ãX
e:

Ξ :





ẋi =
∑

j∈Ni

(xj − xi) + [u]i, i ∈ Im,

ẋi =
∑

j∈Ni

(xj − xi), i ∈ In/Im,
(5)

Ù¥[u]iL«	.��þu�1i���,

Im = {1, 2, · · · ,m},
In/Im = {m + 1,m + 2, · · · , n}.

XÚ(5)�¤Ý
/ª�

ẋ = −Lx + Bu, (6)

Ù¥: x = [x1 · · · xn]T, B = [e1 · · · em] ∈ Rn×m,
ei(i = 1, · · · ,m)´Rn�mþ�IOÄ�þ. é'X
Ú(4)�XÚ(6),�öuy�,ü��./ªþØ
Ó(XÚ(4)¥��ö�Ä�É�+ÊöG��K�,

XÚ(6)¥��ö�Ä�É�+Êö���Ñ\K
�),�¢Sþ�öÑ´3+Êö–��ö(�eïá,
ÏdäkÚ�5. ¯¢þ,XÚ(4)�U�5�XÚ(6)
�U�5�d. k'ïÄë�©z[29–31].

3ü�È©ì�.ïÄ(J�Ä:þ,NõÆö
JÑ
��!p�±9���5�UNXÚU�5�

.¿éÙ?1
ïÄ,�Ló��)©z[32–37]. A
O/,©z[32–33]�ïÄL²: ��!p�Ú���
5õ�UNU�5���duü��UNXÚ�U

�5. ù��(JL²,3,«§Ýþ,õ�UNXÚ

U�5ØÉ�UNg�Ä�5U�K�,��dÿÀ
ãû½. Äud,8cU�5��õê(JÑ´�é
ÿÀã(�©Û���,�öò314!¥lÿÀã
�ÝéU�5¯K?1�\�©Û.

3.2 lllÑÑÑ���mmmXXXÚÚÚ���...(Model of discrete-time
MAS)
éAuëYXÚ,©z[38–40]�Ä��lÑ�U

NXÚ�U�5¯K.XÚ£ãXe:

xi(k + 1) = xi(k)− ∑
j∈Ni

wij(xi(k)− xj(k))−

γiwi0(xi(k)− x0(k)), i ∈ In, (7)

Ù¥: x0L«+Êö�G�, wij(> 0)�ÿÀ�­�,
γi�~ê�,L«+Êöé��ö��^. XJ+Ê
ö(IP�0)�\��u1i��UN,Kγi = 1,ÄK,
γi = 0.

b�õ�UNXÚ¥�¹n���ö,KlÑõ�
UNXÚU�5�.£ã�

x(k + 1) = Fx(k) + rx0(k), (8)

Ù¥:
x = [x1 · · · xn]T, F = I − L−R,

R = diag{γ1w10, · · · , γnwn0},
r = [γ1w10 · · · γnwn0]T.

Liu�[38–40]|^�5�ênØÚPBH�â(Popov-
Belevitch-Hautus test),éXÚ(8)�U�5?1
©
Û.��,©z[41]�Äæ�õ�UXÚU�5¯K,
��(Øü�È©ìXÚU���=��æ�XÚ

U�.©z[42–43]�é��lÑ�UN�.,�Ä

äkõ�+Êö�U�5¯K,���
�½U�5
��ê^�.

4 UUU���555©©©ÛÛÛ(Controllability analysis)
õ�UNU�5�&EÿÀ(�kX�Ø�©�

'X.��¡,õ�UNXÚ´dNõ�NÏL,«
�p�^�¤��a�äzXÚ,3ï��¡~æ^
ãØ�{?1£ã. ,��¡,õ�UNU�5�d
uÿÀã�U�5,ïÄÚ©ÛÿÀã�(�A5Ø
=kÏu�Ð/n)U�5,
��±�õ�UN&
E�p��OJønØ��. Ïd,éU�5?1ã
Ø��xäk­�nØÚy¢¿Â.�!ò�éõ�
UNXÚU�5yk�ïÄ(J,lÿÀã�Ý?1
©a�ã.

