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Lagrangian relaxation algorithm for scheduling problems of
reentrant hybrid flow shops
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Abstract: To effectively enhance the productivity of multi-reentrant workshops, we consider the importance of inspec-
tion and repair processes to reentrant production systems where products are manufactured layer by layer; and then, propose
a scheduling method of reentrant hybrid flow shops based on Lagrangian relaxation algorithm. Firstly, a scheduling problem
domain of reentrant hybrid flow shops is described and then a mathematical programming model is built with an objective
of minimizing the total weighted completion time. A Lagrangian relaxation algorithm with relaxing machine capacity con-
straints is developed, which decomposes the relaxed problem into job-level sub-problems. Each sub-problem is solved by
a dynamic programming method with dynamic programming recursive formulas. After that, the sub-gradient algorithm is
used to solve the Lagrangian dual problem. Finally, simulation experiments in different problem scales are carried out to
analyze the proposed algorithm. Results indicate that the proposed algorithm can obtain satisfactory near-optimal solutions

within a reasonable time period.
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B/MEERSERT T A B AR, 18 T —MH 2 B
BUEHVEL-NSGAKKAFRHFS 1 7. Cho%5 14t
XTRHFS T BE ] B, $2 T 5T R 44 2= 1 ey B8 st
FEHYE. Hekmatfar%F VR BT B RHES 14 BE 17 &,
T P/ MEmakespan y H AR VR S E HIE.

BAR HIR SCHR AR 5T R SR R h RHFS 1 B ]
At RGeS, (B R —E KRR, &5, bd
SCHRAAN S R T (3 i 0 TAASL 2, T e 25 e 31 s
Fraer= i iR, B B3 —AN B R B = AR R 1R
SRR — B o5, A RERE A IE i )7 A SO ST
IRHFS L )8, MEBETEI L — R )G, BB R
AT dn R AR B FUE S, X T ME E A BTN &
FE B EN, B TR ENE R, b5 A4 e
X — BT L.

HIR, BRSO AT ek, HE A%
BRI AT E N BE ) 8 A R T AR Z IR
(X THLA AR A X — B M. TR bhhras B H AR
it (Lagrangian relaxation, LR)IXZRAEHE7E A BE KT [E]
P R 38 S s IS 1) R 1) AT A H A PR 2 DA P B0
532 9 Bk, 6 4, 7E V8 & It 7K ZE 8] (hybrid flow shop,
HFS ) i B i) /B LA K Al &5 1) @ Fh LRV B )2
FHB-TABAG SGIX L SCHR, FEANE R A EE NI FE 1) .
ARICHEH T HETIAMMLAS 68 LR LREE, MUEE
2|1 22 BN B I R R B AR I, I ELEE AR S LA
RENARIX —REE LR, e )i A 5 2 IRHFS [a] &
I3 RS Ty SRAB ) A1 i) .

2 BB (Mathematical modeling)
2.1 AR (Problem statement)

FEA SO FIRAFS 1 BE 1)@ 4, AN EE
B BLAH B, 38 NAS T, AR T4 BRAE AR E
RELL;(EANUED, R E B 1R,

B 1 A EARSKRHFS 8
Fig. 1 The problem of RHFS with a reentrant system
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BRI R EENZ P BLLIK, AR A

