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Abstract: We present an error-tracking iterative learning control method for a class of nonparametric uncertain systems
to tackle simultaneously both the initial condition problem and the state-constrained problem. The learning controller is
designed by using the barrier Lyapunov function, and the robust learning approach is applied to deal with the nonparametric
uncertainties, by which the filtered error is constrained in a pre-specified region, with the system states being constrained.
A kind of desired error trajectory is constructed in this paper. It is shown that as the number of iterations increases, the
tracking error of the closed-loop system follows the desired error trajectory with the pre-specified accuracy over the entire
time interval, and the system states track the reference signal perfectly on the specified interval. Numerical results are
presented to demonstrate the effectiveness of the learning control scheme.
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1 ÚÚÚóóó(Introduction)
LyapunovnÜ�{´�OÆS��ì��óä

��[1–2]. î8,�þ�'ó�ïÄ�5ëêØ(½X
Ú�ÆS���{,ÏLÆS�{�O��ëê,¢
yXÚG�3����«mþéë�&Ò����

l[3–4]. ù
ó�  b�XÚØ��Ð��",¤�
Ä�ëêØ(½5´�S�gêÃ'��½~ê½

�C~ê. Cc5,<���Ä|^ÆS�{�O�
S�gêCz��Cëê[5]. ëêØ(½5±��~
ê�þ�®�¼ê�þ�¦�/ª¥y,�ëêØ
(½5Ãd�¡��¦,Ïd,�ö´'cö���
��Ø(½5,�ëêØ(½XÚÆS���·^�
��ëêØ(½XÚÆS��2. �ëêØ(½5�

?nJÝ�uëêØ(½5,�@�©z3�O��
ì�,|^'u.¼ê��"�?n�ëêØ(½5,
Cc5�©z(Ü¦^°��{�ÆS�{?n�

ëêØ(½5[6–8]. 8c,�é�ëêØ(½XÚ�Æ
S���{ïÄ�Ø
�\,´����UYïÄ�
ó�.Cc5,�'�ïÄ(J��9V©Ùëê
XÚ[9]Ú���� XÚ[10],±9�î�E6Ä�
³�[11]ÚE,Ä��äg·AÓÚ[12]�.

Xc¤ã,3©Û��OS�ÆS��XÚ�,~
b�3zgS��m©��,XÚG��Ï"Ð��
���.,,3¢S|Ü,ÉE °Ý���,Ð©
½ Ø�o´�3�,ù¬ü$4�XÚ��l°Ý.
Ïd,ïÄXÚÐ�?¿�/e�S�ÆS���{,
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k|uÿ°ÆS���{�A^��[13–14]. �)û
�âLyapunov�{�OÆS��XÚ�I¡é�Ø
�Ð��"¯K,�'©z�Ñ
�C>.�!ë�
&ÒÐ©?�ÚØ��l�{�)û�Y.d	,3
ë�&Ò1w4Ü|Ü,��æ^EÆS���{
�O��ì,T{3$1L§¥ÕIÊî9E
 [15–16].
3g·A½g·AÆS���{¥,~¦^ÝK

�f��Ú¼êé�Oþ?1�Ì.þã�{U
�
åXÚ���Ñ\,OrXÚ�°�5. �´3�

��|Ü,Ñu<����S��¡��Ä,I�é
$1Ïm��Ý!\�Ý! £�XÚG�?1�å.
©z[17]�ÄüÑ\üÑÑî��"XÚ�g·A�
�¯K,|^æNLyapunov¼ê�O��ì,¢y�
�L§¥�ÑÑ�å. ©z[18]�é�aÓ¹ëêØ
(½59�ëêØ(½5���5XÚ,JÑÑÑÉ
�S�ÆS���{. ©z[19]�E/ª{ü��g
©ª.æNLyapunov¼ê,ÏL��Ø��g.uý
��.S,¢yéXÚG�Cþ��N�å.
)ö�Ä�ëêØ(½XÚ�G�É�Ø��l

ÆS��¯K,[�âæNLyapunov¼ê�O��
ì,æ^°��{�ÆS�{�(Ü�üÑ5?n�
ëêØ(½5,òÈÅØ��åuý��.S,¿d
d¢y3�gS�$1L§¥�åXÚG�. ²Lv

õgS��,XÚØ�3����«m±ý�°Ý
�lÏ"Ø�;,,XÚG�3Ü©��«mþ°(
�lë�&Ò.�EÜ·�Ï"Ø�;,,´¢y�
©¤J�{�Ä:. �d,ò�Ñ�«Ï"Ø�;,
�E�Y,¿�ãØ��l�G��l�m�'X.

