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Fault prediction for sandwich systems with backlash
based on robust observer

ZHOU Zu-peng1, TAN Yong-hong2†

(1. School of Mechanical and Electrical Engineering, Guilin University of Electronic Technology, Guilin Guangxi 541004, China;
2. College of Information, Mechanical and Electrical Engineering, Shanghai Normal University, Shanghai 200234, China)

Abstract: In the practical application, realizing the accurate fault prediction of non-smooth sandwich system with backlash which
widely exists in the real engineering systems is of great importance. Therefore, a novel dynamic robust observer is proposed in this
paper. First, the non-smooth sandwich system with backlash is transformed into a system in which the conventional dynamic robust
observer design method can be applied by converting the non-smooth item into a general disturbance. Then, by zeros assignment and
minimizing the (H∞,F/H−,F) indicator on the basic operation zone, the feedback matrices of this observer can be obtained. Finally,
the simulation results are presented. The comparison between the proposed robust non-smooth scheme and the conventional method
demonstrates that the proposed robust fault detection approach can detect the actuator and sensor faults accurately and rapidly while
the conventional observer cannot detect the fault at all. Moreover, the missing and false alarms are effectively reduced by the robust
observer.
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1 ÚÚÚóóó(Introduction)
¯¤±�,�ØXÚ!Å�DÄXÚÚ°�½ X

Ú�÷²�¥  æ^�Øz!°¸ÓÚµÓ´\�

1ì,ù
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Ú¢Só�L§¥,¬É�	Z6ÚD(K�,Ó�
ï����.Ø��J±;�,¤±,ïá°�*ÿ
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2 ���mmmYYY���nnn²²²£££XXXÚÚÚ���... (The model of
the sandwich systems with backlash)
�¤ïÄ��mYn²£XÚ(�Xã1¤«,

Ù¥uÚy©O�XÚ�Ñ\ÚÑÑ, L1�cã�5

fXÚ, L2K��à�5fXÚ, xÚv�Ø�ÿ�

¥mCþ, D1ÚD2�mY°Ý(0 < D1 <∞)Ú(0
<D2 < ∞); m1Úm2��5«�Ç(0 < m1 < ∞
Ú0 < m2 < ∞).

ã 1 �mY�n²£XÚ�(�ã

Fig.1 The structure of the sandwich systems with backlash

2.1 nnn²²²£££XXXÚÚÚ���555ÜÜÜ©©©������...(The models of
the linear subsystems)

�cà�5fXÚL1�lÑ�mG��§�L

«�

x1(k + 1) = A11x1(k) + B11u(k), (1)

y1(k) = C1x1(k), (2)

�à�5fXÚL2�G��§�

x2(k + 1) = A22x2(k) + B22v(k), (3)

y2(k) = C2x2(k), (4)

Ù¥: xi ∈ Rni×1, Aii∈Rni×ni , Bii ∈ Rni×1, yi ∈
R1×1, Ci ∈ R1×ni , u∈R1×1, v∈R1×1, i=1, 2; x1i

L«L1�!�1i�G�Cþ, x2iL«L2�!�1i

�G�Cþ. Aii∈Rni×ni�=£Ý
, Bii ∈ Rni×1

L«Ñ\Ý
, yi ∈ R1×1�ÑÑ, niL«1i��5

�!�G�Cþ��ê. u ∈ R1×1�Ñ\, v∈R1×1

�mY�!�ÑÑCþ. Ø���5,ï���½,
éuL15`,-x1n1(k) = x(k);éuL25`,-
x2n2(k) = y(k). 5¿�XÚ�ku(k)Úy(k)�ÿ.

2.2 nnn²²²£££XXXÚÚÚmmmYYYÜÜÜ©©©������... (The model of
the backlash)

�â©z[2–4]�±��XemY�.:

x(k): mY�!�Ñ\.

v(k): mY�!�ÑÑ.

