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Fault prediction for sandwich systems with backlash
based on robust observer
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Abstract: In the practical application, realizing the accurate fault prediction of non-smooth sandwich system with backlash which

widely exists in the real engineering systems is of great importance. Therefore, a novel dynamic robust observer is proposed in this

paper. First, the non-smooth sandwich system with backlash is transformed into a system in which the conventional dynamic robust

observer design method can be applied by converting the non-smooth item into a general disturbance. Then, by zeros assignment and
minimizing the (Hoo r/H_ r) indicator on the basic operation zone, the feedback matrices of this observer can be obtained. Finally,
the simulation results are presented. The comparison between the proposed robust non-smooth scheme and the conventional method

demonstrates that the proposed robust fault detection approach can detect the actuator and sensor faults accurately and rapidly while

the conventional observer cannot detect the fault at all. Moreover, the missing and false alarms are effectively reduced by the robust

observer.
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2 R BRI = B 9G R R (The model of (k) = 0, Az >0, ©
the sandwich systems with backlash) P = 1, Az < 0.
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Fig.1 The structure of the sandwich systems with backlash

2.1 =WHB RGN KR (The models of

the linear subsystems)
WRIS SN T R G L) KB U PR TR T &
A
xi1(k+1) = A1z (k) + Briu(k), (D
y1(k) = Crz1(k), (2)
M EsREMET R L KRS TTHEA
xo(k + 1) = Agoxo(k) + Bagv(k), 3)
ya(k) = Coza(k), 4)
Hr: 2, e Rvxl Ay eRYWXni ) By e RWXL gy, €
R>L ¢y e R e R peRYXL 4=1,2; 2y,
RN LR RERR, 090,88 Ly 1T 51
MREL R, Ay e R MONERHRE, B € R
RANNFERE, y; € RVUGHIH, n RNt
I HPRSZB B4R v ¢ RSN, ve RIX!
O R B A o HH AR . AN R — ik, AN 4 €,
XFT Ly R, 2 21, (k) = 2(k); X T Lo KU, 2
Ton, (k) = y(k). HEEBIRGER G u(k) My (k) AT,
2.2 =B FR G 1A B8 43 BB &Y (The model of
the backlash)
AR TR [2—41 AT LAAG 240 18] BAs Ay
w(k): FIBERAF .
o(k): TAIBRIRTS IS
5E A BR AR P AR B m (k) A
m(k) = my + (mg — my)p(k), 5)
H: Az(k) = a(k) —z(k — 1), p(k) T ABIY)

MRIE RSB AR OCR, E X AR R v, (k) A

vi(k) = m(k)(z(k) — Digi(k) + Daga(k)), (7)
s (k—1)
(k) = 1, z(k)> - +Dy & Ax(k)>0,
0, HA
il .
v(k—1
ook = 1, z(k) < —Dy & Az(k) <0,
0, HA
MRIEB B AR AR R, 7S 2
v(k) =

vi(k) + [v(k — 1) — vi(k)]gs(k) =
(1 —gs(k))or(k) + gs(k)v(k = 1), (8)

)1, g91(k) + g2(k) =0 a\
Hrhgs(k) = 0. 01 (k) + ga(h) = h V) ¥k bR 3

B33 (8] BRE M X A2 I:ZIEHB'J’QJ?%

MA@ AT LLE i, Hgs(k) = 1, R TAEFE
WIZX, v(k) = v(k — 1); Hgs(k) = OB, RAETAE
FELRMEX, v(k) = v (k).
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v(k) =

(1 — gs(k))vi(k) + gs(k)v(k — 1) =

(1 — g3(k))(m(k)z(k) — m(k)D1g1 (k) +

m(k)D2ga(k)) + g3(k)v(k — 1) =

(1 = g3(k))m(k)z(k) —

(1 = g3(k))m(k)D1g1 (k) +

(1 — g3(k))m(k)D2g2(k) + gs(k)v(k —1). (9)
WAL BB (k) = 210, (k). FEEXORAN
XEG), WE

xo(k+1)

Agowa(k) + Baal(1 — g3(k))m

(1 — g3(k))m(k)D1g1(k) +

(1 = gs(k))m(k)D2ga(k))] +

Baogs(k)v (k —-1). (10)
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(State space model of the sandwich systems
with backlash)
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%6 JEIRELSAE:: T U 2R s TR B =
( 2131(]45-}-1) o A11 0 :Bl(k‘)
$2(l€+1) Agl(k) A22 :122(143)
B 0 (11)
u(k)+ ,
o | "% 922(k)]
y(k) = Cx(k).