2 ¯̄̄KKK���JJJÑÑÑ(Problem formulation)
�Ä3k��m«m[0, T ]þS�$1�Ø(½

��5XÚ{
ẋi,k = xi+1,k, i = 1, 2, · · · , n− 1,

ẋn,k = f(xxxk, t) + g(xxxk, t)uk,
(1)

ª¥: k(= 0, 1, 2, · · · )�E��gê, xxxk = [x1,k

x2,k · · · xn,k]T ∈ Rn�G��þ, uk ∈ R���Ñ
\, f(xxxk, t)�g(xxxk, t)�Ø(½5. ë�&Ò�xxxd =
[xd ẋd ẍd · · · x

(n−1)
d ]T, x

(n)
d �3. XÚÐ��ë�

&Ò3å©�����Ø�,=xxxk(0) 6= xxxd(0),Ø÷
v~5S�ÆS���{¤�¦�Ð�^�.
½ÂØ�eeek = [e1,k e2,k · · · en,k]T = xxxk − xxxd,

dª(1)��Ø�Ä�{
ėi,k = xi+1,k − ẋd, i = 1, 2, · · · , n− 1,

ėn,k = f(xxxk, t) + g(xxxk, t)uk − x
(n)
d .

(2)

�©���8I´,ÀJæNLyapunov¼ê�O
��ìuk,¦�Ø�eeek3����«m[0, T ]þ±ý
�°Ý�lÏ"Ø�;,eee∗k,¢yXÚG�xxxk3Ü©

��«m[T1, T ]þéxxxd�°(�l(0 < T1 < T ). Ó
�,3S�$1L§¥,éXÚG�xxxk?1�å. Ï"
Ø�;,eee∗käkÜ·�P~5G,ÙäN�E�Y�
�©13!. P�)eee∗k�Ï"���u∗k(t),§÷v{

ė∗i,k = e∗i+1,k, i = 1, 2, · · · , n− 1,

ė∗n,k =f(eee∗k+xxxd, t)+g(eee∗k+xxxd, t)u∗k−x
(n)
d .

(3)

Ï�O��ìI�,éXÚ(1)�b�1–3.

bbb��� 1 S�Ð�xxxk(0) ∈ [xxx0 − εεε,xxx0 + εεε], ∀k.
xxx0�εεε´�kÃ'�~�þ.

bbb��� 2 �3®��ëY¼êgm(xxxk, t),÷v
0 < gm(xxxk, t) 6 g(xxxk, t).

bbb��� 3 f(·, ·)�g(·, ·)©O÷v
|f(ξξξ1, t)− f(ξξξ2, t)| 6
‖ξξξ1 − ξξξ2‖αf(ξξξ1, ξξξ2, t), ∀ξξξ1, ξξξ2 ∈ Rn, (4)

�

|g(ξξξ1, t)− g(ξξξ2, t)| 6
‖ξξξ1 − ξξξ2‖αg(ξξξ1, ξξξ2, t), ∀ξξξ1, ξξξ2 ∈ Rn, (5)

ª¥: αf(·, ·, ·), αg(·, ·, ·)��KëY¼ê.

