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Velocity observer based distributed consensus tracking control for
multiple Euler-Lagrange systems

XU Zhi-hao, LI Sheng†, CHEN Qing-wei
(School of Automation, Nanjing University of Science and Technology, Nanjing Jiangsu 210094, China)

Abstract: A distributed coordinated tracking control strategy is proposed for Euler-Lagrange systems under undirected
topology. The proposed strategy allows that only a subset of the follower agents have access to the desired trajectory. Both
the cases when the generated coordinate derivatives of the leader agent is constant and varying are considered. An observer
is produced with the continuous estimation of the acceleration, the sufficient conditions when the observer is stable are
given. The controller is composed of two parts, the first part is the output of a neural network approximating the nonlinear
function, the second part is a robust term to reduce the approximate error and external disturbance, which guarantees the
continuous of the control input. The stability of the closed-loop system is proven by the Lyapunov theory, and simulations
are also presented to illustrate the effectiveness of the controller.
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1 ÚÚÚóóó(Introduction)
õ�UNXÚ�±A^u¯õó§+�,X�U

Åì<!�Ï��!©ÙªO�!Daì�ä!i�9

�ä�,äkp�Ç!pN�5ÚS3�¿15�`
:. Ïd,�éõ�UNXÚ��¯K�ïÄáÚ

2��'5[1–7]. �DÚ�8¥ª���',©Ùª�
��eÃIÌ��ì,=IÏL�ÛÜ��ì�m�
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©Ùª��5. ©z[23]�O
��5�l�{,Ó
��Ä
XÚ¥�3���ò��¹. 3�kÜ©�
UNU
¼�+Ê�UN&E��¹e,©z[24–25]
©OÏL�E*ÿì,¢y
é+Ê�UN�Ý�*
ÿ,�´Ï\�Ý�*ÿ�ØëY,�ª��XÚË
�. éd,©z[26]�O*ÿì¢yé\�Ý�ëY
*ÿ,�´b���UN´��ï��. ©z[27]b
�XÚ�ï�Ä�÷vÛÜLipchitz^�,�O°�
©Ùª�l�{¦MELS�ªÂñuÄ�²ï:.

�©ïÄÃ�ãÿÀeMELS���5�l�{,
�yk©z�',�©�M#:3u: 1)3�kÜ©
�UNU
¼�+Ê�UN&E��¹e,ÏL�O
*ÿì¢y
é+Ê�UN\�Ý�ëY*ÿ,¿?
�ÚÏL ²�ä�{�O��ì; 2)éMELSXÚ
¥z��UN�ÄåÆ�.,�Ä
�ï�Ä��!,
�ØIb�T�!÷vÛÜLipchitz^�; 3)æ^�
�°��³�%CØ�9	Ü6Ä�5�K�,;�
Ï��þØëY���Ë�y�.

�©�{Ü©SüXe: 12!{�0�
Euler-
LagrangeXÚ9�êãØ��'ý��£;13!¥
©Oé+Ê�UN�Ýð½9�Cü«�¹,�O

��ì¿�Ñ
4�XÚ�½5y²;14!¥Ï
L�ý�y
�©¤J���{�k�5;15!o
(
�©�Ì�ïÄ¤J,¿é�YïÄ?1
Ð".

2 ¯̄̄KKK£££ããã���ýýý������£££(Problem Statement
and preliminaries)

2.1 ¯̄̄KKK£££ããã(Problem statement)
�ÄdN�Euler-LagrangeXÚ|¤�õ�UN

XÚ,Ù�.£ã�

Mi(qi)q̈i+Ci(qi, q̇i)q̇i+Gi(qi)+fi(qi, q̇i) = τi,

(1)

