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On asymptotic property of multivariant optimization algorithm
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(1. School of Information Engineering, Yunnan University, Kunming Yunnan 650091, China;
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Abstract: We propose a meta-heuristic intelligent optimization algorithm named as multivariant optimization algorithm,
in which intelligent searchers have specific and defined roles in cooperation. To obtain the global optimal solution gradually,
we search the solution space through alternate iterations of global exploration and local exploitation. According to different
responsibilities, the searchers (atoms) can be divided into two kinds: the global atoms and the local ones. The global atoms
explore the whole solution space to locate the potential areas rapidly. The local atoms exploit each potential area to improve
the quality of the solution found by the global atom. The algorithm has two characters: on the one hand, the search strategy
with clear division of responsibilities eliminates the need of balancing global exploration and local exploitation, which helps
the global exploration to escape from local traps while ensuring the local exploitation. On the other hand, the alternate
iterations of global exploration and local exploitation guarantee the asymptotic behavior of algorithm. The asymptotic
property of multivariant optimization algorithm is proved theoretically. Extensive comparisons with some outstanding
evolutionary algorithms are carried out based on eight complex multi-modal benchmark functions. Results show that this
multivariant optimization algorithm is superior to the compared algorithms in asymptotic property.
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tion; evolutionary algorithms; optimization

1 5|5 (Introduction)

Ja R AR B LA R DAL B A 13 5, WL SO
PR N FH AE B A2 BRI TG 2 A J ) 8% 56 S e i) 78
rp =21 1 rofs S (% BY SRS 1 35t 4% 5770 (genetic algo-
rithm with one elitist, EGA)B!, [H & IV 15 1 A 1) ki
F B AL B (particle swarm optimization algorithm
with inertia weight, PSO-w) #1483 Ay 2% 28 #i AT 24
BT, AR SEBR LA ) B 38 N BE T A A 2 R %
WS Py 151, TRy 5 5 B N Sl e DR A 7 sl 4 161
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PLAL T2 (comprehensive learning particle swarm opti-
mizer, CLPSO) VR BiTAR 1 3 0 5 LA JEL B0 ki
T IR E. CLPSOSEE R, Ki-1 HIAS [F) 4 B2 i) AN[F] )
R 20, 2SR Nt T4 RfE Rae A B TRkt R
Pl g 0. Yang 0 #5%2 $72 th oK 0 3¢ K U 5 i(firefly
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TI5EANT1 B2 BOE LGS AT BE B % L. 2
K L R K A 2 T AS IR AN R T FOAR T A
1, XM TR R, W T T AAE 2 A A g
SRR R R, BRI L BRI A LAk Il
RPN T RAFIPERE, (R BATTET S N R g
HH R B i Je A 2 e )8 G BN R B B DA 22
AIETPAERA R FR A0 1% 2R 00 S A R AMAAE 2 I 2 T
Pz MAEL. i TP R MR T A 3 80
(1) 4 JR FR JR A 2R B AH HL 12 . IX ARk T B
A R AN R AR R A BRI L (R 45 .

h T IR s A SR A RS R R . AR SCER T
— 2 O RS LI PRI AEEE RS R
BRI, B TR MECT) D TAR ARG Z T
Y 1L, BRI A S i S i 44 O 2 el Sk
(multivariant optimization algorithm, MOA). ZEAN ¢
SR, 2RI T m UG B ALl
HEA% 1 PR 20 T i s TR A T 48 28 DAIELAT 4 =) B A il
R ITHL Iy TR AT Loy O 4 Jry 3% R oM ) 4%
S I OILIEL & v Cianl LI b I RE Y5 Wi p e oY B
AT R IR R IR X I AT 012, R 2R 0
PR A AR DI N BEAT R 5 45 2R AR B0 R X A
R SRR R A 48 2 o M 5 4 2 5 1l v 28 1A A5 B O
16 AL DI T T AE.