½ÂmY�r��¥mCþm(k)�

m(k) = m1 + (m2 −m1)p(k), (5)

Ù¥: ∆x(k) = x(k)− x(k − 1), p(k)�Ú\��
�¼ê,Ù½Â�

p(k) =

{
0, ∆x > 0,

1, ∆x < 0.
(6)

�âmY�Ñ\ÑÑ'X,½Â¥mCþv1(k)�

v1(k) = m(k)(x(k)−D1g1(k) + D2g2(k)), (7)

Ù¥:

g1(k)=





1, x(k)>
v(k − 1)

m1
+D1 & ∆x(k)>0,

0, Ù¦

Ú

g2(k)=





1, x(k)<
v(k − 1)

m2
−D2 & ∆x(k)<0,

0, Ù¦

���¼ê.
�âmY�Ñ\ÑÑ'X,�±��

v(k) =

v1(k) + [v(k − 1)− v1(k)]g3(k) =

(1− g3(k))v1(k) + g3(k)v(k − 1), (8)

Ù¥g3(k) =

{
1, g1(k) + g2(k) = 0,

0, g1(k) + g2(k) = 1
���¼ê,

KImY�5«ÚPÁ«�m���.
lª(8)�±wÑ,�g3(k) = 1�,XÚó�3

PÁ«, v(k) = v(k − 1);�g3(k) = 0�,XÚó�
3�5«, v(k) = v1(k).
òª(7)�\ª(8)k

v(k) =

(1− g3(k))v1(k) + g3(k)v(k − 1) =

(1− g3(k))(m(k)x(k)−m(k)D1g1(k) +

m(k)D2g2(k)) + g3(k)v(k − 1) =

(1− g3(k))m(k)x(k)−
(1− g3(k))m(k)D1g1(k) +

(1− g3(k))m(k)D2g2(k) + g3(k)v(k − 1). (9)

�âc¡��½kx(k) = x1n1(k). eòª(9)�\
ª(3),Kk

x2(k + 1) = A22x2(k) + B22v(k) =

A22x2(k) + B22[(1− g3(k))m(k)x1n1(k)−
(1− g3(k))m(k)D1g1(k) +

(1− g3(k))m(k)D2g2(k))] +

B22g3(k)v(k − 1). (10)

2.3 ���mmmYYYnnn²²²£££XXXÚÚÚ������NNNGGG������mmm���§§§

(State space model of the sandwich systems
with backlash)
dª(1)−(4)Úª(10)��
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[
x1(k+1)
x2(k+1)

]
=

[
A11 0

A21(k) A22

][
x1(k)
x2(k)

]
+

[
B11

0

]
u(k)+

[
0

θ22(k)

]
,

y(k) = Cx(k).

(11)

XÚ©�3�ó�«,©O¡1, 2, 3«,äN©«X
e:

i=





1, x1n1(k)>
v(k − 1)

m1
+D1 & ∆x1n1(k)>0,

2, Ù¦,

3, x1n1(k)<
v(k − 1)

m2
−D2 & ∆x1n1(k)<0,

Ù¥:
A21(k) = [β1 β2(k)], β1 = 0 ∈ Rn2×(n2−1),

β2(k) =





B22m1, i = 1,

0, i = 2,

B22m2, i = 3,

=

β2(k) = B22(1− g3(k))m(k) ∈ Rn2×1,

θ22(k) =





−B22m1D1, i = 1,

B22v(k − 1), i = 2,

B22m2D2, i = 3,

=θ22(k) = −B22(1 − g3(k))m(k)D1g1(k) + (1 −
g3(k))m(k)D2g2(k) + g3(k)v(k − 1) ∈ Rn2×1.

e-

A(k) =

[
A11 0

A21(k) A22

]
, B =

[
B11

0

]
,

η(k) =

[
0

θ22(k)

]
, i = 1, 2, 3,

Kª(11)��¤©ãÝ
/ª,Xª(12):

x(k + 1) = A(k)x(k) + Bu(k) + η(k), (12)

A(k)L«ØÓó�«m�=£Ý
,´Ñ\Ý
,
η(k)�þ´dumY�3�)����þ.

3 ���mmmYYYnnn²²²£££XXXÚÚÚ���°°°������æææýýý���***ÿÿÿììì

���OOO (Robust fault detection observer design
for sandwich system with backlash)
�â11!¥Ã�æÃZ6�n²£XÚ�.,

�Ä�æÚ�.Ø�¿É	Z6ÚD(K���1

wn²£XÚXª(13)¤«:



x(k + 1) =
A(k)x(k) + Bu(k) + η(k)+
Bdd(k) + Bff(k),
y(k) = Cx(k) + Ddd(k) + Dff(k),