Ù¥: i = 1, 2, · · ·N, qi, q̇i, q̈i ∈ Rp©O�L1 i�

Euler- LagrangeXÚ�2Â�I!�Ý9\�Ý�þ,
Mi(qi) ∈ Rp×p��½é¡�.þÝ
, Ci(qi, q̇i)q̇i

∈ Rp��¹l%åÚx¼å��þ, Gi ∈ Rp�å

Ý�þ, fi(qi, q̇i) ∈ Rp��ï�Ä�9��	Ü6

Ä, τi���Ñ\�þ. MELSXÚ�Ï";,P�
q0 ∈ Rp. .þÝ
Mi(qi)Úl%å�x¼åÝ

Ci(qi, q̇i)÷vXe�é¡5�:

ξT(
1
2
Ṁi(qi)− Ci(qi, q̇i))ξ = 0, ∀ξ ∈ Rp. (2)

�
�Bå�,òMi(qi), Ci(qi, q̇i), Gi(qi), fi(qi,

q̇i)©O{��Mi, Ci, Gi, fi.

2.2 ãããØØØ(Graph theory)
^ãG = {V, E}5£ãõ�UN�m&E���

�¹. Ù¥V = 1, · · · , N�LN�Euler-LagrangeX

Ú�8Ü,{¡�N�!:; E ⊆ {(i, j) : i, j ∈ V,

i 6= j}L«d!:é|¤���8Ü.ãG���Ý

½Â�A = [aij] ∈ RN×N ,Ù¥ aij = 1��=�
{j, i} ∈ E ,ÄKaij = 0. ãG�.Ê.dÝ
L½Â

�L = D −A,Ù¥D�é�Ý
D = diag{d1, d2,

· · · , dN} ∈ RN×N , di =
N∑

j=1

aij . òÏ";,À��

�J[�+Ê�UNV0,Ù��G�©O�q0, q̇0, q̈0.
du�kÜ©!:U
¼�Ï";,�&E,ÏdÚ
\9ÏÝ
B = diag{b1, b2, · · · , bN} ∈ RN×N ,Ù
¥bi = 1L«!:iU
¼�+Ê�UN�&E,Ä
Kbi = 0. �
�B�Y���ì�O�y²,½ÂÝ

H = L + B,¿½Âai0 = bi, i = 1, · · · , N . �©
¥^��'uã���Ý
A, L�H��'5��

ÑXe:

555��� 1 .Ê.dÝ
L�¤k�"A��Ñ�

u"[4]. eãG´Ã�ã�éÏ,K0´L�üA��,
�ÙA��þ�1n. Ù¥1n = [1 · · · 1] ∈ RN .

555��� 2 eãG�Ã�ëÏã,KH��½é¡Ý


. =λmin(H) > 0,Ù¥λmin(·)�Ý
/·0���
A��[5].

555��� 3 eãG�Ã�ëÏã,Kλmax(H) < N

+ 1,Ù¥λmax(·)�Ý
/·0���A��[28].

2.3    ²²²���äääXXXÚÚÚ(Neural-network system)

3¢SA^¥, Euler-LagrangeXÚ�äNëê
Mi, Ci, Gi, fi�þJ±°(¼�,����5
(J,
É� ²�äXÚ�±3?¿;�8þ%C?¿ë

Y¼ê�éu[29],�©æ^N�¹k��Û¹��õ

Ñ\õÑÑ� ²�äXÚ5%C��ì�OL§

¥¹kþã��ëê�ëY¼ê,é1i�nÑ\rÑ

Ñ,Û¹�äkl�!:� ²�äXÚ,ÙÑÑL�
ª�

yi = WT
i Li(xi), (3)

Ù¥: xi = [x1
i x2

i · · · xn
i ]T�yi = [y1

i y2
i · · · yr

i ]
T�

 ²�äXÚ�Ñ\�ÑÑ, Wi ∈ Rl×r� ²�ä

�ÑÑ��Ý
, Li(xi) ∈ Rl� ²�ä�Ä¼ê�

þ,Ù¥Ä¼êLi(xi)=[L1
i (xi) L2

i (xi) · · · Ll
i(xi)]T

½Â�

Lj
i (xi) =

n∏
k=1

uj
i (xk

i )

l∑
j=1

n∏
k=1

uj
i (xk

i )
, (4)

Ù¥uj
i (xk

i )�äáÝ¼ê. �©¥À��Gaussian.:

uj
i (x

k
i ) = exp(−(

xk
i −mj

i

σj
i

)2), (5)

Ù¥mj
i , σ

j
i�~�,©O�LGaussianÄ¼ê�¥%
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9°Ý.