4.1 ÃÃÃ������\\\���ÿÿÿÀÀÀããã(Undirected and unweighted
topologies)

4.1.1 ÿÿÿÀÀÀããã���yyy©©©(Graph partitions)
3Ã��\�ÿÀã�U�5ïÄ¥,é��Ü

©(J´ÏLÿÀã�y©���. y©¢Sþ´ò
ÿÀã¥�!:Uìë��ª!�Øê8!�­��
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��ØÓá5?1©a,räk�Óá5A��!:
�3Ó�y©ü�¥,l
¢yé��ÿÀ(��©
). ÏLïÄØÓy©ü��m�'X,
)Úrº
���äÿÀ�(�A5,?�Ú�¤éU�5��
\©ÛÚïÄ.8cÃ��\�ÿÀ�9��y©�
): �dy©(equitable partition) [44–45]!tµ/A��
dy©(relaxed/almost equitable partition) [46–47]!��

tµ/A��dy©(maximal relaxed/almost equitable
partition) [47–48]!åly©(distance partition) [30, 49]!ë

Ï©|y©(connected component partition) [50–51]�.

©z[44–45]©O�éäkü�+ÊöÚõ�+
Êö��/,|^�dy©Vg(=: òäk�Ó�Ø
ê8�!:y©¤�a,�¤��y©ü�(cell),�
�ÿÀã�!:8ÜdØ���y©ü��¿8�

¤)ïÄ
XÚ(4)�U�5,¿��(Ø:XJÿÀã
�3�²���dy©,XÚ(4)Ø��.Ó�,Äug
Ó�N�©z[44–45]½Â
ÿÀã�é¡5,¿�Ñ

U�57�^�,=: XJÿÀã´'u+Êöé
¡�,@oõ�UNXÚ�½Ø��.��, Martini
�[46]JÑ
tµ(A�)�dy©(=: 3�dy©Ä
:þØ2�¦Ó��y©ü�S�!:�äk�Ó

��Ø�ê),�ö�Ä
XÚ(4)�U�59Ù©)
¯K,�Ñ
U�5�¿�^�:XÚ(4)U���=
�ÿÀã���tµ�dy©´²��. ,
, Mar-
tinit����½^�¿Ø¿©. ¯¢þ,©z[47–48]
�E
�~y²©z[46]�^�7��¿©. Zhang
�[30, 49]|^��tµy©Úåly©,ïÄ
X
Ú(6)U�f�m�ê�þe.�O¯K,���(J
´: U�f�m��ê�u�u��åly©¤�¹
�y©ü���ê,�u�u��tµy©¤�¹�
y©ü���ê. Ji�[50–51]JÑ
ëÏ©|y©,¿
y²XÚ(4)U���=�z�ëÏ©|´U��. Ó
��ö�Ñ:+Êö–��öëÏ´õ�UNU��
7�ã/(�. �âù^(Ø,ÏL*	ÿÀ(�,X
JØ÷v+Êö–��öëÏ^�,Ò���±�ä
TXÚØ��.ù�^��JÑ4�~�
�½U�
5�ó�þ. �õ'uÿÀãy©�(J�ë�nã
5©z[52].

I��Ñ:lÿÀãy©��Ý5ïÄU�5�
´�«}ÁÚÃã,¯¢þvk?Û�«y©U
º
X¤k�ÿÀã(�A5,?
Ã{ÏLÿÀãy©
5�½?¿�½ÿÀã�U�5¯K.

4.1.2 ���


{{{üüüÿÿÿÀÀÀããã(Some simple topologies)
du��5ÿÀã�U�5éJ��÷¿(J,

�þÆö=
?Ø�
{üÿÀã�U�5. 8c©
z¥�9��{üÿÀã�): ´ã!�ã!äã!�
�ã!��ã!óGã�. ù
ÿÀã(��é{ü,

/ÏãØ!�ê��
êÆóä�±���
'uU

�5�����(J.©z[31]�éXÚ(6)?Ø
´
ãÚ�ã�U�5. �ö©Û
´ãÚ�ã.Ê.d
Ý
�A��ÚA��þ,�Ñ
Ø��XÚéAA
��±9A��þ�äN/ª. Ó�,�ö|^êØ
óäïÄ
´ãÚ�ã��U��¿��½^�.©
z[21]�	
��ã�U�5,�Ñ3�½ü�+Ê
ö��¹e��ã�½Ø��. Ji�[53–54]ïÄ
Ã�

äã�U�5. ÏLÚ\�e©|(downer branch)�
Vg,�ö©Ol�êÚãØ�Ý�Ñ
äãU��
�
¿©/7�^�.©z[55]?Ø
��ã(grid
graphs)�U�5. �öò��ã©)¤�
Ã�´ã
�|Ü,(ÜãØÚêØnØ��
��ãU���

¿©/7�^�.©z[56]ïÄ
Ì�ã�U�5¯
K./Ïu�Ü–'Súª(Cauchy-Binet formula)Ú
²;PBH�â,�ö�ÑÌ�ãU���
�ê�â.
©z[57]�E
�aØ���ÿÀ(�: äkü�+
Êö�õ­óGÿÀã. �öïÄ
Tã�(�A5,
¿JÑ
¼�Tã���tµ�dy©����{.