AR ENKE. AR E S, BN THEANERE
R [R) AR AR IR G A TAR Sk HEAT N L, AN T
BN T (J; + 2L, LK.
2.2 FEFRR (Mathematical formulation)
T Bl SRR, 87 FrifF o I RHFS 1 5 ]
B AT
1) AR, MBS R R HEER o Y, 9F B F
R R A R T A TSR RsE R, Bl — B T4
F—AN TR L, Wt A i i £ T
YR Z AR A PRGE M & TARR 2 (8] %A 0z i
&5 BT WL AR A2 AT L B8 ) AN T3 Ze 34 41 R ;
—EWSER—NZ 22 Raen T—A T4, B—
THEEENZRZZ HEEE—S a8 BT
2) 8. NATHEG Lioh TN E REEN
UED;, LA TS —EEARE SR BRI,
Je ATRRERT B TARREG J o T — R rad
1 TAESEE, B TR B — 4 PATHLA R, BT, =
Jr + 2L M A BHLEEEG KA R ZKSE; w, 8 TR
HIBLEE; p, ;oA TAFGFE AR S #in TR a]; M4 T
YRt ) — A TS &, A
MyUMyU---UMys = M,
Mj;=M; 5, Vi +2<j<J;
My N M, = ¢, V1 < ji, jo < Jr + 2.

3) RIRDHE. Oy N TAFMIEUZE TR
SERARR]; g o AR SRR AE TAESS BT eI
HlLES.

FRYE LI i) S A AR AR SE L KRR
B, ST RHFS 1 B ) Sty F -

miniwiCi7Li,Ji, (D

=

s.t. Cij 2 Piis 2
i=1,--- ,N,l=1,--- Ly, j=1,---,J,
Cirj—1 < Ciij— Ditys 3)
i=1,-- N, l=1,--,Li, j=2,--,J;,
Cii—1,0; ¥ Piua < Ciya, 4)

2217 ’N’ l:2’ )Li)
> (plk=Cipy+pia;—1)—
(4,0,5) €0y
olk—Ciy;—1)) <1, 5
k=1, K, u=1,--- M.

R, H AR R (1) 2 SR IMA RIS B
6); ZU5R(2)FR B T 0 TIFLA RS (a1 EESR; Z3RG3)FMA T
TN TR 25K, HRFEA T E— BT — T
Foea, JE— LFA BRI T, Z9R@ERMT T
PRI TR 2ER, BRI TR —ERERE—E
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TR5ERa, Ja—EREANTLRFARITEIN T, 4R
()T HLERRES ZR, R —BHAHER 22
2 RN — AT, Hrbo(k) #n— %, JFH

WL
1,k>0
k — 9 =
P (k) {o, k<0,
Ou = {(27 la.j)’mi,l,j - u}
3 hu#% BH H #2 5ih 5 5 (Lagrangian relaxation
algorithm)

3.1 ASBHLASHE 20K (Relaxing machine capaci-
ty constraints)
MBCEARERIA R0, G LRGP BE 1 AR
E T AR LA, Ak, SIANRHE B H T, (k=
L K, u=1,---, M), ARG B E] H b5 58
b, TR At ]

N M K
L(}\) = mln{z wl-Ci’LhJi + E Z )\kyux
=1

u=1 k=1
[ > (plk—=Cipj+pia;—1)—
(i,j.D) €0
ok —Ciuy;—1)) =1}, (6)

Mew 20, k=1,---  K,u=1,---, M, @)
st K(2) — (4)(7).
HT T PR RERAL:

M
> > (pk=Cipj+pig; —1)—

u=1 (4,4,1) €Oy

ok =Ciiy—1)) =
N L; J;
lezl Z:l(SO(k —Cij+pigy — 1)—
i=11=1j=
ok —Ciuy— 1)),
K
> Ak X (k= Ciuj+pig; —1)—
k=1
Cij
SO(k' — Ci,l,j — 1)) = Z )\k,u'

k=Ci1,;—pi,;+1

DRIk, A3t ] L ) A R 8T U et R T

N
> min{w;C; 1, j, +
i=1
L; Cilj
>0 >

=1j=1k=Ci 1 j—pi1;+1

M K
)‘k,’mi,l,j} - Z Z >\k:,u'
u=1 k=1

(®)
TR 1At ) AR T A0+ B S ) A% 1), T
PR 1) AT LLR 7R A
Lz()\) = min{wiCi’Li,Ji +
L, J; Ciij
NP>