555 1 3��ì�O¥,�©æ^�´©z[29]¥�g

·A�� ²�ä�{,¿�é�{��?1U?,��±æ

^aq��
Ü6XÚ!�
 ²�ä�¢yé;�8þ?

¿ëY¼ê�%C.

2.4 ���'''bbb���(Related assumptions)
3�O��ì�c,k�XeÜnb�:

bbb��� 1 Xª(1)¤ã�Euler-LagrangeXÚ��
ï�Ä�9��	Ü6Äk.,=∃kfi >0,÷v||fi||
< kfi.

bbb��� 2 Ï";,q09Ù���êq̇0, q̈0,
...
q 0k

..

3¢Só§A^¥,�±ÏL;,5y¦Ï";
,p���,k.�

...
q 0�±¦Euler-LagrangeXÚk

�;��Ä,�oÅ�(�.

3 ������ììì���OOO(Controller design)
3.1 ������888III(Control objective)

�©&?Ã�ãÿÀ(�e,äk+Ê�UN�
õEuler-LagrangeXÚ�©Ùª;,�l¯K,3�
kÜ©�UNU
¼�+Ê�UN&E��¹e,�
O��ì,¦��UNéÏ";,��lØ�qi(t)−
q0(t)�q̇i(t)− q̇0(t)U�êÂñ��:���¿©�
���S.

3.2 +++ÊÊÊööö���ÝÝÝððð½½½������������555���lll���{{{ (Con-
sensus tracking when the leader’s velocity is
constant)

3�O©Ùª��5�{�c,Äk�O*ÿì
é+Ê�UN�G�?1*ÿ,1i��UNé+Ê�

UN�Ýq̇0�*ÿ�v̂i�O�

˙̂vi(t) = −
N∑

j=0

aij(v̂i(t)− v̂j(t)), (6)

ª¥v̂0 = q̇0.

ÚÚÚnnn 1 �Ï&ÿÀ�Ã�ëÏã�,3+Ê�
UN�Ýð½(q̈0 = 0)��¹e,*ÿì(6)�±�y
t →∞�v̂i → q̇0, i = 1, · · · , N .

yyy ½Â*ÿØ�

v̄i = v̂i − q̇0. (7)

éª(7)¦���

˙̄vi = ˙̂vi − q̈0 = −
N∑

j=0

aij(v̂i − v̂j) =

−
N∑

j=0

aij((v̂i − q̇0)− (v̂j − q̇0)) =

−
N∑

j=0

aij(v̄i − v̄j). (8)

Pv̂ = [v̂T
1 v̂T

2 · · · v̂T
N ]T, v̄ = [v̄T

1 v̄T
2 · · · v̄T

N ]T,
Kª(8)�±��

˙̄v = −(H ⊗ Ip)v̄, (9)

ª¥: ⊗�KroneckerÈ, Ip� p�ü Ý
. �â5
�2, H��½é¡Ý
.

�Lyapunov¼ê�

V =
1
2
v̄Tv̄. (10)

éª(10)¦���

V̇ = v̄T ˙̄v = −v̄T(H ⊗ Ip)v̄ 6 0. (11)

y..