(13)

d(k) ∈ Rr×1�Z6�þ(�)�.Ø�,	Ü�6
ÄÚD(), Bd ∈ Rn×r�Z6Ñ\Ý
(§û½�
�Z6©þXÛK�XÚ����~G�Cþ),
Dd ∈ R1×r�Z6ÑÑÝ
(§û½Z6XÛK�
XÚ��~ÑÑG�Cþ), f(k) ∈ Rf×1��æ�

þ(�)�1ì�æÚDaì�æ). Bf ∈ Rn×f�

�æÑ\Ý
, Df ∈ R1×f��æÑÑÝ
. Ù¥:

Bd = [In×n E1 E2 · · · Eq] ∈ Rn×r,

d(k) =

[∆Aix + ∆Bu︸ ︷︷ ︸
model uncertainty

d1 d2, · · · , dq︸ ︷︷ ︸
external disturbances

]T ∈ Rr×1,

Dd ∈ R1×r,

f(k) = [factuator fsensor]T ∈ R2×1,

Bf = [B 0] ∈ Rn×2,

Df = [0 1] ∈ R1×2.

�EXã2¤«Ä�°�*ÿì,±Ø�Än²
£XÚ��1w��5�!�3���5XÚ�Ä

O«m,d�,n²£XÚ���5�!�!3Ä
O«m¥������'~�!,^L«ÄO«m
�=£Ý
,éumYn²£XÚ,��'~�!
�'~Xê��1. Ïd,ÙêÆL�ª�




{
z1(k + 1) = K1z1(k) + K2r(k),
v(k + 1) = K3z1(k + 1) + K4r(k + 1),{
x̂(k + 1) = Alx̂(k) + Bu(k) + v(k),
y(k + 1) = Cx̂(k + 1),

(14)

Ù¥: Al =

[
A11 0
A211 A22

]
, A11�L1�XêÝ
,

A22�L2�XêÝ
, A211�XÚó�3ÄO«m

��f¬Ý
. í�� r(k)=y(k)− ŷ(k), z1(k) ∈
Rm×1�Ä��"G�Cþ,�±�âI��½Ù
�ê, v(k) ∈ Rn×1�Ä��"�!�ÑÑ.

ã 2 Ä�°�*ÿì�(�µã

Fig. 2 Structure of the dynamic robust observer

-e(k) = x(k)− x̂(k),(ÜXÚª(13)Ú*ÿ
ìª(14)��Ä�*ÿì�*Ð�þL�ª(15)Ú
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Ä�*ÿì�*ÐÄ�Ø�L�ª(16):



[
x̂(k + 1)
z1(k + 1)

]
=

[
Al −K4C K3

−K2C K1

][
x̂(k)
z1(k)

]
+

[
B

0

]
u(k) +

[
K4

K2

]
y(k),

y(k + 1) = Cx̂(k + 1).

(15)

e-ξ(k + 1) =

[
e(k + 1)
z1(k + 1)

]
,Kk





ξ(k + 1) =[
Al −K4C −K3

K2C K1

]
ξ(k)+

[
B∗

d∗ −K4Dd∗

K2Dd∗

]
d∗(k) +

[
Bf −K4Df

K2Df

]
f(k),

e(k) = [In×n 0n×m] ξ(k) + Dff(k),
(16)

AlL«XÚó�3ÄO«m����Ý
.

e¡`²2ÂZ6�þd∗(k),2ÂZ6Ñ\Ý

B∗

d∗ ,±92ÂZ6ÑÑÝ
Dd∗�½Â.3m©
�ã,û½XÚ���G�Cþ�Ð©��Ùý¢
��U�3Ø�,Ó�2\þ�.Ø(½5ÚZ6
�K�,E¤*ÿì�ÄOó�«m�XÚó�«
mØ��,duù«Ø��E¤���Ø��
∆A1(k)x(k)+∆η, ∆A1(k)=A(k)−Al, ∆η=η(k)
− 0. ��Ø��±w�´du*ÿì�O«m�
XÚ¢Só�«mØ��E¤�,¤±�±@�
´�«2ÂZ6,¿òÙÚ�/��Z6�¥. «
m�OØ�Úå�Z6�í�L§Xe:

∆A1(k)x(k) + ∆η =

(A(k)−Al)x + η(k) =

(

[
A11 0

A21(k) A22

]
−

[
A11 0

A211 A22

]
)x +

[
0

θ22(k)

]
=

[
0 0

A21(k)−A211 0

][
x1(k)
x2(k)

]
+

[
0

θ22(k)

]
=

[
0

∆A2(k)x1(k) + θ22(k)

]
.