ARICHE2HN AT Z A L KL IR 33
AR EE ETE AT T B UE . B4
JNSI I M I, B 34 30 1 8 R B DL A 30 s 5 P A
JITHHCEL T 2 Je A 32, R D OR B SRS PRI AL SR,
) 3 RS R (KPR REAR AR B, AT 27 ST RL TR
PEACTE, K HURR I PERE. Se30 25 R 2 et
WEEARHE T T T Hodt ) LA 2 5 BER IR 3.
2 % ot b 8 ¥k (Multivariant optimization

algorithm)

2.1  Z oA EERSEE (Implementation of mul-
tivariant optimization algorithm)

Z U SVE T R AT (42 Jal— R PR RO S
(AT IEAIR SO P IE T 4y e DO AEIAARL R
i, 2O AR R AN iy 44 oG (atom), HAT

PTANIE, 70 IR 2 oA sl 2 RIEST T L
gy N2 R JC M RIR TG, 4R Te ot R R R, SRt
TDT R ITA.

42JRTCG MR () FERE MR RS [ B LA A

{Ga:[hl"‘hd]y 0

h; = unifrnd(min;, max;),
20 dE ) Y 4E s ming Flmax; 23 5 b fif 4 [A)
e T Jm A EJm; unifrnd (ming, max; ) R £ [H]
— AN Ay A AEming fmax, Z A I BEHLEL. HBEAL

Hehi(i =1, )B4 Rkt — bR 5, H
g a] AR AR O BER AR 55 KT, R4 )R
JLHAT @R RNAES). W LUE I, @ Rc i
BEFIR(GA)MPSOSLLH R REIIAT AR LAR L, #572E
FEREAF S [ P BB A A RS R R A
[7] PR 2 4 Sy G U RE 1) — 70 HAE R GEA R A2
Jil, ARG, 4 Ja R i R UK. M k4 A
JUI A SRR R B LN 55 R AR Z O, AN Bl
R 2 FEPE R IR T SS. [FIIN, 2 oSk
G JR P AR g DAy B G e N R S A (IO AR 1 £ ) B B
W — AR 4R CAERRIE AR AR REA T 42 R
R, AT SRS VAR R R AR 5 4 14T
FRRA RIS, 42 SR e ORI BAr TR ) X I
BEATICAZ, T HE ) SR iR DRUE A I o RIS AN
HATTF R 1 X TR JT AR AT R AL, 2 Jmion—
FURBLEE P S A5 S DAk, S R LA T Jay 0T
K, BN LR HARIE T Jai &l T RA LA A7 95 7 1)
IR HEAT.

BB NN T IV P EDBRAT 1) 4 R T T AE A DX,
A7l e & B MUk, AL T A ), a7
RLRE IR SR 2. 4 JR R R (A H (e A e 2 [ 2
AP RET AT SN 22 A HA TT R ) A T8 VS
B ¥4 JRy OB Dy AT I R 7 1) X oot il s
FEESHITRIN A2y .

JRERTCARE 22 S E LA RL G A Hilvr J 242
(1 Je P AT N BT A B2, SRR 2 BAT T A 71X 35
YR,

L.=G.+rx|[ly - 14, (2)

LAl =1,- - d)R—121Z M5 A BEAL
H. T, L 1% R 0 A P R S AR R 3 AH 4 HL
KT GG AN ZX N 1) U, WL 0T
G IR T, R R B R — T T $k31%
Jr IS DX 3 A 4 SRy e SEATE R A O A 4 SR e A A o
(R LA DR I PO S ) SR AT Sy — T Tk 1
T I AN (7] J 08 0 40T AN (7] J 8 DX sl e 748 2R 1 Tk
RIS T G AR RAFAE 2 A Jmy S B DU 2 8] 5% i 1T G
RTS8 koo 5 Py s R o s A,
WA TCHE A D A5 BN R B R AR B ok,
JRES T T DI 4 SR T, W2 R ok i R4 5
TCAE KT BV A DX Sl adE N2 SRR

SRIE TN IR 1 b = A B g R A e Jont 17
SAF BRI B 2 o R oo TAHE
XS [ AT 4 SRR R AN SR T %

SRR — N2 R P RER R AN R P aE R
R p. BT, noly 2 R R A RE, BN JR il i R AL
Hn —i+ 1.
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Fig. 1 Structure table of multivariant optimization algorithm