555 2 *ÿì(6)�¦��UN�mé+Ê�UN�Ý

�*ÿì?1&E��,©z[19–20]3XÚØ�3+Ê�U

N��¹eJÑ
�«ØI�*ÿì��G���{,¢y


õ�UNXÚ���5,�ØO\XÚ�Ï&¤�,�±3

dÄ:þ�O*ÿìA^u�©XÚ,T*ÿì��â©

z[30]*Ð�k�ÿÀ�/.

e¡½Â9ÏCþ

ei =
N∑

j=0

aij(qi − qj), (12)

q̇ri = v̂i − (α + 1)ei, (13)

si = q̇i − q̇ri, (14)

ª¥α > 0��NCþ. éª(14)¦�¿òª(1)(13)
�\�� {

Miṡi = τi − Cisi − Fi − fi,

Fi = Mq̈ri + Ciq̇ri + Gi.
(15)

�â*ÿì(6)�9ÏCþ(12)−(14)�½Â, Fi�

¹kMi, Ci, Gi����!�ëY¼ê,�±æ^1
2.3!� ²�äXÚ?1%C:

Fi = W ∗T
i Li + εi, (16)

ª¥: W ∗T
i ∈ Rp×l��` ²�ä��, Li ∈ Rl�

Ä¼ê�þ, εi ∈ Rp��`%CØ�,�âb�1,?
�Úb��3di > 0,÷v||εi + fi|| < di.

���þ�



τi = ŴT
i Li −Kisi + τci,

τci = −d2
i si

4εdi

,
(17)

ª¥: Ŵi�éW ∗
i ��O�,�OØ�� W̃i , Ŵi −

W ∗
i , τci�°�Ö��, εdi > 0��Nëê. òª(16)

−(17)�\ª(15)��

Miṡi = W̃T
i Li −Kisi − Cisi − d2

i si

4εdi

− (εi + fi).

(18)

½½½nnn 1 éMELSXÚ(1),Ï&ÿÀ�Ã�ëÏ
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ã�+Ê�UN�Ýð½(q̈0 = 0)�,eg·A�#
Ç�ª(19),*ÿì(6)Ú��Ç(17)�¦XÚ(1)¢y
13.1!¿Âe���5�l.

˙̂
Wi = −ΓiLis

T
i − σŴi. (19)

yyy Pe = [eT
1 eT

2 · · · eT
N ]T, q = [qT

1 qT
2 · · ·

qT
N ]T, q̇0 =[q̇T

0 q̇T
0 · · · q̇T

0 ]︸ ︷︷ ︸
N

T
, q̇=[q̇T

1 q̇T
2 · · · q̇T

N ]T,ò

H⊗Ip�B⊗Ip{��H,B. ¿�Lyapunov¼ê�

V1 =
N∑

i=1

1
2Ki

sT
i Misi +

1
2

N∑
i=1

tr(W̃T
i Γ−1

i W̃i) +

1
2
eTH−1e +

1
2
v̄TH−1v̄. (20)

éª(12)¦�¿��?é/ª

ė =
N∑

j=0

aij(q̇i − q̇j) = Hq̇ − Bq̇
0
. (21)

�â5�1, Lq̇
0

= 0,ª(21)�±U��

ė = Hq̇ − Bq̇
0
− Lq̇

0
= H(q̇ − q̇

0
). (22)