4.2 kkk���\\\���ÿÿÿÀÀÀããã(Directed and weighted topo-
logies)
�c�(J�õ�Ä�´Ã��\�ã,Ã��

\�ãäké¡5,éA�UN�m�&E�6´V
��(=: �UNux&E�Ó��U�Â��Ø�
N&E).,
,é¡ÿÀ(��b�ÃØég,XÚ
½ö<óXÚÑLun�[26]. ¢�A^¥,du�p
�ª��!	.�¸Z6!Ï&�­±9�UN5U

�É�Ï��K�,�UN�m�&E�p  äk
��5!�3�­�,éA�k�\�ÿÀ´�é¡
�. �é¡5�U�5�ïÄ�5#�]Ô.Ïd,ï
Äk�\�ÿÀã�U�5äk­�nØÚ¢�¿

Â.8c®kÆölØÓ�ÝéT¯K?1
ïÄ,
¼�
�
¤J.~X, Jiang�[32–33]ïá
Ã�Úk

�\�ÿÀ�/eXÚ(4)U�5�Ú�£ã�.,¿
?Ø
�­�éU�5�K�,(JL²: ·�À�
�­�,��Ø���XÚòC�U�XÚ.©z[58]
ïÄ
k�\�ã�U�f�m�ê,¿?Ø
�­
�(Ý
1Ú�"���)éXÚ(4)U�5�K�.©
z[59]?Ø
k�äã�U�5,�Ñ
�½U�5
�¿�^�,¿?Ø
�­��À�¯K.©z[60]�
é�NäkØÓÄåÆA5�õ�UNXÚ,�	

k�\�ÿÀã�/e�U�5. /ÏÝ
nØÚã
Øóä,�öJÑ
�
�½U�5�¿©½7�^
�.duk�\�ÿÀäk�é¡5,��daÿÀ
ãe�U�5ïÄ�'Ã���­ãE,�õ,8c
�ïÄ(J�´��Ü©,ÿkNõ¯K���ö�
?�Ú&¢.
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4.3 ������ÚÚÚ���¢¢¢ÿÿÿÀÀÀããã(Switching topologies and
topology with time-delay)
��ÿÀ´��UN�Ï&ÿÀÏ,«�Ïl�

«�ª=��Ù¦�ª[12]. U�5ïÄ¥,¦+�½
Ï&ÿÀ�±{z�'¯K,�´��ÿÀ��/�
\ÎÜ¢S.~X,�UN�mÉ�æNÔ�K�½
Ï&ålu)Cz�,,
ë�>�Uäm½ëÏ[3].
&ED4¥�¿���{z�Ï&ÿÀ���[2] �

�. Ïd,ïÄ��ÿÀ�U�5äk­�nØd�
Ú¢S¿Â.,��¡,¢�A^¥,duDÑ0�Ô
nA5!DÑ&Òõ�5!DÑ�°���Ï��K

�,�UNXÚ¥Ï&�¢y�2��3. Ïd,ïÄ
�kÏ&�¢�U�5¯K�äk­�¿Â.

éu��ÿÀ½�kÏ&�¢�/�U�5,8
cÌ��ïÄ�{´òõ�UNXÚ=z���X

Ú½�¢XÚ,|^��XÚ½�¢XÚU�5�V
gÚ�{[61–65],(ÜãØ!�êóä?1©Û,��
U�5�â. ~X, Liu�[38–40]ïÄ
lÑ�5õ�

UNXÚ(7)3��ÿÀ^�e�U�5. �ö�éü
�+ÊöÚõ�+Êö��¹,|^��m!Ì�Ø
Cf�m�Vg,�Ñ
�½U�5��ê^�.�
�,©z[66–67]?Ø
ëYõ�UNXÚ3��ÿÀ
^�e�U�5,¿���
¿©Ú7���½^�,
(JL²: =Bz�fXÚØ��,3��^�e�
�õ�UNXÚE,��.8c,��ÿÀe�U�
5(J�õ´|^²;��XÚU�5�AÛ�

â[61–63]���,
�éõ�UNg�A�,lÿÀã
(��ÝÑu,©Û�UNXÚg�A5!�	ÿÀ
ã����Ç��O¯K,l
��ãØ�¡�U�
5�âÚ(J�k�u?�Ú�\ïÄ.