311!'umYn²£XÚ�1wG��§�£
ã¥��

A21(k) = [β1 β2(k)] ∈ Rn2×n1 ,

β1 = 0 ∈ Rn2×(n1−1),

β2(k) = B22(1− g3(k))m(k) ∈ Rn2×1,

A211 =[β1 β2l] ∈ Rn2×n1 , β2l =B22Cl ∈ Rn2×1,

Ù¥ClL«òmY�1wn²£XÚ{z��5'

~�!��'~Xê. e-ψ = (1−g3(k))m(k)−
Cl ∈ R1×1,Kk

∆A2(k) = A21(k)−A211 =

[β1 β2(k)]− [β1 β2l] = [0 β2(k)− β2l] =

[0 B22ψ] ∈ Rn2×n1 .

2ò∆A(k)�\eªk

∆A(k)x1(k) =

[0 B22ψ]x1(k) = B22ψx1n1 ∈ Rn2×1.

Ï�

θ22(k) = −B22(1− g3(k))m(k)D1g1(k) + (1−
g3(k))m(k)D2g2(k) + g3(k)v(k − 1),

e-

φ = −(1− g3(k))m(k)D1g1(k) +

(1− g3(k))m(k)D2g2(k) +

g3(k)v(k − 1) ∈ R1×1,

Kk

θ22(k) = B22φ ∈ Rn2×1;

e-

∆∂ =

[
0

B22

]
∈Rn×1, δx =ψx1n1(k)+φ ∈ R1×1,

Kk

∆A1(k)x(k) + ∆η =[
0

∆A(k)x1(k) + θ22(k)

]
=

[
0

B22ψx1n1(k) + B22φ

]
=

[
0

B22

]
(ψx1n1(k) + φ) = ∆∂δx ∈ Rn×1.

dd�±��*Ð2ÂZ6Ñ\Ý
Ú*Ð2ÂZ

6�þ,�BdÚd(k)'�,Ù¦Z6�ØCz,�´
O\��du�OØ�Úå�*ÐZ6�∆∂δx. Ø
©r�mYn²£��1w���Z6�,k�/
ò�5Ã{æ^DÚ°�*ÿì�O�{¦)��

1wn²£XÚ°�*ÿì�O¯KC¤�U,l
|©/)û
�1wn²£XÚ°��æý�*

ÿì�O¥�J:¯K.ù��|©=z��´Ø
©�M#:¤3. �ª�*ÐZ6Ñ\Ý
Ú*Ð
Z6L�ªXe:
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B∗
d = [ In×n︸︷︷︸

model uncertainty

∆∂︸︷︷︸
switching error

E1 E2 · · · Eq︸ ︷︷ ︸
external disturbances

] ∈ Rn×(r+1),

d∗(k) = [∆A(k)x + ∆Bu︸ ︷︷ ︸
model uncertainty

δx︸︷︷︸
switching error

d1 d2 · · · dq︸ ︷︷ ︸
external disturbances

]T ∈ R(r+1)×1,

Ù¥: ∆∂ =

[
0

B22

]
∈ Rn×1L««m�OØ�Ú

åZ6�Ñ\Ý
, δx ∈ R1×1L«du«m�OØ

�Úå���Z6�.

òª(16)�¤; /ª�
{

x̃(k + 1) = Ãx̃(k) + B̃∗
d∗d

∗(k) + B̃ff(k),
r(k) = C̃x̃(k) + D̃d∗d

∗(k) + D̃ff(k),
(17)

Ù¥:

x̃(k) =

[
e(k)
z1(k)

]
, Ã =

[
A1 −K4C −K3

K2C K1

]
,

C̃ = [C 0], D̃d∗ = Dd∗ , D̃f = Df .

(Üª(17),¿éÙ?1ZC��d∗(k)Ú f(k)
�r(k)�D4¼êÝ
�

r(z)=G̃d∗r(Ã,Kd)d∗(z) + G̃fr(Ã,Kd)f(z).