éª(20)¦�¿òª(13)−(14)(18)(22)�\��

V̇1 =
N∑

i=1

1
Ki

sT
i Miṡi +

N∑
i=1

1
2Ki

sT
i Ṁisi +

N∑
i=1

tr(W̃T
i Γ−1

i
˙̂

Wi) + eTH−1ė +

v̄TH−1 ˙̄v =
N∑

i=1

1
Ki

sT
i [W̃T

i Li −Kisi − Cisi − d2
i si

4εdi

−

(εi + fi)] +
N∑

i=1

1
2Ki

sT
i Ṁisi +

N∑
i=1

tr(−W̃T
i Lis

T
i − σiW̃

T
i Γ−1

i Ŵi) +

eT(q̇ − q̇
0
)− v̄Tv̄ =

−
N∑

i=1

sT
i si −

N∑
i=1

1
Ki

sT
i (

d2
i si

4εdi

+ εi + fi)−
N∑

i=1

tr(σiW̃
T
i Γ−1

i Ŵi) + eT[s + v̄ −

(α + 1)e]− v̄Tv̄ 6

−
N∑

i=1

sT
i si +

N∑
i=1

1
Ki

(−d2
i s

T
i si

4εdi

+ ||si||di)−
N∑

i=1

tr(σiW̃
T
i Γ−1

i Ŵi) +
1
2
eTe +

1
2
sTs +

1
2
eTe +

1
2
v̄Tv̄ − (α + 1)eTe− v̄Tv̄ 6

−1
2

N∑
i=1

sT
i si − σi

2
W̃T

i Γ−1
i W̃i − αeTe−

1
2
v̄Tv̄ +

N∑
i=1

εdi +
σi

2
W̃ ∗T

i Γ−1
i W̃ ∗

i 6

b0V1 + ε0. (23)

ª(23)¥:

b0 =min{Kiλmin(Mi), σi, 2λmin(H), 2αλmin(H)},
ε0 =

N∑
i=1

εdi +
σi

2
W̃ ∗T

i Γ−1
i W̃ ∗

i .

éª(23)¦È©��

V1(t) 6 eb0tV1(0) +
ε0

b0

(1− eb0t). (24)

2�âª(20)´�

sTs 6 2K

λmin(Mi)
V1, lim

t→∞
s(t) 6

√
2Kε0

λmin(H)b0

,

(25)

eTe 6 2HV1, lim
t→∞

e(t) 6
√

2Hε0

b0

. (26)

3�NëêKi, σiÀ½��¹e,�±ÏLÀJ¿
©��εdi, Γi5�yε0¿©�,l�y
(s, v̄, e)U
�êÂñ��:���¿©����S.½Â��U
NéÏ";,��lØ��εi = qi − q0,Ù?é/ª
�ε = [εT

1 εT
2 · · · εT

N ]T. �âª(12)�ª(26),

εTε 6 2
HV1, lim

t→∞
ε(t) 6

√
2ε0

Hb0

. (27)

2�âª(12)−(14),

ε̇ = s + v̄ − (α + 1)e, (28)

Ïdε�ε̇�U�êÂñ��:���¿©����

S. y..
�!�é+Êö�Ýð½��¹,ÄkÏL�O

*ÿì(6)¢y
��UNé+Ê�UN�Ý�*ÿ,
,�Äu ²�ä�{�O��ì(17),¿æ^��
°�Ö��³���6Ä9%CØ��5�K�,�
�ÏLLyapunov�{y²
4�XÚ�½5.

3.3 +++ÊÊÊööö���ÝÝÝ���CCC������©©©ÙÙÙªªª���lll���{{{ (Con-
sensus tracking when the leader’s velocity is
varying)

�!�Ä+Êö�Ý�C��/,=q̈0 6= 0. *ÿ
+Ê�UN�Ý�*ÿì�OXe:

˙̂vi(t) =

−(k1 + 1)v̂i(t)−
w t

0
(k2

N∑
j=0

aij(v̂i(t)−v̂j(t)) +

k3sgn(
N∑

j=0

aij(v̂i(τ)− v̂j(τ)))dτ, (29)

Ù¥: k1, k2, k3 > 0��Nëê; v̂i, v̂j, i, j = 1, · · · ,

N©O�1 i��1 j��UNé q̇0�*ÿ�, v̂0

= q̇0.
½Â*ÿØ�

v̄i =
N∑

j=0

aij(v̂i − v̂j). (30)
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Pv̂ = [v̂T
1 v̂T