ARG 5r N3ATAEX, 4 HIFR1, 2, 3K, BAR4r X a0
T:

1, i, (k) > ”(’jn_ Y 4 Dy & Ay, (k) >0,
i—{ 2, 3thn, 1

3, x1n, (k) < U(k;n;l)—DQ & Az, (k) <0,
Hrp:

Ao (k) = [B1 Ba(K)], B = 0 € Rm2x(m2=D),

Boomy, i =1,
B2(k) =< 0, 1= 2,

Baama, i = 3,

Rl
B2(k) = Baa(1 — ga(k))m(k) € R"2*1,
—ngmlDl, 1= 1,
922(]43) == BQQU(k} — 1), = 2,
Bagma Dy, i =3,
Epgzg(k‘) = —ng(l — gg(kz))m(k:)Dlgl(k) + (1 -
93(k))m(k)Daga (k) + g3(k)v(k — 1) € R"2*1.
HL
. A11 0 . Bll
Alk) = Agi (k) Az 1o |’
0 o
n(k) - [922(1(5)] y L= 1>2737

WA DS BB, n3(12):
x(k+1) = A(k)x(k) + Bu(k) +n(k), (12)

A(k) R AR AR X 18] i 3 A% 40 B, A2 a0 A\ RE FE,

n(k) a2 TR BRAAE T = A D) ) &

3 A= RS B R TR 2%
# 7" (Robust fault detection observer design
for sandwich system with backlash)

RAE B 1 R T IR =R RS A,

7 R R AR AL GR 2 I 2 AM T PR 7 S ARG

B=ER ARG 13) PR

x(k+1)=

A(k)x(k) + Bu(k) +n(k)+
Bad(k) + B f (k),

y(k) = Cx(k) + Dad(k) + Dt f(k),

13)

d(k) € R™UATFH i E(RFEHEERZE, S8R
FHIFEFE), By € R 4T N5 FECE v 2 &
ANFIHBWATEHRER SN EFIREEE),
Dq € RY7 4 F- ki i 56 FE (e e TP an ] 5 m
RGN EFBHREEZE), f(k) € RN KRR
B(RFEPAT A R AL RIS %), By € R N
M NFERE, Dy € RV Sy stan i 5 R, Hop:

Bd: [Ian E1 E2 Eq] GRnXT,

d(k) =

[AAjx + ABu  dy da,---,d, [T € R
N———

model uncertainty

Dd c RlXT"
f(k) =
By = [B 0] € R"*2,
Dy = [0 1] € R*2,

K an B2 R shA &L 2%, AATE fE =1
ARSI AR AN 2t RS 2
YD), R, = BIVa RS R AR A IR e
YR IX ) P S 8k — N LU B ER Y, PR s B HE X ]
RIS HE B, X T A BR = VA R 4e, SR A5
LGB R R 1. B, a0

Zl(k‘ + 1) = Klzl(k‘) + Kz’l“(k‘),
’U(k + 1) = ngl(k‘ + 1) =+ K47“(k + 1),

&(k + 1) = Az(k) + Bu(k) + v(k),
y(k+1) = Ca(k+1),
A11 0

Hodr: 4= , A N Ly W) &R B0 B,
Aoy Ao

Aoy N Ly MIREGERE, Aoy ARG TAEFEFEMEX [H]
I FERIERE. BRER (k) =y (k) — g(k), 21(k) €
R™ R 7 RGURSZ &, 7] URYE 75 2 & e 1

external disturbances

[factuator fsensor] T S R2 x1 )

(14)

PR, v(k) € RIS RIRFR T 5.
dk) fik) 1 R 2 F S 5t :
(010 i AT M) i
u(k) L y(k) pObIES 17(k)
R (Rif 3 8 :
i | uk) i
L ]
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Fig. 2 Structure of the dynamic robust observer
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MY B RERIEX(16):

(&(k+1)
_Zl(k‘ + 1) B
(A — KiC K3 [#(k) N
i —KQC Kl Zl(/{) (15)
B K,
BECEFEC
y(k+1) = Ca(k + 1).
N | e(k+ 1)
HPE(k+1) = Akt 1) , E
(k1) =
A] — K4C — Kg
K\C K, §(k)+
B*q- — K4Dg- | ., By — K4Ds
P, ] a7 ] F8),
e(k) = [Inxn Onxm] §(k) 4+ Def(k),