�¢ÿÀã�¡, Liu�[43]�é��lÑXÚ(7)
?Ø
½~õÏ&�¢��¹,�Ñ
�½U�5¯
K��ê^�. Ji�[68]�éü�Ú��È©ì�.©

O?Ø
äk½~üÏ&�¢Ú½~õÏ&�¢�

�¹,¿��
U�5��'�â. yk�ïÄÑ´
ò�¢XÚ=z���¢XÚ,|^��¢XÚ��
XÚU�5�'X���¢XÚU�5�â. ïÄ(
JL²,�UNU�5�Ï&�¢Ã',=�ÿÀã
(��'.I��Ñ,8cõ�UNU�5¤�Ä�
�¢Ñ´Ï&�¢,
y¢¥��3Ñ\�¢. Ó�
�'�½�¢,�C�¢��¹3¢�A^¥�\Ê
H.Ïd,ØÓ�¢�.e�U�5¯K´����
'5�¯K.

4.4 ÙÙÙ¦¦¦(((JJJ(Other results)
4.4.1 +++ÊÊÊööö������ÚÚÚ(Leaders’ role)
õ�UNXÚU�5��þ�N
+Êöé��

ö���Uå. Ïd,+Êö��Ú(�)+Êö�ê

þÚ �)éõ�UNU�5k­�K�.n)+Êö
�ÚéU�5�K�,©Û+ÊöêþÚ �éU�
5��^,ò�@£U�5¯K���Jø��#À
�. Cc5,+Êö�Ú�ïÄ®¤�U�5¯Kï
Ä���c÷Ú9:[31, 33, 49, 51, 54, 69–71]. ~X, Ji�[51]

ïÄ�Ñ:+Êö�&E7LD4�z���ö,Ä
KXÚ(4)Ø��.Ó�,�ö?Ø
+Êö�À�¯
K,��(Ø:XÚ(4)U���=�Ø�3ù���
�.Ê.dÝ
éA�A��þ,=: TA��þ¥
�+Êö�éA �����". Wang�[33]JÑ


k�ã+Êö–��öëÏ�Vg,3dÄ:þ?Ø

+Êö�ê8Ú �éU�5�K�,¿��(Ø:
ÿÀã7L´+Êö–��öëÏ�(=: +Êö�&
E7LD4�z���ö),ÄKXÚ(4)Ø��. JiÚ
Wang�ïÄL²: 3U�XÚéA�ÿÀã¥+Ê
ö��ÚåÌ��^. ��NõÆö�é�
{üÿ
ÀãïÄ
+Êö�ÚÚ�^,���
���(J.
~X, Parlangeli�[31]�é´ãÚ�ã,�	
+Êö
�êþÚ �éU�5�K�,��
�
À�+Ê
ö�¿�^�. Zhang�[49]�Ä
��ã,ïÄL²,
¹kn�!:�Ã���ãU���I�?¿À�

n− 1�!:��+Êö. Ji�[54]�	
+Êö��

ÚéÃ�äã�K�,�ö©Ol�êÚãØ�Ý�
Ñ
�
À�+Êö��{. Ù¦'u+ÊöÀ�¯
K�(Jë�©z[69–71].

4.4.2 ���ØØØ���ppp���ÆÆÆ(Local interactions protocol)
�UN�m��Ø�p�Æ�´K�U�5�­

�Ï�.8cl�Ø�p�Æ�ÝïÄU�5�(J
mk��[33, 72–73]. AO/, Ji�[72–73]�é���5�

UNXÚ�O
�«�Ø�p�Æ,3dÄ:þy²
���5Ä��UN�U�5�duü!È©ì�

UN�U�5,�U�5��dÿÀãû½. ©z
[72–73]�ïÄòK�U�5�n�¡Ï�(ÿÀã(
�!�UNg�Ä�!�Æ�O)(Üå5,l
�õ
�UNU�5�ïÄïá
Ú�*:.