2 · · · v̂T
N ]T, v̄ = [v̄T

1 v̄T
2 · · · v̄T

N ]T,
ª(29)�ª(30)�±U��

˙̂v = −(k1 + 1)v̂ −
w t

0
(k2v̄(τ) + k3sgn(v̄(τ)))dτ,

(31)

v̄ = Hv̂ − Bq̇
0
. (32)

éª(31)¦�¿òª(32)�\��

˙̄v = −(k1 + 1)Hv̂ −
w t

0
(k2Hv̄(τ) +

k3Hsgn(v̄(τ)))dτ − Bq̈
0
. (33)

½ÂØ�¼ê

Hs = ˙̄v + v̄. (34)

éª(34)¦���

Hṡ = ¨̄v + ˙̄v =

−(k1 + 1)H ˙̂v − k2Hv̄ − k3Hsgn v̄ +

H ˙̂v − Bq̈
0
− B...

q
0

=

−k1H ˙̂v − k2Hv̄ − k3Hsgn v̄ −
B(q̈

0
+ ...

q
0
) =

−k1Hs− (k2H− k1)v̄ − k3Hsgn v̄ −
B...

q
0
− (k1 + 1)Bq̈

0
. (35)

ª(35)�±U��

Hṡ = −k1Hs− (k2H− k1)v̄ −
k3Hsgn v̄ +Hφd, (36)

Ù¥φd = −H−1(B...
q

0
+ (k1 + 1)Bq̈

0
).

�âb�2�5�3,��φd�Ù�êφ̇dk.,=
�3~êc1, c2 > 0÷v‖φd‖ < c1, ‖φ̇d‖ < c2.

ÚÚÚnnn 2 Xª (37)¤«�¼ê p(t) > 0,eÀ�
k2 > c1 + c2,

p(t) = v̄T(0)k2sgn(v̄(0))− v̄T(0)φd(0)−w t

0
sTH(φd − k2sgn(v̄))dτ. (37)

yyy ésTH(φd − k2sgn v̄)¦È©��
w t

0
sTH(φd − k2sgn v̄)dτ =

w t

0
(Hs)T(φd − k2sgn v̄)dτ =

w t

0
˙̄vTφddτ −

w t

0
˙̄vTk2sgn v̄dτ +

w t

0
v̄Tφddτ −

w t

0
v̄Tk2sgn v̄dτ =

v̄Tφd |t0 −
w t

0
v̄Tφ̇ddτ − v̄Tk2sgn v̄ |t0 +

w t

0
v̄Tφddτ −

w t

0
v̄Tk2sgn v̄dτ =

v̄T(t)φd(t)− v̄T(0)φd(0) +

v̄T(0)k2sgn(v̄(0))− v̄T(t)k2sgn(v̄(t)) +

w t

0
v̄T(φd − φ̇d − k2sgn v̄)dτ 6

−v̄T(0)φd(0) + v̄T(0)k2sgn(v̄(0)) +w t

0
||v̄||(||φd(t)||+ ||φ̇d(t)|| − k2)dτ +

||v̄||(||φd(t)|| − k2) 6
−v̄T(0)φd(0) + v̄T(0)k2sgn(v̄(0)) +w t

0
||v̄||(c1 + c2 − k2)dτ + ||v̄||(c1 − k2). (38)

e�k2 > c1 + c2,=��yp(t) > 0. y..

ÚÚÚnnn 3 �Ï&ÿÀ�Ã�ëÏã,3+Ê�U
N�Ý�C(q̈0 6= 0)��¹e,*ÿì(29)�±�y t

→∞�v̂i → q̇0, i=1, · · ·N ,eÀ�k2 >c1+c2, k1

< 4k2λmin(H).

yyy �¼ê

V =
1
2
sTHs +

k2

2
v̄Tv̄ + p(t). (39)

�âÚn2,�k2 > c1 + c2�, p(t) > 0,d�V > 0,
�Lyapunov¼ê. éª(39)¦�¿òª(32)(34)(36)�
\��

V̇ = sTHṡ + k2v̄
T ˙̄v + ṗ(t) =

sT[−k1Hs− (k2H− k1)v̄ − k3Hsgn v̄ +Hφd] +

k2v̄
T ˙̄v + ṗ(t) =

sT[−k1Hs− (k2H− k1)v̄ − k3Hsgn v̄ +Hφd] +

k2v̄
T(Hs− v̄)− sTH(φd − k3sgn v̄) =

−k1s
THs + k1s

Tv̄ − k2v̄
Tv̄ =

−[sT v̄T]




k1H −k1

2
−k1

2
k2




[
s

v̄

]
. (40)

�k1k2H− k2
1

4
> 0,=k1 <4k2λmin(H)�,�±�y

V̇ 6 0,kt →∞�s → 0. �â5�2�ª(34),�±
��t →∞�kv̄ → 0. =

v̄ = Hv̂ − Bq̇
0

=

Hv̂ −Hq̇
0
+Hq̇

0
− Bq̇

0
=

H(v̂ − q̇
0
) + Lq̇

0
. (41)

�â5�1, Lq̇
0

= 0,Ïdkt →∞�v̄ = H(v̂− q̇
0
)

→ 0. 2�â5�2, H��½Ý
,Ïdv̂ − q̇
0
→ 0,

=t →∞�, v̂i → q̇0, i = 1, · · · , N . y..

555 3 ÏLéÚn1�3y²�±w�,�©¤�O�

ü«*ÿìÐ��À�é4�XÚ�½5vkK�,�±

?¿�½. duz��UNÃ{¼��ÛÿÀ(��&E,

ÏdH�Béz��UNó´���, c1�c2�3���.

3À�k1�k2�,AÄkÀ�k19�����k2,,�Åì

~�k2±*ÿì5U�Ð�ëêk1�k2.
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aq13.2!,½Â9ÏCþ

ei =
N∑

j=0

aij(qi − qj), (42)

q̇ri = v̂i − (α + 1)ei, (43)

si = q̇i − q̇ri, (44)

ª¥: α > 0��NCþ, v̂i�*ÿì(29)�ÑÑ�.

½½½nnn 2 éMELSXÚ(1),Ï&ÿÀ�Ã�ëÏ
ã�+Ê�UN�Ý�C(q̈0 6= 0)�,g·A�#Ç
�ª(19),*ÿì(29)Ú��Ç(17)�¦XÚ(1)¢y
13.1!¿Âe���5�l,e÷vk2 > c1 + c2,
k1 < 4k2λmin(H).

½n2�y²�½n1aq,3dØ2Kã.

�!�é�~��+Êö�Ý�C��¹,�O
��#��Ý*ÿì(29)�O*ÿì(6),±�yé\
�Ý�*ÿ�ëY,¿�Ñ
*ÿìÂñ�¿©^�.

4 êêê������ýýý(Numerical simulation)
3MATLAB�¸e,ÏL�ý�y�©¤J�{

�k�5. �Äd4�!:|¤�MELSXÚ,ã1�4
�!:�+Ê�UN�m�Ï&ÿÀ(�. ��Bå
�,�p = 1.

ã 1 Ï&ÿÀ

Fig. 1 Communication graph

Xª(1)¤«��Euler-LagrangeXÚÄåÆëê
À��

Mi(qi) = 2 + 0.4sin qi,

Ci(qi, q̇i) = 0.2q̇icos qi,

Gi(qi) = 0.2cos qi,

fi(qi, q̇i) = 0.5sgn q̇i + 0.1i(q̇i).

�Euler-LagrangeXÚ�Ð©G�©O�

q(0) = [1 2 3 4]T, q̇(0) = [0 0 0 0]T.

*ÿì�Ð©�À��

v̂(0) = [−2 − 4 2 4]T.

��ì��'ëêÀ��

Ki = 5, k1 = 5, k2 = 10, k3 = 5,

Γi = 10, ηi = 5, α = 2.