SRR PR EER SR AL Y R Tl M AL
FM P AR R OAE B FER. AR PR
I 2 70 PR T VL {422 T T PS8 AT 3] e R A
101108 B T o o v S DV A K TV S B VA D
P BASI Y Rl 2, FC R B R At %, I
JRIFB X I AR ZORE RE sy . 42 R IE R0 42 JR T )
PRSI A JRpIPHE R X AR R 12, SR 3L
BEAS o AT PP SRR MR Al 2 ) e PR 3 T {1 4 JH I T
FE BB R RN E 5% R EC. SRR EER £
DT SR B X S A g LS RS2 S SR T
CH+IBER K SEILLL AN IR« HF P B E R TR 40
iR Al A SRR [10].
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B RER
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Fig. 2 Program flow of multivariant optimization algorithm

FH 2 0] 0, Svdam st DL 64 20 SR SN A 2% 1]
g ER:

BB WEBIOET AR T Em, iR
HBRX I P 3 BC ) SR B oo N my, SRR, SoaEAR
R BT e, 100 /80 1) 4 JEd, A 25 1) S04 1 B F 9t
min; flmax;.

B2 M), AR R AL A 4 )R
JCSEILA R R, DU PUd 2 2 A B g

DX .

HB|3 SR REER N H AP S e
L ) s A SR e AR T BB A R s Tl A A
T I o R N AR AT A 42 R s T, HLT
1 DI A B 2 1) R i 2R e, DR 4 Jry
B SRR A R G T VRO, SRS R T SRR 4
JRI TG AT I BEAEDO FHR T, 5 i UGG, 8 A 1) 4
JRTCHIRFP TN 4 JR . A 1 DR UE 42 R R G
T 8 AR, B 22 A SR O 5 3. T8 DY AL I 1
A JR TOAE by W A DX 31 oo o i S A S R AR T 4
R

KB4 AERA LA R IC R PO B E AR X Sl b
BUA AN TR0 PR Ja) 3 7 S BRAN [RDASEL P 1) Je) Es A R
A R G S R R I A SR G 1) R R
RN EOH R). 4R TR, AR 4 R 2 vh o ) S
PR R e 2 DG P A DX s A ) JR i e 2

S SURHERR. B A 1 R oG 5 Lk R HE
B 7 50 R TG 3 A, B IR SR e ke ) A% 5.
R FRTCAL T R A R4 SR T, R4
JRITCHENAR JR R A HTE E DX I Tl SR SR
TR REIZ T ) SEAG IR DX 3RS 3 9388 7 I e DA b oL
AT ORUE SRR Y RN, B I SR e 5%
Frrpplt th a5t k.

HEB6 R &g, W L W2k BEE
AT W RS ATANTE L U BIE BT U T — IR (R IEAR,
H R IEARREENIE A 1 E.
22 ZIuAE R R 24 53 B (Complexity

analysis of multivariant optimization algorithm)

PSOMGARIEIIIL 2 — i TH S ZR IS, A
SCAr T HEE T MOA S 5 PSOMGAR LT H B A%
FE. 24 JRoe B H b, 55 i ANBERR N A SR e
Hon —i+ 1, ARAGIE4ERE R D I, MOASTL—
PGB PRIV AL 1 s, 2R
RN n A D 4t JE 240 O(nD).
BNFUERAE T2 2 BEALHE VAT n A D 4E Tt
HEZRE O(nD) Fl 2n N4 R GHE B R 4T
oMY st ") 4 p
sesistritsi s aono (" by it
BRI S SR AR — i + 1N DTt 5
HEO((n — i+ 1)D)FE£Z0(n — i+ 1)2K R,

g s v (U Dy

1 e v i
6(2713 + 3n? 4+ n)). MOASE—IRIER M B2 L%

HO((n*+3n)D + %(2113 +15n2 — 5n)). M T L
MOA, GARIPSOI S i, 58 SC3FHELILIF IR/
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¥IAM = 0.5n2 + 1.5n. BFIA2M KFn?, T LAIMOA
kRN B R ERTO(MD+ (2(2M)?
+30M —5(2M)2)/6) ~ O(2M D +0.5M % +5M).

RUP RIS FI T, SRR N I M, GAFIPSO
(5 24 . VELN IMIGARIPSOE 3 5 24 B 43 #r vl LA 2
SR [11-12].