(16)

AV ZRIN R GE TARAE B DX TR IS 0 S5 28R
THEWHT XTI Ed (k), T X8R
M B*g, LR SRS AR RE Dy - 1) 5E . 7EFFSR
BrEx, thE REVIHEPRSZERVIMGE S HEE
H T BEAFAE R 22, [R) I P 0 _EA R AN e e AN T3
(R, 38 RO 2% B S TAEIX 8] 5 R 4% TAEIX
A — 2, BT X P A —B0E B U1k =8
AA(k)z(k)+An, AAi(k)=A(k)—A;, An=n(k)
— 0. VIR Z W LEAE R B T84k X A 5
ARG SEBr TAEX [AIAS—SBU & B, Br BART BLAh
P T, Rl HGE — S BT, X
A THRZE S RN TIIHE SI R T
AA(k)x(k) + An =
(A(k) — Az + n(k) =
( A 0 A1 O
Ag1(k) Ag Ag11 As

1(/€)

332

) +

0 ]
Oa0(k) |

[ 0 ] _
O22(k)
AAQ +922(k ]

FER 1T %?IETJBJ? W6 R AR RS T RE I
BHE

Agi(k) = [B1 Ba(k)] € R™2*™M,
ﬂl — 0 e RngX(n1—1)7

0 0
Aoi(k) — A1 O

Ba(k) = Bas(1 — g3(k))m(k) € R"2*%

Ay1=[B1 Ba] € R™* ™M, By =BpnC) € R™*!,
H ORI G = R R AR AL
RS I R EL B R . 352y = (1—g3(k))m(k) —
C e RV, A

AAy(k) = Ag1(k) — Ay =
(51 Ba(k)] — [B1 Ba1] = [0 Ba(k) — Bar] =
[0 Bogtp] € R™XM,
FRAAR)RNTRA
AA(K) @ (k) =
[0 Byotp)xy (k) = Bagtpzy,, € R"™2*L
]

O22(k) = —Ba2(1 — g3(k))m(k)D1g1 (k) + (1 —
93(k))m(k)D2ga (k) + g3(k)v(k — 1),
=Y

¢ = —(1—gs(k))m(k)D1g1(k) +
(1 — g3(k))m(k)D2ga(k) +
g3(k)v(k —1) € RW*
JUEE)
022(k) = Boagp € R™*1;
=Y
Ad=

eR™L 5, =1px1,, (k)+¢ € R,

22
JlES]
AA(R)a(k) + An =
- . )
1(k) + O2(k) |
O JE—
_3221/1901n1(k) + Boo|
[0
By (Y10, (k) + @)
AT AR R LTI RERY )
i, 5 By Md(k) e, HAt A2zl H2
Hin—/ N TR ZET ERY B TIIAIG,. &
SCHE A [E) B = B YA B AR I A E T, A R
B ECRTCTR H A Ge e Wl 28 i v sk g e
HeIE = BHVE R G4 W 8 e vt 1a) AR B AT RE, A
TG HifE R T JE N = I8 RG0S #e T TR
WA VT A B ) L AR T Wb A R E 2 18
X HICIHT STE. AR BT AN RERY &
FIREK T

| AA(k)z

= AdS, € R™1
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model uncertainty

d'(k) = [AR)z + ABy by

model uncertainty

Hr: A0 = 0
22
RTINS, o, € RO BoRdi TR
Z 5 [ EHIAREI TP
R0 EREGHAN
2(k +1) = Az(k) + Bj.d* (k) + By f (k).
{’“(’f> = Cx(k) + Dg-d*(k) + D f (k)

€ RV RN A AG iR 25

A7

z1(k) K>C K
é - [C O], Dd* = Dd*7 Df = Df.
AR A7), HERAT Z 2805 d* (k) 0 f(k)
Blr (k) A& 18 R EERE A
r(2)=Ga (A, Kq)d*(2) + G (A, Kq) f(2).
(18)
(18 A L, FREMY G HER L 59 )
ST R, B eI ES K B e i e R
B RIS I 2538 25 RBFE PR Ky = (K Ko
Ky Ky, 815 5% 2= X7 T H A 508 %o i B 80 k.
d* (k) Br (k) AL R EGEREG g (A, Kq)TTER N
Ga(A, Kq) =

i(k‘):[e(k)],;l: Al—K4C —Kg]’

r(2) Al 15 =
d*(z) —C(IZ A) Bd*—}—Dd*,

FUk) Bl (k) ML S BB G (A, Ka) TR A

Cirn(A, ) = ;i; _ (I — Ay By + Dy

(19)