3 ÏÏÏ"""ØØØ���;;;,,,������EEE(Construction of
desired error trajectory)
�EÜ·�Ï"Ø�;,eee∗k(t),´�OØ��l

��ì�Ä:. [�E�Ï"Ø�;,eee∗k(t)L÷v

eee∗k(0) = eeek(0), eee∗k(t) = 000, t ∈ [T1, T ]. (6)

d?T1´eee∗kl�000�000�LÞ:.
e¡�ÑÏ"Ø�;,�E�Y.
i) �T1 6 t 6 T�,

e∗1,k(t) = e∗2,k(t) = · · · = e∗n,k(t) = 0. (7)

ii) �0 6 t < T1�,ÀJ

e∗1,k(t) = a0,k + a1,kt + · · ·+ a2n+1,kt
2n+1, (8)

e∗i,k(t) = e∗1,k
(i−1)(t), i = 2, 3, · · · , n. (9)

ÙXêÀ��

a0,k = e1,k(0),

aj,k =
1
j!

ej+1,k(0), 1 6 j 6 n, (10)

(an+1,k, an+1,k, · · · , a2n+1,k)T = Γ−1ωωω. (11)

d?,

Γ =



T n+1
1 T n+2

1 . . . T 2n+1
1

(n + 1)T n
1 (n + 2)T n+1

1 . . . (2n + 1)T 2n
1

...
...

...

(n + 1)!T1 (
n+2∏
j=3

j)T 2
1 . . . (

2n+1∏
j=n+2

j)T n+1
1




,
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ωωω = −(η(T1), η̇(T1), · · · , η(n)(T1))T,

η(t) = a0,k + a1,kt + · · ·+ an,kt
n.

þ©¤�E�Ï"Ø�;,eee∗k3[0, T ]þëY,
�ė∗n,k(t)3t = T1üý�ëY.deee∗k(t)�P~5G�
±wÑ,eU�OÜ·���Æ,¢yeeek(t)3[0, T ]þ
���leee∗k(t),@o, xxxk(t)�3[T1, T ]þ���l
xxxd(t). Ø��l�{3¦^þ�ë�&ÒÐ©�{�
B,ù´Ï�3�EÏ"Ø�;,�,�I�âeeek(0)
�T1=�(½�A�Ï"Ø�;,,3�Eë�&
ÒLÞ�\��,I�Ä�Ï��)xxxk(0)±93
�\:T1�xxxd(T1)�ẋxxd(T1).

4 ������ììì���OOO(Controller design)
½ÂÈÅØ�:

sk(t) = c0

w t

0
z1,k(τ)dτ +

n−1∑
i=1

cizi,k + zn,k, (12)

ª¥: zzzk = eeek − eee∗k = [z1,k z2,k · · · zn,k]T,ëêc0,
c1, · · · , cn−1¦��§λn + cn−1λ

n−1 + · · ·+ c1λ+ c0

= 0�¤kA��þäkK¢Ü.½Â

sφk = sk − φsat (
sk

φ
), (13)

ª¥: φ > 0, sat(·)�½Â�ª(30).

�Qã�B,©OPg(eee∗k + xxxd, t), f(eee∗k + xxxd, t),
g(xxxk, t), f(xxxk, t)�g∗k, f∗k , gk, fk. 3ØÚå· �,
�Qã{B,©¥ò¼ê��mCþtÑ�.

Pccc = [c0 c1 · · · cn−1]T,�|sk| > φ�,

ṡφk = ṡk = cccTzzzk + ėn,k − ė∗n,k =

cccTzzzk + fk + gkuk − f∗k − g∗ku
∗
k. (14)

ÚÚÚnnn 1 �|sk| > φ�, sφk�zzzk�m÷vw t

0
‖zzzk(τ)‖|sφk(τ)|dτ 6

w t

0
λs2

φk(τ)dτ, (15)

ª¥:

λ = 1 + T‖A‖eT‖A‖,

A =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
−c0 −c1 −c2 · · · −cn−1




. (16)

yyy �|sk| > φ�,dª(14)N´��

żzzk = Azzzk + bbbṡφk, (17)

ª¥bbb = [0 0 · · · 0 1]T,þª3«m[0, t]þ�½È
©�

zzzk(t) =
w t

0
Azzzk(τ)dτ + bbbsφk(t), (18)

éþªü>Ó��ê,k

‖zzzk(t)‖ 6
w t

0
‖A‖‖zzzk(τ)‖dτ + |sφk(t)|. (19)

�âBellman-GronwallÚn,

‖zzzk(t)‖6‖A‖eT‖A‖
w t

0
|sφk(τ)|dτ +|sφk(t)|. (20)

þªü>Ó¦|sφk|,¿È©=���ª(15). y..