%1 MOA, GA#PSO+ A 5 22 %
Table 1 Complexity of MOA, GA and PSO

ik W RS
R E O(nD)
TR oD + 20X En=1),
2
MOA T CIRUARSOLS
2
SRR O( (n +2n)D + %(2713 + 3n?% 4 n))
BRI O(2MD +0.5M2 + 5M)
SRR R M A FER O(M?)
BARAEX O(MD)
GA B AR O(M)
ﬂ—@l MR O(MD)
B E O(2MD + M? + M)
SRR O(6MD)
B A O(MD)
PSO PR MASKET O(MD)
SEHTA SR AN I s B A 0O(2M)
B O(8MD + 2M)
HIZR T AT A0 AR/ A U, MOA, GAFL — 7 JUIRREE AT 8 B S 1
PSOREI S FE F 2 T I BN 4EFED, "eAl] I 1 £ Ie Ak BT E R R . )

) 5200 AR DRI VR 2 18U 4EJSE D 0 H AL,
LR RIS IR, S0 SRR B 2 IR Tl 1
K/, MOA, GA 1 PSO HIAI 2% B2 73 3 4 M I

1.5, 2A01 7. i RO 5 SCUSTRT 43, 224 1) it )

2R P2 LA AR R /NS TNy, MOA SRS 52 2%

PSR 5 GAFIPSOJ& T [7]— /MU 24
MOASEE 14 BE 2 Jo A AMA ) Sl R R T

THEAER A AR L, B H RN LNAE AL 08K,

MOASETE A 780 AU T 7R A Lok

SRS Bz 5 AL,

3 Z e ETE P (Asymptotic property
of multivariant optimization algorithm)
ST MR R BIE B 2 TR A S 1

WLk, g A RAR SRS S P A R AR S

Q={z*z*e S, fla*)<e}, LT f: S —>RAH

PReREL, et vl 252 (10 H x el BO(E. e/ MBI

JNBIZER 23 (8] S H 4R 21 22 20— ANl H b pd B ME
1 K.
EX 1 ENEETE. 2 ki ZIHELR 2 i

Wfd Ay, {delde = f(2}) — f(z*), 1 <k < N}H
ARSI T2 ) AR GBI R R f (2F) >
F(@*)I, AFAE— A 1 S, (5 E(dyy 1) <BE(dy)

T2 e A E I AR ) AR A BE R LS R dy |d, =
flag) = f(x*), 1 < k < N}, A f(xg) > fla*)i,
AAAE— M EHT, 3 E(dky1) < E(dg) — 7.

1SR IR A AT TR W VNI IKHIS
SE AR FITHE N B IR @K, BTRAP(f (fy,) —
f(x}) > 0) = 0. X T2 o4 Ja Al e i
TG A A% 2R 5 18] B BLAE %L f () > f(2*), W
P(f(zf, ) = f(z})) # L. B 8 W 5P(f (2, ) —
F(zk) < 0) >0,

RE(f(r5,,) — f(@5) = —Thp1. WA 711 >0,
|

E(dk1 — dy) =

E((f ($k+1) f(z*)) —

E(f(@fy1) — f(2})) =
BE(drk41) = E(dk) = Th+1-
A7 =min{ry, -, 71 UE(dir1) < E(dy)—7

SEEAHIE.  FEE.

EX 2 AT e, 2 kIR HEAR S
(2 4 R B AR B A Ay g W TR k2
A R 5 4 R B U R B R B B Dy, = |, —

(f (%)

—Tk+1-

- f(&")) =

| AR AR A BEN L RE{ Dy, 1 < kB < N} 2R
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Ha) # I, fALEIE e, {VEEE(DkH) E(Dy)— 3) YangStandingWave!!”],
e MBS LA A LR L
EE2 EMuEAAARRARL ) =e —2 H cos” zi.

V. ) MK 2 2 Jo Ak Vs el il 1) 5 4 R B
DefE i s s . 22 JeA SRR I AL i) R A1 Bt
MU FE{ Dk, 1 < k < N}, Ha), # a*B, fF4E— 4
IEHHe, A3E(Dyq1) < E(Dy) —e.