(20)
BRI GH BRI 75 E AL AR
1) WM RAE 1, ZRIB R EFE B
FEFE AR AL E A A I Y, B
A — KyC — K3
KyC K ]

IRFEAEAE BRI A
2) BHEVEESKR, e AT M RRRI R AT

switching error

Ey By --- E,] e R0+,

external disturbances

dl dQ dq ]TGR(T+1)><1

)

switching error  external disturbances

z=el¥
w € [0,2m7),
H—,F = ma,X( mln ||éfr(1&7 Kd? Z)HF’
z=el¥

w € [0,2m),

(21)
Hrp: || - ||p R HFER) Frobenius o2, HT5ERER
Frobenius i % 5 [n] & i 2 78 $0AH 2%, B LR A
Frobenius i £ 5 % F 5 FE295 20CEL A A0 R 19 380R,
{H 2 Frobeniusyu B 1 TH 2L LR RE2 TR R HLAR 22,
TRV, X S R W] AR AR A 7R
RN, ERY ) LRIk 21415 s B FE )
Frobenius{u 20 /)N, T R 2155 22 15 136 BR £k B
Frobenius{t 80 K, LA 55z KPR 2 A il F-Puxs il
T3 22 10 5% 1 T 38 K R 0 ik 22 B 2 ). 53 4h, X
BAE—MEE, ISR AES.
AT Ay A 5 P e TR 2 B R A ) SR i A
2% 2 W e (CEL AR WA o 50 0L 07 481 ) SR i, 4t
T R HIMR LA E. b T i E =TT
BRZ IR, K % SUE B 715X 32 il 4555 3
W BT, A, BETIARTREFT RNE
SCARYESCER [STRT AN, X RFEMZF AW T E X, 1
REGH
x(k+1) = Ax(k) + Bu(k),
y(k) = Cx(k) + Duk),
Hrip: zeR™, weR™¥, y e R*Y A B,C, DR
BN RO SRR, %
rank(B) = r, rank(C) = [.

A ZRGEQ2) A (k) B H y (k) 1 15 R HUE
KA RARE GG Z, 8 SO 2 W &R
e e
rank[P(z)] =
z2I-A —B
C D

WRr = 1, WA RAZRE G SCVRFEZ T

(22)

rank < min(r,l) +n. (23)
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Z = det(P(z)) (24)

Xt A ER(14), R A E=F e X, T30
d* (k) BB ZEr (k) ORI T 460 - B
4 rank Py« (z) < min(1,r 4 2) 4+ n + m,

zI— A1+ K4C K3 — Bg* + K4 Dg+
—KsC 2l — K4 — K5Dg~
C 0 Dy~
(25)
HERQSHBA
rank Py« (z) =
2zl — A — Bd*
rank ~ =
C 0
-ZI — A+ K,C —K3 —B*g —|—K4Dd*_

r —KQC 2zl — Kl —KQDd* =
i C 0 Dy~ |
(2] — A+ K, O —K3  —B g +K4Dg- |

T 0 zI — K4 0 =
i C 0 0 |
(2] — A\ +K,C —K3 —B*q-+K4Dg- |

r C 0 0 =
i 0 2zl — K4 0
_ZI — A+ K,C —B*g«+K4Dg« —K3

r C 0 0

0 0 zl — K7 |
(26)

HZQ6) T4, WL | 2] — K| = OO AR
FHhd* (k) BIFRZr (k) HIZ S LA, Bk, v LUEE

VSR n T AT TR

SCHR[6-719 5 F = s AE T T U003 defkis
REME SR SMARSEESNIREES, AR
(R132 B 3 A 6 B 5P 22 A BELIBT T AN . << A8
Bl . T4 S I T e A% 328 bR BRI AR A T A
B BB PR (1 2 A A X e JS IR AP 5 T30
BNHIN s A, 828k e S5 K PR B S Pt ik
ZEHIR M.