ÀJæNLyapunov¼ê

V1k(t) =
1
2

s2
φk

b2
s − s2

φk

, (21)

Ù¥bs > φ. òV1k(t)é�m¦�,k

V̇1k(t) = σksφkṡk =

σksφk[cccTzzzk + fk − f∗k + gkuk − gkudk +

gkudk − g∗kudk + gdudk − gdud +

(g∗k − gd)udk + gdud − g∗ku
∗
k], (22)

ª¥: σk(t) = b2
s /(b2

s − s2
φk)

2, gd , g(eeed +xxxd, t), eeed=
[e1,d e2,d · · · en,d]T��|dª(7)–(11)9eeek(0) =
xxx0 − xxxd(0)¤(½�Ï"Ø�;,; ud��)eeed��

�þ,÷v{
ėi,d = ei+1,d, i = 1, 2, · · · , n− 1,

ėn,d = f(eeed + xxxd, t) + g(eeed + xxxd, t)ud − x
(n)
d ,

þã�©�§�Ð�eeed(0) = xxx0 − xxxd(0); udk�éud

��O.�âÏ"Ø�;,�5G, g∗k, gd, u∗kÚud3

[0, T1]þþk., udk�k.5��d�Ú¼ê�k

.5(�,ë�ª(27),�(g∗k − gd) udk + gdud−g∗ku
∗
k

3 [0, T1]þk..3 [T1, T ]þ, (g∗k−gd)udk +gdud−
g∗ku

∗
k = 0. P(g∗k − gd)udk + gdud − g∗ku

∗
k3[0, T ]þ

�.�ρ(t). db�3�,

sφk(cccTzzzk + fk − f∗k ) 6 |sφk|(αfk+‖ccc‖)‖zzzk‖, (23)

sφk(gkudk − g∗kudk) 6 |sφk||udk|αgk‖zzzk‖, (24)

ùp: αfk , αf(xxxk, eee
∗
k +xxxd, t), αgk , αg(xxxk, eee

∗
k +xxxd,

t). òª(23)–(24)�\ª(22),k

V̇1k(t) 6
σk|sφk|(αfk + ‖ccc‖+ αgk|udk|)‖zzzk‖+ σksφk

(gkuk − gkudk + gdudk − gdud) + σk|sφk|ρ. (25)

dd,��O1kgS�����Æ

uk =

udk − 1
gm

ρksat(
sk

φ
)− λσ̄ksφk

gmσk

(αm,k + ‖ccc‖)−

σksφk

ε
− σksφk((‖ccc‖+ αfk)‖zzzk‖+ 1)

gmε
(26)

±9ÆSÆ

udk = satu(ûdk), ûdk = satu(ûdk−1)− γ1σksφk,

(27)

ρk = satρ(ρ̂k), ρ̂k = satρ(ρ̂k−1) + γ2σk|sφk|, (28)
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ª¥: γ1 > 0, γ2 > 0�OÃ, ε´�����ê, ud−1

= 0, ρ̂−1 = 0,

σ̄k , max
τ∈[0,t]

σk(τ),

αm,k , max
τ∈[0,t]

[αfk(τ) + αgk(τ)|udk(τ)|]. (29)

satu(û), satρ(ρ̂) ∈ sata(â),éuâ ∈ R,

sata(â) ,





ā, â > ā,

a, â < a,

â, Ù¦,

(30)

ā�a©O�éA�þ!e�Ì.�ā = 1�a = −1�,
{Psata(â)�sat(â).

5 ÂÂÂñññ555©©©ÛÛÛ(Analysis of convergence)
)öòXÚ(1)�Âñ5Ú½5(Jo(�eã

½n.

½½½nnn 1 3b�1–3e,dXÚ(1)Ú��Æ(26)
9ÆSÆ(27)–(28)|¤�4�XÚU
(�3�g
S�$1L§¥, |sφk| < bs¤á,�

lim
k→∞

sφk = 0. (31)

yyy i) Cþk.59éXÚG���å5.