Ød�	,�kÙ¦�
K�U�5�Ï�,X:
�UN!:Úë�>�O\�¿�!	.�¸�Z6

��,äNë�©z[74, 80–81].

5 (((���UUU���555(Structural controllability)
��XÚ�U�5¢�þ´XÚ�(�á5,§

�XÚ�(�!ëê!��Ñ\��\:±9D4O

Ã�k'. 3Nõó§¢S¥,Ø
�
d�Iz('
X ���m�ê´�Ý)½öXÚÜ��m�½Ø
�3�Ônë�¤(½�"��	,XÚëê�°(
�´éJ¼��[75–77]. Ïd,Ø
�
(½�"��
	XÚÝ
¥���Ñ´dXÚëê�Cq��¤.
ÄuXÚÝ
�ù�A:Ú�
Ôn¢S, Lin3©
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z[75]¥ÄgJÑ
(�U�5�Vg¿lXÚ(�
ÿÀã��Ýïá
(�U�5�â. éu���½
Ï&ÿÀ�õ�UNXÚ(ÙÏ&ÿÀd�\�ã£
ã),XJòÿÀ¥Ø�3�ë�>w�XÚ�(½"
�,ò�3�ë�>w�XÚ�gdëê,ég,/
Ò�±r��XÚ�(�U�5VgÚ\�õ�U

NXÚ¥. Cc5,(�U�5�ïÄ®²¤�õ�
UNU�5ïÄ���9:,É��IÆö�2�'
5[33, 58, 78–84, 86–87]. �!òéõ�UNXÚ(�U�
5¯K?1nã.

5.1 (((���UUU���555©©©ÛÛÛ(Structural controllability ana-
lysis)
õ�UNXÚ(�U�5´�:éu�½�ÿÀ

(�,XJ�3½À��|�­�,¦�õ�UNX
Ú3\�ãe´U��,@oÒ¡Tõ�UNXÚ(
�U�.õ�UNXÚ(�U�5�Vg�@´d
ZamaniÚWang�©O3©z[78]Ú©z[33]¥JÑ
�. Zamani��éäkü�+Êö��UNXÚ��

Ã�ÿÀ�/eXÚ(4)�(�U�5¯K.|^²
;�(�U�5�½�{,lãØ�Ý�Ñ
X
Ú(4)(�U��¿©7�^�,=: XÚ(4)(�U�
��=�ÿÀã´ëÏ�. Wang��éõ�+Êö
��UNXÚ(4)�	
k�ÿÀã�/e�(�U
�5. Ó���¿©7�^�:XÚ(4)(�U���
=�¤k��öÑ�3�^´»,¦�T��öU

�Â�,�+Êö�&E. Partovi�[79]ò©z[78]�
(Jí2�p�È©ì�.,ïÄ
ü«ØÓ�Æe
�(�U�,���Ó�(Ø:p�È©ìõ�UN
XÚ(�U���=�ÿÀã´ëÏ�. ,
,þã
(JÑ�Ñ
(�U�5Vg¥�"���pÕá

��¦. ¯¢þ,du�UN�m��Ø�pæ^�
�5(consensus)�Æ[2](��5�Æ´|^�UNg
�G�ÚÙ�ØG������",¢�þ´�«�
é�Æ),éA�.Ê.dÝ
é����u�é��
��Ú.Ó�,Ã�ÿÀãe,.Ê.dÝ
äké¡
5. ù
A�¦��"���m�p'é(1Ú�"
½�é���é¡),l
Ô�
Õá5. þã(J�
,U
�yXÚ(�U�,�¤À���­Ø2÷v
XÚÝ
é¡½1Ú�"��¦,Ïd,��5�Æ
e�­À�¯K��)5Ã{���y. Äuþã¯
K,Ü©ÆöJÑ
ýé�Æ,¿?Ø
T�Æe�
(�U�5¯K. Jafari�[80]�éü��UNJÑ


Xeýé�Æ:

Ξ :





ẋi = ui, i ∈ In,

ui =
∑

j∈Ni∪{i}
αijxi, i ∈ In/Im,

ui = ui
ext, i ∈ Im,

(9)

Ù¥: αij ∈ R��½Xê, ui
ext�	.��Ñ\. éA

���ö�Ä��§£ãXe:

ẋ(t) = Ax(t) + Bu(t), (10)

x = [x1 · · · xn−m]T, u = [xn−m+1 · · · xn]T.
A = [aij] ∈ Rn×n, B = [bik] ∈ Rn×mÑ´(�Ý
.
éu?¿�i, j ∈ In/Im,XJj ∈ Ni ∪ {i},Kaij =
αij ;ÄK, aij = 0. Ó�/,éu?¿�i ∈ In/Im,X
Jk ∈ Im,Kbik = αi(n−m+k);ÄK, bik = 0. ��é
(��5)�Æe�ÿÀã(��'�,�Æ(9)éAÿ
Àãþ�z�!:Ñ�3g�.
g���3�»

XÚÝ
1Ú�"���,l
¡E
�"gd��
Õá5. Äud, JafarilãØ�Ý©Û��
XÚ
(10)(�U���=�z���ö�UNÑU�Â�
+Êö�&E.��, Jafari�[80]ÚRahimian�[81]?

�Ú?Ø
!:½öë�>(Ó�)¿�éXÚ(10)(
�U�5�)�K�.

ýé�Æe�(�U�5ïÄ�kÙ¦�
(

J[58, 82–84]. ~X, Liu�[82]?Ø
��ÿÀeõ�U

N(�U�5¯K.ïÄL²: XÚ(10)3��ÿÀe
(�U���=�¤k�U�ÿÀã�¿ã´+Ê

ö–��öëÏ�(=: z���ö�UNÑU�Â�
+Êö�&E). Lou�[58]?Ø
�"é���±9.

Ê.dÝ
1Ú�"éõ�UNXÚ(�U�5�

K�. Guan�[83]�Ä
ýé�Æep�È©ìÄ�

õ�UNXÚ(�U�5¯K. Sundaram [84]�Ä


k�ê�þõ�UNXÚ(�U�5¯K.

5.2 rrr(((���UUU���555(Strong structural controllability)
3ó§A^¥,du�
AÏ�Ï  Ø#N¤

�Ä�XÚ3�
�½ëêeØ��.Ïd, Mayeda
�[85]Ú\
r(�U��Vg,=: éu?¿�½�
�|�"ëê,�¦¤�Ä��5XÚÑ´U��.
r(�U��XÚ�½(�U��,��L5(ØØ
¤á. éuõ�UNXÚ5`,r(�U�´�3�
½ÿÀ^�e,éu?¿�½��|�"�­�,õ
�UNXÚ´U��. CAc,k�þó��Ä
õ
�UNXÚ�r(�U�¯K.~X, Lou�[58]�é

ü�+Êö�UNXÚïÄ
k�ã�r(�U�

5¯K,lãØ�Ý�Ñ
XÚr(�U�5�¿�
^�,Ó�éäkõ�+Êö��/�?1
?Ø.
Goldin�[86]|^·ÜÝ
�©Û�{[77]ïÄ
ü�

È©ì�UNXÚr(�U�5¯K. Chapman�[87]

|^�©ã������n)û
�äzXÚ�r

(�U�5¯K.

±þ(JL²: õ�UNXÚ(r)(�U�5�
�d&EÿÀ(�û½,��UNg�ÄåÆA�5
Ú�Ø�p�ÆÃ',¤���(r)(�U�5�½
OKÑ´¿©7�^�.ù
ãØ^��ïá�õ�
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UNXÚ��OÚA^Jø
B|. 8c�ïÄ��
9�(r)(�U�5��½^�(=: >�­���3
5),
>�­�À�¯Kÿ��9,Ïd8cT¯K
E´(�U�5ïÄ�9:ÚJÝ.

6 ���'''ïïïÄÄÄ¯̄̄KKK(Some related problems)
�Xõ�UNXÚU�5��\ïÄ,�
�'

¯K�Úå
ÃõÆö�,�,Ù¥�): U*ÿ5
¯K!�	½5¯K!E,�äU�5¯K�. ùp
�ö�é�
��©?ØSN���'�Ü©ó�

?1�ã,Ù¦�¡�ïÄ?Ð�ë�CÏ©z.