FHTMHEEIRR  w; (i =1,2,--- ,h), hRAT
PhEBITR L, KA AT, S T30 AR s A
2z = @D BT LS N FR) 2 A 2% IF 40 B Y %
Kz = e Wi SCER[6-T1H 48 H, o F B N B
i RS (SISO), MIAWIE LT RS JFE AR,
R L ST RN iy AT A R . % B

RIS ARG W R X TR SE(13), &
BB ORI A IR, IF B #2(14) 72
FesE I, FE—MRUE BPRAE T, T IR R =2 400 Y
PR TR, B1Qq € 0. ATDEE B : X T8
S T RS, THed (k) IR wy S RGREH
A2, R AT LA A e 22 (K) OB T AR R
SR, DRI, S8 It R YT A UL A% A A
ZEBEAT P 20T L REAS 2 TR A0 AR
BESRAFHE S M

K, 0 - 0
0 K, -
K1 = . . = diag{kz'i},
0 0 --- K,
K cos(w;T) — sin(w;T)
©sin(wiT)  cos(wiT) |’
i=1,2,--- h.

L, ZhASVLI SIS 1 MG SR AR e A e T, 8
F TP = B0, 7 IRAE SCRR [8]1 b
FH, (E3CHR [8] 3 B4 W IS et R Lt R GUdAT
PR TR

R W28 AN E B 2 B R R R =X Tk
ANBURK, T3 — NEBEATS &5k = 0 R U, A4
S JUAN Y 25 5 B 32 B SR SEILIX AN Th g AR
QUFIXT A e HEK, ] LAE R 27) s
(LT FRARAY. 1o B, 8 AR 2 A A 1) A0 T DL A5 235 2
AT A B A 3418 2 R AR P

min H , 27

st MA) < 1,
E*wﬁwp%ﬁﬁ%ﬁpw®%%HMﬁﬁmﬁ
wE

4 {FEMFF(Simulation)
(z(k+1) = Ayx(k) + Bu(k) +m(k)+
Bad(k) + B fi(k),
xlg(k:) > U(k: - 1) +0.04 & Axlg(k) > 0,
x(k +1) = Asx(k) + Bu(k) + n2(k) +
Bad(k) + Bt fi(k),
x(k+1) = Azx(k) + Bu(k) + n3(k)+
Bad(k) + Befi(k),
x12(k) <v(k—1) —0.04 & Ax12(k) < 0,
y(k) = Ca(k) + Dad(k) + Dy fi(k),

(28)
Hr:
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08 0 0 0 Dq =100 1], Dy =10 1].
Ay = Ay = |01 045 00 BB A MR
8 0(‘)2 8:; 099 A0] [-0050 0 0
Aq_ |82 _| 0 0 0 0
0.8 0 0 0 Ad, 0 0 —0050][’
Ay = 01 045 0 O 7 | A, | 0 0 0 0
0 0 08 0 Ay
0 0 02009 Ab
0.4 0 AB = Abz =0,
b= 8 = 0901 ! \ ‘.NM' o
0 ; FrEA) SCTPRAE R A ) 24
1000 0 04 0 0
0 0 Bi_|0100 0 0 0 0
1y = 0 . 171001002 0 025 0]’
0.250(k — 1) 0.01 0001 0 0 0 0
! / [ Ad1z+Abyu ]
¢=[poo1. Adz+ Abyu
u(k) = 6sin(6Tk), REEFMAT = 0.01s, fHEMK Adsx+ Absu
A20s. HPa(k) = [211 212 221 222] 7. AR — K .| Aduz+Absu .
Ve BERANFRAW FAE S A (k) Akl T » D3=[00000001]
IESETFHR, dao (k) R EB2AN IR TR AN TR (1 dy
BAMNT ), ds (k)0 e s o BB 7R dy
+0.01H1—0.01 2[RI AL 345 73 A B B BU BN LP 1, ds
H 1R (RA): - -
fi(k) = [fu(k) fa(k)]" = ; ;
HoAth, 4. 1o Lo l: y

[0 0]
(0.3 0] 400 < k < 600,
[0 —0.4]T, 1200 < k < 1400.
2R (AR
Fa(k) = [far (k) faa(k)]" =

0T, Hifit,
003(k —200) 0], 200 < k < 400,

[0

[0.

[0.6 0]T,

[—0.003(k — 600) 0]T,
[—0.002(k — 1000) 0]T,
[0 —0.4],

[0 0.002(k — 1400)]T,

400 < k < 600,
600 < k < 800,
1000 < k < 1200,
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model uncertainty and disturbance
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T 28 59 R A R Ky 13.75%, 0 R R R AT R K
9.74%; %t T EE2R A A W, hAE He LI 2%
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5 45 (Conclusions)
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