ÀJ

V2k =
1
2
s2

φk, (32)

�âª(14)��

V̇2k 6 |sφk|(αfk + ‖ccc‖)‖zzzk‖+ |sφk|g∗k|u∗k|+

|sφk|gkūd −
gkσks

2
φk

ε
−

gkσks
2
φk((‖ccc‖+ αfk)‖zzzk‖+ 1)

gmε
. (33)

�b2
s/[(b2

s − s2
φk)

2]|sφk| > ε�,

|sφk|(αfk + ‖ccc‖)‖zzzk‖ −
gkσks

2
φk((‖ccc‖+ αfk)‖zzzk‖)

gmε
6 0. (34)

�b2
s/[(b2

s − s2
φk)

2]|sφk| > εg∗k|u∗k|�,

|sφk|g∗k|u∗k| −
gkσks

2
φk

gmε
6 0. (35)

�b2
s/[(b2

s − s2
φk)

2]|sφk| > εūd�,

|sφk|gkūd −
gkσks

2
φk

ε
6 0. (36)

ùp, ūd�udk�.. ω , |sφk|,5¿�¼ê

ν(ω) =
b2
sω

(b2
s − ω2)2

3ω ∈ [0, bs)«mSüN4O,�

lim
ω→bs−

ν(ω) = +∞. (37)

Ïd,�3[0, bs)S�ωv
��,�¦

ν(ω) > max(ε, εg∗k|u∗k|, εūd), (38)

d�Ø�ª(34)–(36)þ¤á,u´

V̇2k < 0. (39)

dd��,3�gS�L§¥|sφk| < bs. ?´�X
Ú�&Ò�k.5.

|^5�(20),��|sk| > φ�,

‖zzzk(t)‖ 6 (t‖A‖eT‖A‖ + 1)bs. (40)

Ï�

‖eeek(t)‖ 6 ‖zzzk(t)‖+ ‖eee∗k(t)‖ (41)

�

‖xxxk(t)‖ 6 ‖eeek(t)‖+ ‖xxxd(t)‖, (42)

¤±

‖xxxk(t)‖ 6 ‖zzzk(t)‖+ ‖eee∗k(t)‖+ ‖xxxd(t)‖ 6
(t‖A‖eT‖A‖ + 1)bs + ‖eee∗k(t)‖+ ‖xxxd(t)‖. (43)

þªL²,3dª(1)�ª(26)|¤�4�XÚ¥,X
ÚG�3�gS�$1L§¥þÉ��A��å.

ii) XÚÂñ5.

�Ä|sk| > φ�/,d�|sφk| > 0. ÀJæNLya-
punov�¼

Lk(t) = V1k(t) +
1

2γ1

w t

0
gdũ

2
dkdτ +

1
2γ2

w t

0
ρ̃2

kdτ,

ª¥: ũdk = ûdk − ud, ρ̃k = ρ− ρk.

�k > 0�,

Lk − Lk−1 =

V1k − V1k−1 +
1

2γ1

w t

0
gd(ũ2

dk − ũ2
dk−1)dτ +

1
2γ2

w t

0
(ρ̃2

k − ρ̃2
k−1)dτ. (44)

duw t

0
σk|sk|(αfk + ‖ccc‖+ |udk|αgk)‖zzzk‖dτ 6

w t

0
λσ̄ks

2
kαm,kdτ,

�dÚn1,ª(25)–(26)�

V1k(t) 6
w t

0
σksφk(gdudk − gdud)dτ+

w t

0
σk|sφk|ρdτ −

w t

0

gk

gm

σksφkρksat(
sk

φ
)dτ.