I=1j=1k=Ci1,j—Ppii1,;+1

~

)\k,u}a (9)

st 2R(2) — (4)(7).
Frag B EDRHE Rl A

N
max { Y min{w;C; 1, s, +
Akt =1 '

L, J
> >
1=135=1k=C;, ;—pi1;+1

M
>0 Ml (10)

f Cij

)\kami,l,j} -
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3.2 K f# T 2 F i & (Solving job-level sub-
problems)

it J5 B LA 2 i) R ShaS MR 7 vE g v, T
A [F] — 2 R T FNAN [R) J2 U T ) im Wt F 22 SK A H6 AE
AT T SRAR TAFLR T 1) R ) AR 5
AR 1Ejob shop il #l Hr 45 112131 Sy ik, 56 A&
SCH) 2 BN BE )RR R, 45 H3h AR A2
B A

Ry (u, t)RISEAS B, & AT

> Aewtwit, =Ly, j=1,
higg(u,t)=4 "
Az us

r=t—p; j+1

Fopth,

(11)
i=1,--- ,N;l=1,---,Li; j=1,---,J;
t="T,;, - ,K;ue M,

o T, 3R T B R TE TAES I B 5 AT 58
FSCISTE), P g g (w, €) 7 LA S8R E TAR S j7E I
)t NN BS u_ b SE R A

i (u, )RS TAFR S URAE AR, 7E (u, t) IR
& F B EHERE. 0 T T R RZA
8 IA 22 20T Frs:

min Jii-1,7, (Uax)v
vEM;1—1,5;,Ti1-1,0, <T<t—pi,j

l#£1,j=1, (12)
higj(u,t)+
ueMi,L,j,ljg,ijrilgmgt—pi,j fiag-1(v,2),
A,
Z:17 7N’ l:17 7Lz7
j=1- Jyt=T,,,- ,K; uecM,.

b AR5 Ly J2 78 TAE T LA A1 58 B TR]
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B R A AT LA
(u:Li,Ji ’ t:Li,Ji) =

arg min fi,Li,Ji, (U, t)
weMi ;5 i, 0,7, <SISK

PEEE] XN T L, — 1,0, — 2,--- 127
R T, — 1, J; — 2, -+ THIATLAS F0 58 F B 1) 1 e A
YRIRA] DL SR

(uzli ) tj,l,j) =

" .
arg min
w€M; 1,5, i1, SIS

L# Ly j=4J,

arg min
weMi1 5, Tt jSESES | o4 —Pij+1

HoAth.

fi,l,j (’LL, t)u

Ji+1,0 " Pi0

firg(u,t),

(13)

3.3 & RI4T## (Construction of a feasible solution)
o} A1 1) R4 3] () A AN PTAT AR, DRLA AT R
R T A HERRESILITR(S), BTG ZEA & FTAT A% LA
SRAF IR ) R 5, U A AR 5t i) A5 20 W] AT A )
— MBI BUR R A5 BB, B TR
EAEFNA TAERS RS8R T C, ;AT DA AR b 7] 8
L; J;
RS2, LI C 5 x Y0 D0 py lo RN TAFEHAT I

=1j=1
JFHE?, IR R4 A T AR B R 28 N Rk I
WLa%. Bl 58 TS 2SN TS IZRZ
B — N A3k (1) 58 BT 1) R, 43 P2 B 28 PR
REIHLAS. 2B B, X Bl A3 2 i nT AT gt A T4,
e, DRI EF A E 5.
34  KEREEHE P (Subgradient algorithm)
AT NI B SR SR A vt B X 43 i) A8
FERERIE R ARG AT A AT hrkg B H e 7 5

V.