WE X TR 2SR I M IS RS Sk, 230
AR AR s 5 g 5 AR OB R S, IR EE +
LN ZHE 2R IC V) i ARG Sk = Sk US . BRI
GO T E N B B DL ARAN— 4 SR e DA B
1, AR Z o R R gl sk TR T
15 5L BT LAV In) st ik 20 4 ) B AR 1 e e B s AN T
REI N RIP(Dgy1 — Dy, > 0) = 0. Mz, # a* B, 7F
Hok + LRI RT, 2R RICUMEE ) 2 L), B
A JR) TG I R, JR s AN 07 ) 1) 8 — SR
Jpe 0 At B4 S d D0 A S AT ) i, DR P (D —
Dy =0) # 1,P(Dpy1— Dy, <0)>0. E(Dpy1—
Dy)=—¢ky1, D ilFery1>0. WE(Dg 1) =E(Dy)—
€rt1, De=min{ey, - ,e1}, WE(Dyy1) <E(Dy)
— e, EHHIE. ==
4  B{E i B (Numerical experiments)

4.1 FrUENA R E (Benchmark functions)

A NS T SCR LR T8 HAT 2k K
B P 1) — 48 52 2k o 250 HH DA RS M AR (R e
P, R I G R B FEAIR, R R B Re AL B
R D AN R B U T JCIE R B S ek 24 R

S LA A-18T IR I 2 R B L 46— 1 B A ok
BT 7k, A T BAy DL(dB) A B LU & AN Tk
(R 1, A SN 20 I BR £ i T — A% 1
LA 0. ISR A X T

1) Michalewicz!'4l.

d i X x?
f1(X) = > (sin( £))20 sin x; + 1.81.
i=1

RN K, €]0,5], 22€(0,5], 2w fifte, =
2.2, o = 1.57.

2) Langermann!!d],

5 .
fo(z,y) = — > ¢;-cos(zm) - e~ = +5.163,
i=1

zi=(z—a;)® + (y = b)*,

a=1[3,52,1,7],

b = [5727 174? 9]’

c=11,2,5,2,3].
R M Az el0,10], ye[0,10]. 2 Jamiithaz=

2, y=1.

R Ny € [-20,20], 22 € [—20, 20]. A R
'ﬁtﬁgjl‘]%l = 0, To = 0.

4) Damavandi'o.

sin [7(z1 — 2)] sin [7(x2 — 2)]
f3(X) = (21 — 2) (29 — 2) °]x
(24 (21 —7)2 + (22 — 7)) + 1.

R0 Ny € [0,14], zo € [0, 14]. 4= R H AL fiRt
Nzy =2, 29 = 2.

PRIELS)-8) e SCHR [18] St BT L A i 2 e 2
Z% M3 & 2. Suganthan#y #% 78 AN A 3 Tihttp://
www. ntu.edu.sg/home/EPNSugan/ [ $2fit T iX L pg
HO AR K JL P AL B TR AT HE R A B8 4 )= B ft
fif IS AL KA R AEE R N € [-5,5] (i
=1,---,10), HZMEAAO.

-]

5) CFl.

cf1— cf1o: Sphere Function.

(61 -+ 610) = [1 --- 1],

[Ad1 -+ A1) =[0.05 --- 0.05].
é)%ﬁ‘?iﬁnﬁﬁ. z1 = —1.9402, 2o = —3.7831.

6) CF3.

cf1— cfio: Griewank’s Function.

61 -+ 810l =[1 -+~ 1],

A - Ag] =1 -+ 1].
& ettt x = 1.0600, z9 = —3.7617.

7) CF4.

cf1— cfa: Ackley’s Function,
cf3— cf4: Rastrigin’s Function,
cfs— cfg: Weierstrass Function,
cfr— cfs: Griewank’s Function,

¢fo— cf10: Sphere Function.

[51 . 510]—[ 1]’

A1 - As] = [5/325/32 11 10],

A6 - Aro] = [100.05 0.05 0.05 0.05].
SRRz = 3.3253, xo = —1.2835.