(45)

5¿�sφksat(sk/φ) = |sφk|,u´,

V1k(t) 6
w t

0
σksk(gdudk − gdud)dτ+

w t

0
σk|sφk|ρ̃kdτ. (46)
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òª(46)�\ª(44),

Lk − Lk−1 6w t

0
σksφk(gdudk − gdud)dτ +

w t

0
σk|sφk|ρ̃kdτ −

V1k−1 +
1

2γ1

w t

0
gd(ũ2

dk − ũ2
dk−1)dτ +

1
2γ2

w t

0
(ρ̃2

k − ρ̃2
k−1)dτ. (47)

|^ª(27),
1

2γ1

(ũdk − ũ2
dk−1) + σksφkũdk =

1
γ1

(ud − udk)(udk−1 − udk − γ1σksφk)−
1

2γ1

(udk − udk−1)2 =

1
γ1

(ud − satu(ûdk))(ûdk − satu(ûdk)) 6 0. (48)

(Üþãüª,k

Lk − Lk−1 =
w t

0
σk|sφk|ρ̃kdτ − V1k−1 +

1
2γ2

w t

0
(ρ̃2

k − ρ̃2
k−1)dτ. (49)

�âÆSÆ(28),
1

2γ2

(ρ̃2
k − ρ̃2

k−1) + σk|sφk|ρ̃k 6

− 1
γ2

(ρ− ρk)(ρk − ρk−1) + σk|sφk|(ρ− ρk) =

1
γ2

(ρ− satρ(ρ̂k))(ρk − satρ(ρ̂k)) 6 0. (50)

òª(50)�(J�\ª(49),�Lk − Lk−1 6 −V1k−1.
?k

Lk 6 L0 −
k∑

i=1

V1i−1. (51)

c©®²y²
L0�k.5. dê�Âñ�7�5�

lim
k→∞

sφk = 0. (52)

þª%¹

lim
k→∞

|sk| 6 φ. (53)

æ^aquÚn1¥�y²�{,�±íÑ,éu?¿
sk ∈ R,

‖zzzk(t)‖ 6
w t

0
‖A‖‖zzzk(τ)‖dτ + |sk(t)| (54)

¤á. �âBellman-GronwallÚn,

‖zzzk(t)‖ 6 ‖A‖eT‖A‖
w t

0
|sk(τ)|dτ + |sk(t)|. (55)

dª(52)�ª(55)��

lim
k→∞

‖zzzk(t)‖ 6 (t‖A‖eT‖A‖ + 1)φ. (56)

�âcãÏ"Ø�;,�5�, ‖eee∗k(t)‖3[T1, T ]þ?

?�0,L²�t ∈ [T1, T ],

lim
k→∞

‖eeek(t)‖ 6 (t‖A‖eT‖A‖ + 1)φ. (57)

Ïd�±ÏLÀJÜ·���φ,¢y‖eeek‖3[T1, T ]
þ±ý�°ÝÂñu��:+�S. y..

lþã©Û�y²Ü©�±wÑ,�{ÏL3S
�$1¥ésφk��å,¢y
3S�$1L§¥é
XÚG�xxxk��å. ²Lv
õgS��,��ì°
¦eeek3«m[0, T ]þ°(�léeee∗k,¢y
xxxk3«m

[T1, T ]þéxxxd�°(�l.

6 êêê������~~~(Numerical simulation)
�ÄXe��XÚ[18]:{

ẋ1,k = x2,k,

ẋ2,k = f(xxxk, t) + g(xxxk, t)uk.
(58)

d?, f(xxxk, t) = −0.1x2,k−x3
1,k +cos t�g(xxxk, t) =

1+0.01x2
1,k+0.005x2

2,k�Ø(½5. XÚÐ�x1,k(0)
= −0.3 + 0.05 rand1, x2,k(0) = 0.1 + 0.01 rand2,
rand1�rand2þ�0�1�m��Åê,÷vb�1.
��8I´�OS�ÆS��ìuk,¢yxxxk = [x1,k

x2,k]Téë�&Òxxxd = [x1d x2d]T = [12t2(1− t)
24t(1− t)− 12t2)]T��l. Ï�xxxk(0) 6= xxxd(0),¤
±Ø¨æ^~5�{�O��ì.