>

UB-LB
)\}c,u:max{o,)\k’u+aﬁxhk’u}, (14)
> 2 hi
u=1 k=1
hiu =2 (p(k=Cii+pi;—1) —
(4,1,7)€0,
p(k—Ciy;—1))—1, (15)
k=1, K;u=1,---,M, (16)
HrpUBFMLBZ AR 7= M & ARk E T ) BRI

5.
3.5 TS BH H A b B VLR (Steps for Lagrangian

relaxation algorithm)
TR WAL, SLEERKE N = 0, T
bk BAH TN, = 0.
B2 SRR TR TR, 7

HASH| T 5.

W3 AT RS T AT, TR
5

B4 HAWRER AL, 2R/ E MEE
1k, 5 NgREE.

$BS HITNEBHERFERN, Hn=n+1,
FEEIBIPE.

4 SEI543Hr(Experiments and analysis)

A S5 48 SR I R BRI CPU B[R] SR Al 22, %
fBiEpR= (UB*—~LB*)/LB* x 100%, H:H#: UB* %=
B AR S Bt HE, LB RomFia &Rk
P BT A, B BoRERIREC 300, KB
FERMEIEF RS o = 0.2.

A SZH AR T TR LR SR AR & P A [
BERHFS B I R ke 1) SEIBEMLF = A= F

N = {10, 20, 30,40, 50},
L ={[1,2],[2,3]}, Jr = {2,3,4},
M; = {3,4,5,6,7,8,9,10,11,12, 13},

He L, ={[1,2], ]2, 3]} T THHZREEFFA
A IR, BAFEL T, A T B R ECA R A
FE 25 78 Y0 [ N 4% B B A o AR AL A O = {2,
3,4}, HBITREBEMBMEANREL, H(1, 2] EH
B8 o AT BE ML= A, WP 48 T A48 3 (1 T AR s 350,
= {[4,6],[5,7], [6, 8] }; &A™ A0 T i 6] FIAL =
B143 51 e [10, 20]F1[1, 10] B S 0 AaBEALZ2E. N,
Li, Jp, M5 x 2 x 3 x 3 = QOROHURE, XAl
BEREAL= A FIER 10N AR IS, A sE =2k
FE FH 900ANIR 32451

AR UL VAU BT SEEL: CPU: 3
HEIR, FEE, X%, T2130, 1.86 GHz; N1E: 896 MB; H,
i Z24%: Windows XP Professional; ZRfEiE = : C++.

SO 4 BANKIFTR, RIFREIEG&E—1T
A1) S0 AR A R AR 104N SE 1 iR E T e 31
W M =T BRI TAESE < HLAREL.

MR 1AT AR 4518

1) T 2R R AR, ZEAH R T4 J2 R ECR
TAES BT, B ALARECE n, XHE ([ BB 48
N IXE TR AL EE N, T2 X FHLES
e >, AT A ) AR A5 1] o — L i P S ek
BT,

2) BT TARECA 10/ /INIAR ) 340, o F At
FRAS R RUASE, ZEAH [F) TS0 B IRBRHLA B T,
BEE TAESG N, SHERIBR RS SAR /N, X2 TRl
H TAESEE M, S TR ZE R Z A% T8
I35 axiti/N, BRI X R IR B AR /).
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Table 1 Experimental results of different scales of problems