8) CF5.

cf1— cfo: Rastrigin’s Function,
cfs— cfy: Weierstrass Function,
cfs— cfe: Griewank’s Function,
cfr— cfs: Ackley’s Function,
cfo— cf10: Sphere Function.
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01, ,610] = [1,---,1],
A1, , As] = [1/5,1/5,10,10,0.05],
A6, -+, A10] = [0.05,5/32,5/32,0.05,0.05].
A SRR 11 = 1.5953, 22 = 2.6440.
4.2 kS B ¥ B (Parameter settings for algori-
thms)

h T GE vt o BT () 5005 2 B S Rl
AN TRV B A e, AR SO0 AN DI ek £ gk AT T
100X AL, T fi 2 5 LB S A B O i
H LA AH R R /N  SEARIRECRI) G Tl s ol
HER/INA20, S RIEARIRECH 200, VIARRE AL A1 4
ANt [ R 81 S SRAE AR R AR SCSER S A1k XA
1.6 GHz CPU, 2 GB A 17 1/ N 2B i A v fisi LA ]
MATLAB 7.8 (The Mathworks, Inc., Natick, MA,
USA)ZifESEHLT).

Z BB LU SOk e e s iz
Hanr:

o KoL OR B SRR (1) A% Sk AR UGE MR T
1% (generation gap) A0.8; LAEEHEI 1) 77 V06T 4L €4
PATEAT 164 J8)5) A8 SORIBR. R AR S PR MR i) e B
40.2410.01 81,

o FEE AR AR IR A A SR AL
i it A 1 AR 1) 0 AN 1.4 4% B Hos 983005,
TN K B ey o B141.4944514),

o AIHE DR BE LA B B A 1%
ARUE IR 11 AN0.94% AR H J 0.4 Inid H Hc
h1.49445; 7 H]l% (refreshing gap) 7181,

o K RUENE: BRI Tah0.2; W51 1%
By M1, SERERI S H iy hy 1190,

« ZIuACEE: SRR =B 45 H; BB
5543 2R 55 HERGER BE e B4 UG IR, /e 356
—ANHERRARIR N 5; 42 R AR R T A B A R AT
A8 JRIFBAR R T /N B ORI HERR A B AH
& RIS R AR 0.1,

43 % 5148 (Results and discussion)
43.1 5B &% X 5 ¥ £ (Radius of local search
area)

rOE T JRIAE R TG, rid KIGVE R IE T
FEIE, SR i /N — AN E SR E, 55— J7
WAK T Jr B ool B S i 22k R s D e
h T WF9E 2 SRR SR 5 0 2 B AN R IR RS
PEALTERER 2, A SCHET-CF1, CF3, CF4 5 CF5%%
A~ AT Bk P PR 00X o 220 | B s ) L S
JE1110.01, 0.05, 0.1, 0.15, 0.2f5VE A (EEAT T IR,
X FAREAr AR AT T 200 BEALIR. FI3JER T

AN RN 20 0 TR R )1 B3 1 B R RS A G
Azt k.

60 ’\_;\4_ T T
m - \+\+\
8 40 R .,\+\
o 201 M********** i
= L TR Xy e K
2 0 ®~@ O‘}R—o et '*"X-x_—x
;g\ 20F *i‘@oooeeo@e
B 40t R ok S SN
,60 1 1 1 X
0 20 40 60 80 100
IEARIKEL
(a) CF1
2 60 —\g\%
'*_.
ﬁ 50+ $@x;§€$% 1
2 0l FFR90 00000900
! N e \*M‘,;
= 30 X
B i XX x|
20 1 1 1 1
0 20 40 60 80 100
ERIREL
(b) CF3
70
@ '\
2 W
o 60 &
Lﬁ:z( e %
5 PRE RS T
2 | CearteRrrerrraas
5 oo@_ THH++++y
N &S} é. A
- TOoos00ss
40 1 1 1 1
0 20 40 60 80 100
IEARIKEL
(c) CF4
60 v .
Z Rl S S
S L B o = o i I i
. 40 M %e-é'&%é—%@.—%: %g—_i@
= +‘+~+ o
‘*';\:( 20 - \_K .
g o '
}3\ -20 F * * 4
B i e N
40, 20 40 60 80 100
IEARIKEL
(d) CF5
-4+=-7r=0.1 -o--r=05 ... r=1
-x-r=15 -%=-r=2

3 PN A

Fig. 3 Curve of mean fitness value

HT 3 AT LA R 45

1) rHUE 5 5 0. LRI 2 B 3R A5 1) 25 S 2 8] (1 T
BTG e r = 20, JEN AR TR RRRER, 28
11745 2R J BT I PEE AL I B e L e 2 0 T 5 R
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