Uì�©¤J��Y�EÏ"Ø�;,,ÀJ
T1 = 0.2, T = 1,�T1 6 t6T�, e∗1,k(t) = 0, e∗2,k(t)
= 0;�0 6 t < T1�,

e∗1,k(t) = a0,k + a1,kt + a2,kt
2 + a3,kt

3+

a4,kt
4 + a5,kt

5,

e∗2,k(t) = a1,k + 2a2,kt + 3a3,kt
2+

4a2,kt
3 + 5a3,kt

4,

Ù¥: a0,k =e1,k(0), a1,k =e2,k(0), a2,k =
1
2
e3,k(0),




a3,k

a4,k

a5,k


 =




T 3
1 T 4

1 T 5
1

3T 2
1 4T 3

1 5T 4
1

6T1 12T 2
1 20T 3

1




−1

×



−a0,k − a1,kT1 − a2,kT

2
1

−a1,k − 2a2,kT1

−2a2,k


 .

æ^��Æ(26)9ÆSÆ(27)–(28)?1�ý. �

gm(xxxk, t) = 1,

αfk = 0.1 + |x2
1d + x2

1,k + x1dx1,k|,
αgk = 0.01|x1d + x1,k|+ 0.005|x2d + x2,k|,

©O÷vb�2–3. �ý¥,�φ = 0.001, γ1 = 2, γ2

= 0.01, ε = 100, ū = 80, u = −80, ρ̄ = 0.2, ρ = 0,

bs = 0.35. S�150g�,�ý(JXã1–6¤«.
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lã1–4�±wÑ,²Lv
õgS��, eeek3�

���«m[0, 1]þ°(�leee∗k, xxxk3Ü©��«m

[0.2, 1]þ°(�lxxxd. ã5´31150gS�L§¥�
��þ�¹. ã6´|sφk(t)|�S�gêCz�¹,

Jφ , max
t∈[0,T ]

|sφk(t)|.

�±wÑ,æ^¹�åÆS���¢yésφk3�g

S�L§¥?1�å.

�
é'å�,æ^eãÃ�åÆS��:

uk = udk − 1
gm

ρksat(
sk

φ
)− λsφk

gm

(αm,k + ‖ccc‖)−
sφk((‖ccc‖+ αfk)‖zzzk‖+ 1)

gmε
, (59)

±9ÆSÆ

udk =satu(ûdk), ûdk =satu(ûdk−1)−γ1sφk, (60)

ρk = satρ(ρ̂k), ρ̂k = satρ(ρ̂k−1) + γ2|sφk|, (61)

?1�ý,Ï"Ø�;,�E�Y9ëêÀ��¹Ó
c. ã7´|sφk(t)|�S�gêCz�¹,�±wÑ,Ã
�åÆS���{ØU
�yJφ 6 bs.

�~L²,|^�©¤J�{�OÆS��XÚ,
�òÈÅØ��åuý��.S;Ó�,/ÏÜ·�
Ï"Ø�;,,�¼�Ü©��«m°(�l�J.

ã 1 G�x19Ùë�;,x1d

Fig. 1 State x1 and the reference trajectory x1d

ã 2 G�x29Ùë�;,x2d

Fig. 2 State x2 and the reference trajectory x2d

ã 3 e19ÙÏ"e∗1
Fig. 3 The error e1 and its desired e∗1

ã 4 e29ÙÏ"e∗2
Fig. 4 The error e2 and its desired e∗2

ã 5 ��Ñ\

Fig. 5 Control input

ã 6 JφÂñL§

Fig. 6 The convergence performance of Jφ
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ã 7 JφÂñL§

Fig. 7 The convergence performance of Jφ

7 (((ØØØ(Conclusion)
�©ïÄ�ëêØ(½XÚ�ÆS���{,À

J/ª{ü�æNLyapunov¼ê�O��ì,¦�X
ÚØ�3����«m±ý�°Ý�lÏ"Ø�;

,,¢yÐ���?¿�XÚG�3ý��Ü©��
«m°(�lë�&Ò,¿(�3�gS�L§¥é
XÚG�?1�å. �©æ^°��{�ÆS�{�
(Ü�üÑ5?n�ëêØ(½5,¿ÄuÈÅØ�
�"�O��ÚÆSÆ.�ý(JL²,©¥JÑ�
���{Uk�/)û?¿Ð�e�Ü©��«m

���l¯K.
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