i M SHEEBR/% CPURAN/S || )3 M SHBEIR/% CPURIA]/s
1 10 x[1,2] x [4,6] x 3 6.52 16.22 46 30 x [2,3] x [4,6] x T 19.34 199.04
2 10x[1,2] x [4,6] x 4 3.65 14.41 47 30 x [2,3] x [4,6] x 8 15.84 181.6
3 10x[1,2] x [4,6] x 5 2.62 16.02 48 30 % [2,3] x [4,6] x 9 13.1 186.97
4 10x[1,2] x[5,7 x 3 5.51 23.74 49 30 % [2,3] x [5,7] x T 15.47 268.34
5 10x[1,2] x[5,7] x4 3.54 21.58 50 30 x[2,3] x[5,7 x8 10.39 251.1
6 10x[1,2] x[5,7 x5 2.46 22.94 51 30 x[2,3] x[5,7] x9 7.4 247.84
7 10x[1,2] x [6,8] x 3 5.54 31.9 52 30 x [2,3] x [6,8] x 7 9.58 352.51
8 10 x[1,2] x[6,8] x 4 3.17 31.05 53 30 % [2,3] x [6,8] x 8 8.56 340.31
9 10x[1,2] x[6,8] x5 2.47 28.64 54 30 x [2,3] x [6,8 x 9 5.94 345.84
10 10x[2,3] x [4,6] x3  11.53 45.68 55 40 x [1,2] x [4,6] x 9 14.55 107.33
11 10 x [2,3] x [4,6] x 4 5.49 38.96 56 40 x [1,2] x [4,6] x 10 12.78 112.31
12 10 x [2,3] x [4,6] x 5 3.24 39.93 57 40 x [1,2] x [4,6] x 11 10.51 107.38
13 10x[2,3] x[5,7] x3  10.86 66.86 58 40 x [1,2] x [5,7] x 9 12.12 149.64
14 10x[2,3] x[5,7] x 4 3.78 59.27 59 40 x [1,2] x [5,7] x 10 10.63 156.61
15 10x[2,3] x[5,7] x5 2.49 57.02 60 40 x [1,2] x [5,7] x 11 8.09 147.81
16 10 x [2,3] x [6,8] x 3 4.51 82.81 61 40 x[1,2] x [6,8] x 9 11.11 204.35
17 10 % [2,3] x [6,8] x 4 2.4 78.1 62 40 x [1,2] x [6,8] x 10 8.54 208.25
18 10 x[2,3] x [6,8] x 5 1.5 81.22 63 40 x [1,2] x [6,8] x 11 6.86 196.05
19 20 x[1,2] x [4,6] x5  10.72 41.58 64 40 x [2,3] x [4,6] x 9 21.9 289.5
20 20 x [1,2] x [4,6] x 6 6.82 40.13 65 40 x [2,3] X [4,6] x 10 16.57 289.97
21 20 x [1,2] x [4,6] x 7 5.54 38.43 66 40 x [2,3] x [4,6] x 11 14.07 266.37
22 20%[1,2] x [5,7] x 5 9.09 61.36 67 40 x [2,3] x [5,7] x 9 16.56 390.25
23 20 % [1,2] x [5,7] x 6 6.77 58.59 68 40 x [2,3] x [5,7] x 10 14.79 403.16
24 20 % [1,2] x [5,7] x 7 5.11 53.1 69 40 x [2,3] x [5,7] x 11 9.51 367.3
25 20 % [1,2] x [6,8] x 5 7.86 80.84 70 40 x [2,3] x [6,8] x 9 13.22 523.8
26 20 % [1,2] x [6,8] x 6 5.07 78.19 71 40 x [2,3] x [6,8] x 10 9.92 522.33
27 20 x [1,2] x [6,8] x 7 4.45 71.84 72 40 x [2,3] % [6,8] x 11 7.62 510.91
28 20 % [2,3] x [4,6] x5  17.06 116.73 73 50 % [1,2] x [4,6] x 11 16.47 151.94
29 20 x[2,3] x [4,6] x 6  10.35 102.87 74 50 x [1,2] x [4,6] x 12 13.31 156.85
30 20 x [2,3] x [4,6] x 7 8.18 98.38 75 50 x [1,2] x [4,6] x 13 10.85 149.48
31 20x[2,3]x[5,7] x5  13.83 166.67 76 50 x [1,2] x [5,7] x 11 13.27 207.94
32 20%[2,3] x[5,7 %6 7.37 146.46 77 50 % [1,2] x [5,7] x 12 10.84 211.72
33 20 x[2,3] x[5,7] x 7 5.48 140.41 78 50 x [1,2] x [5,7] x 13 9.52 203.32
34 20x[2,3] x[6,8 x5 10 213.85 79 50 x [1,2] x [6,8] x 11 9.47 270.1
35 20 x[2,3] x[6,8] x6 5.02 198.03 80 50 x [1,2] x [6,8] x 12 9.6 289.13
36 20 x [2,3] x [6,8 x 7 3.71 191.81 81 50 x [1,2] x [6,8] x 13 7.26 259.84
37 30x[1,2] x[4,6] x7  14.47 75.94 82 50 x[2,3] x[4,6] x 11 22.05 388.36
38 30 x[1,2] x [4,6] x8  11.23 68.89 83 50 x[2,3] x [4,6] x 12 19.33 387.16
39 30 x[1,2] x [4,6] x 9 9.22 74.19 84 50 x[2,3] x [4,6] x 13 16.34 367.95
40 30x[1,2] x [5,7] x 7 10.8 101.52 85 50 x[2,3] x[5,7] x11  17.04 529.13
41 30 [1,2] x [5,7] x 8 9.25 99.1 86 50 x[2,3] x[5,7] x 12 14.99 540.25
42 30 x [1,2] x [5,7] x 9 6.87 100.72 87 50x[2,3]x[5,7] x13  12.12 514.6
43 30 % [1,2] x [6,8] x 7 9.91 135.6 88 50 % [2,3] x[6,8] x 11  13.72 707.41
44 30 x [1,2] x [6,8] x 8 7.56 130.64 89 50 x[2,3] x[6,8 x12  10.36 713.72
45 30 % [1,2] x [6,8] x 9 6.12 134.81 90 50 x [2,3] x [6,8] x 13 8.12 686.2