 ²�äXÚÛ¹�!:�ê�7,äáÝ¼ê©
O�

u1
i (x

k
i ) = exp(−(

xk
i + 3
2

)2),

u2
i (x

k
i ) = exp(−(

xk
i + 2
2

)2),

u3
i (x

k
i ) = exp(−(

xk
i + 1
2

)2),

u4
i (x

k
i ) = exp(−(

xk
i

2
)2),

u5
i (x

k
i ) = exp(−(

xk
i − 1
2

)2),

u6
i (x

k
i ) = exp(−(

xk
i − 2
2

)2),

u7
i (x

k
i ) = exp(−(

xk
i − 3
2

)2).

�
�y3+Ê�UN?uØÓG���¹e,
�©¤J��5�l�{�k�5,©�±e3«�
¹?1�ý.

���ýýý 1 �Ä+Ê�UN�·���¹. ½Â+
Ê�UNG��q0 = 0, c1 = 0, c2 = 0. +Ê�UN
�·�´�Ýð½���«AÏ�¹. 3*ÿì(6)�
�^e,��UNé+Ê�UN�Ý�*ÿ�X
ã2¤«. 3��ì(17)��^e,��UN��l
�Xã3¤«.

ã 2 +Ê�UN·��*ÿì�*ÿ�

Fig. 2 Output of observer when leader is static

ã 3 +Ê�UN·��MELS��l�

Fig. 3 Tracking trajectory of MELS when leader is static
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���ýýý 2 �Ä+Ê�UN\�Ýð½��¹. +
Ê�UN�G�À��q̈0 = 1, q̇0(0)=0, q0(0)=0.
c1 = 1, c2 = 1. *ÿì(29)�*ÿ�9��ì(17)
�^eMELS��l�©OXã4−5¤«.

ã 4 +Ê�UN\�Ýð½�*ÿì�ÑÑ
Fig. 4 Output of observer when leader’s acceleration is

constant

ã 5 +Ê�UN\�Ýð½�MELS��l�
Fig. 5 Tracking trajectory of MELS when leader’s

acceleration is constant

���ýýý 3 �Ä+Ê�UN\�Ý�C��¹,¿
�©z[26]¤J�{?1'�,�+Ê�UN�G�
À�� q0 = sin t. *ÿì(29)�*ÿ�9��ì
(17)�^eMELS��l�©OXã6−7¤«,©
z[26]¤J�{eMELS��l�Xã8,ÏLé'
`²,�©¤J�{U
´�lØ��¯Âñ. ��
ì�ÑÑ�Xã9¤«,��þ´ëY�,U
k�
;�Ï��þØëY�5�Ë�y�.

ã 6 +Ê�UN\�Ý�C�*ÿì�*ÿ�
Fig. 6 Output of observer when leader’s acceleration is

varying

ã 7 +Ê�UN�Ý�C�MELS��l�
Fig. 7 Tracking trajectory of MELS when leader’s velocity is

varying

ã 8 ©z[26]�{eMELS��l�
Fig. 8 Tracking trajectory of MELS under control method of

reference [26]

ã 9 +Ê�UN�Ý�C���ìÑÑ�

Fig. 9 Control torque when leader’s velocity is varying

±þ3|�ýL²,�+Ê�UN?uØÓG�
�,�©¤J�{U
¦MELS�2Â�I9�Ý�
+Ê�UN��.

5 (((ØØØ(Conclusions)
�©�ÄÃ�ÿÀ(�eMELSXÚ���5�

l¯K,�O
��5�l�{,¦MELS�2Â�I
92Â�ÝÂñuÏ";,,$^Lyapunov�{�Ñ

4�XÚ�½5y². ��ÏL©|�ý¢��
y
�{�k�5. 3e�Ú�ïÄ¥,)öò?�
ÚïÄ�ÊÏ�ÿÀ(�(Xk�ã!�ò�ä�)e
���5�l�{.
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