6.1 UUU***ÿÿÿ555¯̄̄KKK(Observability)
3²;��nØ¥,éu�5XÚ5`,ÃØ´ë

Y�mXÚ�´lÑ�mXÚ!�CXÚ�´�ØC

XÚ,U�5ÚU*ÿ5�m3VgÚ�â/ªþÑ
�3éó'X[88–90]. Ó�,õ�UNXÚ�U�5Ú
U*ÿ5�÷véó'X.~X,XÚ(4)�U*ÿ5
�.� {

ẋ = −Lfx,

y = −lTfl x.
(11)

Cc5,õ�UNXÚU*ÿ5É�
ïÄ<

�2�'5. ~X,©z[28, 91]©O?Ø
´ã!�
ã�U*ÿ5;©z[92]�Ä
É�õ�UNXÚ�
U*ÿ5¯K.©z[55, 93]©OïÄ
Ã�Úk��
�ã�U*ÿ5;©z[94]|^tµ�dy©?Ø

ü!È©ì�UNXÚU*ÿ5¯K;©z[95–96]
©O�	
Ã�r5KãÚål5Kã�U*ÿ5

¯K.

6.2 ���			½½½555(Stabilizability)
�	½5¯K´��Xõ�UNU�5
�)�

��#,�¯K,�@´dKim�3©z [97]JÑ.
Kim�3©z [97]¥�Ñ:XÚ(4)U��,�A�`
z��Ñ\L�/ªI�����ö�Ð©Ú�ª

G�,ù����Ñ\áu8¥��
�©Ùª��.
Ïd, Kim��Ä
Xe�.:

Ξ :





ẋi = ui + eiri, i ∈ In,

ui =
∑

j∈Ni

(xj − xi),
(12)

Ù¥: riL«1i��UN�	.��Ñ\, ei´�½

~ê. XJ	.��Ñ\ri�^�1i��UN,K
ei = 1;ÄK, ei = 0. -

x = [x1 · · · xn] ∈ Rn, r = [r1 · · · rn] ∈ Rn,

E = diag{e1, · · · , en} ∈ Rn,

KXÚ(12)�L«�

ẋ = −Lx + Er. (13)

Kim�?Ø
XÚ(13)��	½5¯K,�Ñ
XÚ

(13)�	½�¿�^�,¿�O
�a©Ñg�"�
�Ñ\¢y
XÚ(13)�	½. ��, Guan�[98–99]�

é���5�UNXÚJÑ
�	½5�Vg,¿�
Ñ
ü�È©ìÚ��XÚe�	½5�éX�«

O.Ó��ö©O�Ä
�½Ú��ü«ÿÀ(�e
��	½5¯K,�Ñ
	½5�¿�^�.I��
Ñ,�	½5¯K���5¯K�3�
éXÚ«O.
�Ó:: �öþæ^©Ùª�p�Æ(=: �UN�|
^g�ÚÙ�Ø�G�&E).ØÓ:(±k�ÿÀã
eü��UN�~): 1)ïÄ¯K�¡,��5¢�þ
?Ø�´XÚẋ = −Lx�­½5¯K;
�	½5�
Ä�´XÚ(13)�	½5,¿��I�Ä	.��Ñ
\r��O¯K. 2)ïÄ(Ø�¡,XÚẋ = −Lx�

���=�ÿÀã�¹)¤ä;XÚ(13)�	½��
=�	.��Ñ\�^u(½��UN.V)
ó,
��5?Ø�´�UNg�G���müz�¯K,

�	½5�Ä�´	.��Ñ\é�UN��^

ÚK�,�ö3Vg!�.Ú(Ø�¡ÑØ�Ó.

8c,õ�UNXÚ�	½¯K�ïÄÿ?3å
Ú�ã,Ø
�	½5^��ïÄ,Ù¦X�"��
�{�O¯K!XÚ�.Ø(½ÚXÚëê�Ä¯

K!	Ü6Äé�	½5�K�����'5.

6.3 EEE,,,���äääUUU���555(Controllability of complex
networks)
Cc5,�X�ä�Æ�uÐ,E,�ä�U�5

®²¤�
��ªÆ�ïÄ�9:[24–25, 100–104]. ¯¤
±�,y¢­.¥NõE,XÚÑ�±d�p�^�
�N|¤�E,�ä5£ã,Ù¥�ä!:L«XÚ
¥��N,ü!:�m�>L«�N�m��p�^.
~X, Ô�!=A�!p�ú´�!Ã�ÏÕ�ä!
>å�ä!<S'X��[100]. �é!:ê8
�!(
�E,õC�E,�ä,XÛéÙ�1��?�1�
o����?���!:I�÷v�o^�?��ù

¯KÉ��ïó�ö�2�'5. 3ù���
Liu�[25]Æö�
mM5�ó�.Äk,�ö|^²;
�(�U�5Vg,ïá
E,�äU�5�.,¿
|^�����n,ïÄ
����E,�ä¤I�
���!:�ê8,��½þïÄ
E,�ä¥,