S 9.65 195.99

3) BR T TAFEON 100/ N ABUAR, 1 TR |l T, BEE R N, & TR Z IR 18]
B0 FIRUE, ZEAR [F) A4 I1’Eﬁ£§l$ﬂm%%§& X THLAHITEGAEK.
FAET, BB R BN, X AR S S 2K, X 4) XFF TP FRRE, FEAR R 2 8 A
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B3 E

FORIALAR AT, 24 AR e, X 1) B s
AR, XA BT REE TAREEE N, T2 [RXTHL
AT K.

5) BT S - R BRAN P35 CPU B[R] 43
499.65%F1195.99 s. X Ut B X T A SCHTAfF 5T Y
HEARGMRHFS L b &, frigit LRE LR
BEAEIR A BRI ) P 4521 LU S = I AR

LRAMY Gt 24 S v 42 L T AL A, R
W EEAF BN A B IR, ASCHLRETS H AR 58k
RS R B AL BV, 1845 5 (genetic algorithm,
GA) fl L 7 #f 5 £ (particle swarm optimization,
PSO)BEAT ELAR. EI2R 7R & AN EIEAEAN A LA AR
T 180N L i) 0T M, Horhd = (UB—LB*)/LB*
x 100%. %} TLR, UBRI & 4t b FAEUB*, X T
GAFIPSO, UBR/RMEIE200ER G T3 H
b BRI EAE. A SCHT A F I GARTPS O ok bR IR AE.
27T LLE H, PSORfE I IR E SN [F) LA
PR ISR T-GA, LR FIEAE &Rl T 14 05 8
HFGAFIPSO.

18 T T T T

16 - b
14 - A
12
10 -

O FIME 1 %

T4
B 2 AN AU T S SE I 6 F3(E

Fig. 2 ¢ average in different number of jobs of

different algorithms

5 & (Conclusion)

AT L T A i 4 T 5 FIRHFS T B 17
B, R T LA R A AME X T A
REMEEME, 32 T A EARKKRHFS I
], I H BTN iZ in) AT ) R R, DA IMbe
BUSE RS 1] A B AR, BB AL, RSO LR
5, IR LA B8 T LU B, R A ot 1n) U A0 A T
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