(18)

dª(18)��,í�Ø=��æk'��*Ð2
ÂZ6k',�O°�*ÿì�8�Ò´ÏLÀJ
Ü·�Ä�*ÿìOÃ�"Ý
|Kd = [K1 K2

K3 K4],¦�í�éZ6Ø¯aé�æ¯a.
d∗(k)�r(k)�D4¼êÝ
Gd∗r(Ã,Kd)�L«�

G̃d∗r(Ã,Kd) =
r(z)
d∗(z)

= C̃(Iz − Ã)−1B̃d∗ + D̃d∗ , (19)

f(k)�r(k)�D4¼êÝ
Gfr(Ã,Kd)�L«�

G̃fr(Ã,K)=
r(z)
f(z)

= C̃(Iz − Ã)−1B̃f + D̃f .

(20)

�O�1w°�*ÿìI�÷v�^�´:

1) *ÿì´½�,�¦ÙÄ�Ø�=£A�
Ý
�A��Ñ3ü �S,=

Ã =

[
A1 −K4C −K3

K2C K1

]

�A��3ü �S.

2) °�5�¦,½ÂXe�I¿éÙ?1`z:





H∞,F = min(max
z=ejω

‖G̃d∗rj(Ã,Kd, z)‖F,

ω ∈ [0, 2π),
H−,F = max( min

z=ejω
‖G̃fr(Ã,Kd, z)‖F,

ω ∈ [0, 2π),

min(
H∞,F

H2,F
),

(21)

Ù¥: ‖ · ‖FL«Ý
�Frobenius�ê,duÝ
�
Frobenius�ê��þ� 2�ê�N,¤±æ^
Frobenius�ê�æ^Ý
2�êäk�Ó��J,
�´Frobenius�ê�O��'Ý
2�ê{üéõ,
Bu`zO�.é°�5�¦�±n)�:3¤k
ªÇS,�¦*Ð2ÂZ6�í�D4¼êÝ
�
Frobenius�ê��,�æ�í�D4¼êÝ
�
Frobenius�ê��,±B���Ý/³�Z6é�
OØ��K�O��æéí��K�.,	,ù
pk��b�,@��æ�ªÇÚZ6ªÇØU.
Ï��Ù��æý�Ì�´�éA½�âC�æÚ

�C�æ(äN�æ¼ê��ý~f)5`,��æ
½�ÙªÇ��". �
�Ð/³�Ì�Z6é
í��K�,æ^":���{éÄ�*ÿìÜ©
OÃ?1�O,�d,ÄkÚ\'uXÚ":�½
Â.�â©z[5]��,éXÚ�":kXe½Â,X
JXÚ�

x(k + 1) = Ax(k) + Bu(k),
y(k) = Cx(k) + Du(k),

(22)

Ù¥: x∈Rn×1, u∈Rr×1, y ∈ Rl×1, A, B, C, D´

äk�A��ê~êÝ
,�

rank(B) = r, rank(C) = l.

@oXÚ(22)�Ñ\u(k)�ÑÑy(k)D4¼êÝ

�k�ØC":8ÜZz½Â�÷vXe^��E

ê8Ü:

rank[P (z)] =

rank

[
zI −A −B

C D

]
< min(r, l) + n. (23)

XJr = l,@ok�ØC":½Â�A�õ�ª�
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"::

Z = det(P (z)) (24)

éuÄ�*ÿì(14),�â±þ":½Â,ÙZ6
d∗(k)�í�r(k)�":�÷vXe^��zEê8

Ü: rank P̃d∗(z) < min(1, r + 2) + n + m,Ù¥


zI−A1+K4C K3 −B∗
d∗+ K4Dd∗

−K2C zI −K1 −K2Dd∗

C 0 Dd∗


 .

(25)

O�ª(25)���

rank P̃d∗(z) =

rank

[
zI − Ã − B̃d∗

C̃ 0

]
=

r




zI −A1+K4C −K3 −B∗
d∗+K4Dd∗

−K2C zI −K1 −K2Dd∗

C 0 Dd∗


=

r




zI −A1+K4C −K3 −B∗
d∗+K4Dd∗

0 zI −K1 0
C 0 0


=

r




zI −A1+K4C −K3 −B∗
d∗+K4Dd∗

C 0 0
0 zI −K1 0


=

r




zI −A1+K4C −B∗
d∗+K4Dd∗ −K3

C 0 0
0 0 zI −K1


.

(26)

dª(26)��,÷v|zI −K1| = 0¤á�z8ÜÒ´

Z6d∗(k)�í�r(k)�":8Ü.Ïd,�±ÏL
�OÜ·�K15�½Ä�*ÿì�Ü©":,l
�*ÿìO\
-�Z6�Ãã.