!:Ú>:¿���äU��°�5¯K.��,�
þÆö÷Xù���?1
�\�ïÄ,��
´a
¤J[24, 100–104].
��5¿�´,E,�äU�5�ïÄ�õ�U

NU���Ñ|^
²;U�5�Vg!�{Ú(Ø,
Ó�/ÏãØ!�5�ê�êÆóä,��ök±e
ØÓ: 1)�.�¡,E,�äU�5æ^��Ý
?
1XÚï�,¿?ØTXÚ�(�U�5,
õ�U
NU�5´ïá3 LaplacianÝ
Ä:�þ�,�Ä
�U�5�)��U�5!(�U�5Úr(�U�
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5�. 2)ïÄ�{þ,E,�äU�5õæ^ÚOÔ
n!êâ�÷!�ý¢���{é�þ�y¢Ú<E

�ä?1êâ©Û,
õ�UNU�5�õ´|^î
��êÆí�!nØy²�é,�äN¯K?1ïÄ.
3)(Øþ,E,�äU�5���(Øáu÷*�¡,
Ny
õ«ØÓ�ä¤äk��5. 
õ�UNXÚ
U�5�(Øáu�*�¡,´é,�äN¯K�)
�.

7 (((ØØØ���ÐÐÐ"""(Concluding remarks)
Cc5,�X��!Ï&!O�Eâ���KÜ,

U�5¯K��õ�UNXÚ�N��+�¥��

Ï#�ïÄ�K��IS	Ãõ+�;[Æö�2

�'5,¿®��´a�ïÄ¤J.�8cU�5�
ïÄE?uuÐ�ã,ÿkNõ¯Kk��\ïÄ:

1) äkr��5�.�U�5¯K.

ykïÄ(J�Ä��UNÄ��.Ñ´�5�,
AO´ü�½��È©ì�.[21, 27, 32–35]. ,
,3¢
SA^¥,Nõ�UNäk��5Ä�,~X:Åì
<!Ã<�Å!��E�. du��5XÚ�éu�
5XÚäk��E,�ÄåÆA5,¦�©ÛÚ?n
�5XÚ��{!óä�Ø2·^. Ïd,I�uÐ#
�nØÚóä5ïÄ��5�UNU�5¯K.,�
�¡,yk�ïÄ(J�é��5õ�UNXÚ´Ä
¤á? XÛò�5XÚ��'ïÄ¤Jí2���5
XÚ?ù
¯K®²¤�y�ã���­�ïÄ�
�,8c®k�
ÐÚ�ïÄ¤J[105].

2) É�õ�UNXÚ�U�5¯K.

ykõ�UNXÚïÄ¥Ï~�Ä�UNXÚ´

Ó��,=¤k�UNäk�Ó�ÄåÆ�.. �3
g,y�Ú¢SA^¥,~XØÓ«a�)Ô+N�
Ó[â!k<–Ã<Å|¤�ÔÌÅ+!É�Åì<X
Ú!8+ÊUìXÚ,�UN�ÄåÆA5äk��
�O;�UN¡é�	.Z6��Ø�Ó.8c,É�
õ�UNXÚ��N��®k�
ÐÚ&¢,�)�
�5¯K[8–10]!����[11]�. �´,É�õ�UN
XÚ�U�5¯Kÿ��9,´�5��'5���
��.

3) U�5(J�¢SA^ïÄ.

8cõ�UNXÚU�5�ïÄ(Jý­unØ

©Û,
�ïÏ&ÿÀ!À�>�­�!̀ z��Ñ\

��'�O¯K�(J��. AO/,XÛ�OÜn
Ï&ÿÀ±¼��ÐU�5,XÛ`zÀJ>�­�
¦Ø��XÚC¤U�5XÚ!N��O�`���

Ñ\5�¤Ï"��UN�/�¯KÑ���\ï

Ä.,��¡,òU�5�nØïÄ�ó§¢�;�
(Ü,rnØ¤JA^u¢Só§¥�I��\ïÄ
Ú&¢.

�±ý�,3�5AcS,õ�UNXÚU�5�
ïÄò¬?�ÚuÐ,�'¯K�ò�XÙ¦Æ�Ú
Eâ�uÐ��)û,ò¬3�õ+���¢SA^.
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