©z[6–7]¥'u":�^?1
`²: �D4
¼ê�":TÐ�Ñ\þ���4:Ü,Ñ\þ
�$Ä¤©�D4¼ê�":{äØU/D40

�ÑÑà. ÏL�½�"Ï´D4¼ê�4:�±
gd�O4�£´�":¦�ù
":�Ð�Z6

Ñ\�4:Ü,@oÒU���Ý³�Z6éí
��K�.

eZ6�Ì�ªÇ�ωi(i = 1, 2, · · · , h), h�Z

6Ì�ªÇê,æ�±Ï�T ,d�Z6�4:�
zi = e±(ωiT )j ,¤±O\�":AT�Ð��AT
�zi = e±(ωiT )j . ©z[6–7]¥�Ñ,éuüÑ\ü
ÑÑXÚ(SISO),Ñ\�ªÇ²LXÚ�Ø¬UC,
�Ò´`Ñ\ªÇÚÑÑªÇ´�Ó�. éulÑ

*ÿìXÚ�kXe�5Æ:éulÑXÚ(13),e
b�2ÂZ6�ª�´k��,¿�*ÿì(14)´
½�,3��½�G�e,Z6�ªÌ´ÑÑ
í��f8,=Ωd ∈ Ωr. �±r§n)�:éul
Ñ�m*ÿì,Z6d(k)�ªÇωd²LXÚ�vk

UC,Ïd�±lÑÑí�r(k)¥òZ6ªÇE£
Ñ5. Ïd,ÏLé�1w�°�*ÿì�ÑÑí
�?1ªÌ©ÛÒU��Z6�Ì�ªÇ[6–7]. d
d¦�OÃÝ
�

K1 =




k′1 0 · · · 0
0 k′2 · · · 0
...

...
...

0 0 · · · k′h




= diag{k′i},

k′i =

[
cos(ωiT ) − sin(ωiT )
sin(ωiT ) cos(ωiT )

]
,

i = 1, 2, · · · , h.

dd,Ä�*ÿì�11�OÃÝ
Ò(½
,Ì�
^u³�Ì�Z6. aq�{3©z[8]¥�kA
^,�©z[8]Ì�´�éëY1w��5XÚ?1
�æý�.

°�*ÿìØ��³�Ì�Z6=í�éZ6

Ø¯a,,���?Ö´í�é�æ¯a,@o
Ù¦A�OÃÝ
Ì�^5¢yù�õU.�âª
(21)Úé*ÿì½5�¦,�±��Xª(27)¤«
��å`z¯K,ÏL)T`z¯K�±��÷v
*ÿìÂñ5�Ù¦3�OÃÝ
��.




min (
H∞,F

H−,F
),

s.t. |λ(Ã)| < 1,
(27)

Ù¥: (
H∞,F

H−,F
)´8I¼ê, λ(Ã)L«�AÝ
�A

��.

4 ���ýýýïïïÄÄÄ(Simulation)







x(k + 1) = A1x(k) + Bu(k) + η1(k)+
Bdd(k) + Bffi(k),

x12(k) > v(k − 1) + 0.04& ∆x12(k) > 0,

x(k + 1) = A2x(k) + Bu(k) + η2(k) +
Bdd(k) + Bffi(k),

x(k + 1) = A3x(k) + Bu(k) + η3(k)+
Bdd(k) + Bffi(k),

x12(k) < v(k − 1)− 0.04 & ∆x12(k) < 0,

y(k) = Cx(k) + Ddd(k) + Dffi(k),
(28)

Ù¥:
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A1 = A3 =




0.8 0 0 0
0.1 0.45 0 0
0 0.2 0.8 0
0 0 0.2 0.9


 ,

A2 =




0.8 0 0 0
0.1 0.45 0 0
0 0 0.8 0
0 0 0.2 0.9


 ,

B =




0.4
0
0
0


 , η1 =




0
0

−0.01
0


 ,

η2 =




0
0

0.25v(k − 1)
0


 , η3 =




0
0

0.01
0


 ,

C = [0 0 0 1].

u(k) = 6 sin(6Tk),æ�±ÏT = 0.01 s,�ý��
�20 s. Ù¥x(k) = [x11 x12 x21 x22]T.Ø���

5,b�	Z6�Xe&Ò: d1(k)�Ñ\u(k)?�
�uZ6, d2(k)�12��5�!c�Ñ\Z6(K
1Ñ\Z6), d3(k)�ÑÑ�D(,b����3
¦0.01Ú¨0.01�m÷vþ!©Ù�lÑ�ÅS�,
11a�æ(âC):

f1(k) = [f11(k) f12(k)]T =



[0 0]T, Ù¦,

[0.3 0]T, 400 6 k 6 600,

[0 − 0.4]T, 1200 6 k 6 1400.

12a�æ(�C):

f2(k) = [f21(k) f22(k)]T =



[0 0]T, Ù¦,

[0.003(k − 200) 0]T, 200 6 k 6 400,

[0.6 0]T, 400 6 k 6 600,

[−0.003(k − 600) 0]T, 600 6 k 6 800,

[−0.002(k − 1000) 0]T, 1000 6 k 6 1200,

[0 − 0.4], 1200 6 k 6 1400,

[0 0.002(k − 1400)]T, 1400 6 k 6 1600.

ã3�Ñ
�3Z6Ú�.Ø(½±9�æ�
�¹e�(�µã. éã3©Û,�±��	Z6©
ÙÝ
�

Bd =[E1 E2] =




0 0 0.4
0 0 0

0.25 0 0
0 0 0


 , Bf =




0.4 0
0 0
0 0
0 0


 ,

Dd = [0 0 1], Df = [0 1].

b��.Ø(½5Ý
�

∆A =




∆∂1

∆∂2

∆∂2

∆∂2


 =




−0.05 0 0 0
0 0 0 0
0 0 − 0.05 0
0 0 0 0


 ,

∆B =




∆b1

∆b2

∆b3

∆b4


 = 0,

¤±2ÂZ6Ý
Ú�þ�

B∗
d =




1 0 0 0 0 0.4 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0.25 0 0.25 0
0 0 0 1 0 0 0 0


 ,

d∗=




∆∂1x+∆b1u

∆∂2x+∆b2u

∆∂3x+∆b3u

∆∂4x+∆b4u

δx

d1

d2

d3




, D∗
d =[0 0 0 0 0 0 0 1].

ã 3 ÉZ6Ú�æK���mYn²£XÚ(�µã
Fig. 3 Structure of sandwich system with backlash with

model uncertainty and disturbance

eØ�Ä°�5,�ÎUì�5Ø�Ä�.Ø
�ÚZ6��¹,�©z[9]¥¤��mY�1w�
°�*ÿì,ÙOÃ��K1 = K2 = [0 0 0.1 0.1]T,
*ÿì÷vÂñ^�.
ã4�Ñ
�°�*ÿì11a�æÚ12a�

æ�í�ªÌã,dã4��,í�Ì�Uþ8¥3
ªÇ�ω1 = 20 rad/s, ω2 = 6 rad/sNC� �.Ï
�ÃØ´11a�´12a�æ,ÙªÇÑ�±@�
´3$ª«,Z6ªÇÌ�8¥3pª«,¤±,
Z6ªÇÚ�æªÇØU[10–11]. Ïd,�O°�
�æý�*ÿì�,Ì�³�ùü�ªÇ�í�Z
6,dd�±�O:

K1 =
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cos(20T ) − sin(20T ) 0 0
sin(20T ) cos(20T ) 0 0

0 0 cos(6T ) − sin(6T )
0 0 sin(6T ) cos(6T )


 .

2�âª(27)æ^`z�{)�Ù¦OÃÝ
��,
äN��Xe:

K1 =


cos(20T ) − sin(20T ) 0 0
sin(20T ) cos(20T ) 0 0

0 0 cos(6T ) − sin(6T )
0 0 sin(6T ) cos(6T )




,

K2 =

[0.10126 0.099251 −0.1199 −0.28242]T ,

K3 =


0.3542 0.5713 0.4089 − 0.0953
−0.018 0.3131 − 0.0641 0.1239
0.5673 0.0921 − 0.1229 0.0684
0.45169 − 0.0033 − 0.1192 − 0.2704




,

K4 = [0.5821 0.05009 0.3494 0.6034]T .

ã 4 �°�*ÿì�üa�æ�í�ªÌã
Fig. 4 Spectrum of two types of fault residuals by

non-robust observer

�
?�Ú`²Ä�°��æý�*ÿì�`

:,ã5Úã6©O�Ñ
11aÚ12a�æu)�
üa*ÿì�)�í�ã.

dã5Úã6��: éu�°�*ÿì,�11a
Ú12a�æu)�,duZ6�K�é�,ÃØ´
�1ì�æ�´Daì�æ,§��)�í�Ñ�
��Z6í�ìv,Ã{O(/?1�æý�. 
éu°��æý�*ÿì5`,311aâC�æ
u)�,��1ì3400∼600�æ�:u)�æ�,
í�wÍ l"�,��æ�Ø�,í��¯/¡E

�"�NC.éu1200∼1400�æ�:?u)�
Daì�æ,Ó�U?1O(ý�. éu°�*ÿ
ì,�12a�C�æu)�ÿ,=3200∼800�æ
�:,��1ìu)�æ�,í�wÍ l"�,�
�æ�Ø�,í��¯/¡E�"�NC.éu
1000∼1600�æ�:?�Daì�æ,Ó�U?1
O(ý�. Ïd,Ä�°��æý�*ÿìU
O
(9�/é�mYn²£XÚ?1�æý�.

ã 5 11a�æí�'�

Fig. 5 Residual comparisons of fault type 1

ã 6 12a�æí�'�

Fig. 6 Residual comparisons of fault type 2

.
�
?�Ú`²°�*ÿì�{k�~�
�

æ�¦�ÚØ�,e¡?ØÄ�°�*ÿì��æ
¦�ÚØ��VÇ.�½��í�K�,�Y~¥
�½11a�æÚ12a�æ�í�K�©O�rt1
= ±0.025Úrt2 = ±0.02,�í�ýé��LTK
�Ò@��æu),uÑ�æ´�. ©O½Â�æ
¦�ÇÚØ�ÇXe:
¦�Ç:

sl =
ml

ma
,
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ml: ®u)�æ���í�K��æ�:ê, ma:
k�æ�oæ�:ê.

Ø�Ç:

sw =
mw

na
,

mw: ½��u)�æí���K��æ�:
ê, na: Ã�æ�oæ�:ê.

Xã5Úã6¤«,í��K�©O^ü^Y²
¢�L«,ek�æ�«��í�3í�K���
	,@oÒ¬u)�æ¦�;eÃ�æ«��í�
á3ù�K�S,@oÒ¬u)�æØ�. du,*
ÿì�Ð©G���ý¢��m�3Ø�,Ïd,
*ÿìk��½Âñ�L§,3O��æØ�Ç
��ÿ,Ï~GØù�L§�æ�:. Ïd,3��
ý¢~��æØ�ÇO�L§¥,GØc200�L
Þæ�:. ��,éu11aâC�æ,Ä�°�*
ÿì�¦�VÇ� 13.75%,�æ�Ø�VÇ�
9.74%;éu12a�úC�æ,Ä�°�*ÿì�
¦�Ç�17%,�æ�Ø�VÇ�9.83%. '���,
12a�C�ædu�æu)L§�ú��Ùí�
Cz�ú,¤±¦�Ç�11aâC�æp�
,
üa�æ�Ø�Ç��Ø�.�,,éu�°�D
Ú*ÿì5`,du2ÂZ6�K�,��Ã{?
1�æý�,¤±Ù�æ¦�ÚØ�ÇÑ´100%.

5 (((ØØØ(Conclusions)
du�mY��1wn²£XÚ¹k��1w

Ú��5A5,��ùaXÚ��æ�äC���
E,. DÚ�°��æý�*ÿì�O�{Ã{�
�A^�ùaXÚ��æ*ÿì�O¥. Ïd,�
©ÏLJÑ2ÂZ6���{,|©òTaXÚ�
�1w�=�Ú8¿�Z6�¥,ò�5Ã{A^
��æ*ÿì�O�{�±A^�ùaXÚ¥. ,
	,3Ä�°�*ÿì�OÃÝ
�OL§¥,Ø

æ^DÚ���zH∞F/H−F�{	,�éùaX
Úæ^DÚ*ÿì�Ñ�í�?1ªÌ©Û,¼�

XÚ2ÂZ6�Ì�ªÇ:,æ^":����
{¦�U/ü$Z6éí��K�.�ª,ÏLù
A«�{�KÜ,¤õ)û
�mY�1wn²£
XÚO(�æý��JK,8�,Ta�{�±A
^�¢Só§¥,äk��A^d�.
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