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Inventory control in a fluctuating demand and return environment
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Abstract: With the increase of fluctuations in demands and returns, it is now a very difficult problem for retail managers
to control their inventory effectively. Under the condition that the inventory level process is expressed as a Markov-
modulated Lévy process, the stationary distribution of the inventory level, as well as the expected cycle cost and time
functions are derived by utilizing level crossing and multi-dimensional martingale theories. Subsequently, the functions are
employed to develop the long-run average cost rate model. Finally, we compare the system performance for three kinds of
order policies when the demand rates and the status parameters are varying, and investigate the impact of the returns on the

optimal control policy. Consequently, some important management insights are obtained.
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Bolt, Huang %5 XFRURI I — i b 3 2 R IR 15
TG, EERHR BRI T EEAF AR AR SRR A, 7R
P BHIE Bk PEAE K P3N A28 B Al b, Karaka-
yali%F U Berman 550143 I 53 738 5% AT AL FERILT
BT FEAE ) Yaol ' VRIWuaE 8145 H FE A7 /K P
2 T 76 J=— X 1] ¥ B A SR . Cadenilias S5 VB4 R
R R RPME R R, AR A K PRI 4
H ARAE 1) A AR, L3R s SR 38 3% e IR B B 2 38
EAI.

B, FIFIAFRR, IR AR T K AR
BRI BN B ) .

ARYEBEREE T FEAFIBAT HUE B, A SCHESCRR [412
R b, WA R SR 1) B KT BE N R AR
1k, MMarkovifi il 2t bR 50 FE 2 Markov i il Lévy
2 2) WEEAFE SRR R, 3Nt A~ =R & B
[, B B R AP ISR . Ryt AR SCRI R KP
RN S0 YE BT 0, 32 BEAF T R A B AR AL (A
H2h Iz T A R E B A 7.
2 @ ##43R (Description of the problem)

— R T A I S, A E P A E TR
. BB R Fh I H I, SR 2R A A A P
NFERE, 5387 fh—FE T3 R AR A P 7K.

T HIEE R, 7 SRR 5534 K AR BEATL
Bl ¥ RN, BB AR B — AN AT L IE SR
[A]MarkoviiEJ = {J(t),t > O}HPIRSHR. XH, &
WJE2MRE, 1T () ET1(2), R (Al E T
UF(Z). Beit, P TR Ry (po); BB BIIA R RS
BN (\)HIE A Poissonid F2. N 15 R f@ATRE, W
HEAE 55 B0E AR WAL S B0y (u) I 8 B0 A
JEERAL(2) L B I T R Ay (o D HIFE K
oA WA RO, WRERNITRES
BRI ARG, B 24 A /K B BIORT, #FRAS H1(2),
WRT B2 R 1 (q2). BHERTIAYIRO0. 41, RGBT
7], FHR B PR E N AMAEC, WEEREEH
A FTHT A 18 B A A B, A BRI [R) 2 AR
WAL IR 58 B (B A R AR
F) BB S A3 505 K o, Ml BT AE BT IR A]
E?ﬁ#’ﬁch Ii] & R AT AR TT B2 9% 03 K e Bl e, BSE

Wi q Mg, FRER MK BT HARR/.

3 BIRIKE T (Establishment of the model)

I8 i) R A0, B WILRKT Ko, B R RAT 5207,
FEAFK P REX = (X(¢))i>0 W Markoviff HlLévyid
2, B

X(t) =20 = V(t) = 2o - Zf T)n)=pdr.
N; (1)

X, X RARES  ILEvy I fRV (t) = pyt— > Si. 3
n=1

H: N, (6) A S HUE N T Poissonid 2, R 7R 51 B ik
s S7,S5, - - - AL IS HUR Y, T A BE L
B P, XonR AR, N E TR 5 AL B
&, T, 2MEREAZREEW = (W(t))iso.
EHABCH BB T, I EATRRAN
7E0 £ S MarkovifHILévy dFEW () = W (0)+V (¢)
+ L(t), XH: W(0) = C — x,

L(#t) = = jinf {W(0)+Vn)}~

RS e T L, 7 B IR B A0 BB R
j bR Al R AT R A L (¢ j 1s(ey—pdL(s),
L(t) = L1(t) 4 La(t).
PELevy IR iR Markov A1, —4EdHE (J, W) 2
Markovid #, HWit2 —NEHI . EH ik
HIHWETq = C — (MR E IR 158 BT
5% L ) A AR J A A 40 BT e Ay ). 3
FEW MEEHT gy R E IRENE K- C O N BEAF 7K P
KOV, IRIEFF RS A, FEIRA R — =
&N, MBERITTEW BHEAKT-G, ARG5S
J; RERE N2, WBER T REW RIAK g =
C — qo, V)5, LW WKF @ FF6IaAT, B EHRE]
EIKFOBE, # KA A2, WW S T3 28 KF
QEFITG. N ERZAT, HE2EK O
RERL, BB, T8 78 BT 585 W Bk K

G RRAIEH A 45 1. BB 3 48— IR 2R
X () RGN () SRR AR A2
T
C
= N,
% q, \ \ \
q, \Il\
0
1 2 ] 2 1t

J(1)
B 1 — AR X (¢) RS R A R A2
Fig. 1 A typical sample path of X (¢) in one cycle

T
C /‘
@ A
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1 2 1 2 1t

W(?)
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Bl 2 —IRAEERW (¢) S EIREAR A
Fig. 2 A typical sample path of W (¢) in one cycle



936 BoHE 5 N A FRE
B AR S BWMKFg ik, BIRBNAK  FIRTEGERI%ERES (x), LAREG,, . BBt abHE

SECHIRFTE A 75, X RARES A AR R 6, B
—inf {t > 0, W(t)=C|W(0)=gq;, J(0) =4},
0,0 =P(J(1;) =1i), i,j =1,2.

P 250, A5 € XWAESE BT B2, WK ik,
BRI CHEBATERE A — TR, B4, —IRKE3E
ARENIRZ A TR &5 TR BN, MHELévyid
2 1) 58 Markov P 501, Nk N3 & 1) JLAT 43 A, BRI
P(N =0) = 611; P(N =n) = 9129351921, n=1,
2, TR EAEEEE[N] = 0,2/0,;.

PRI, —RAEFA ) 0T B2 e ]

012
E[T] »

N, BTSRRI E B, ARYE IR EEAEAT
B, MERG KR PR, WIE R IR
B KRN B

1) FEAFSR A WX, XTRREHd . st
TR R 2 B 40, X P38 55 B2 B 3 f (o) FAAE HoME—
W URAEFR A TR B Tk

E[CH] = o foc of (2)da]E[T).

2) BB B BB ST 2L 4 B A Poissonid 12, #
BN AF IR B R, ST RS B PR R
RS AR 1] EL sl 2 A1, B

A1 2 Ao a1

v (1 +72) U2 (1)
M—RAEFRR G2 R R 2% F R
AL V2 A2 4!
BleH = Cr[Ul (M +72) v (n+72) Bl

3) ARFE A VY AR FRR TR th R 3% 7k
PO, FESRGE RS BN, #572 Xa)r; W EE
%ﬁli@ﬁ%%ﬁﬁﬁ%fﬂ, )I_\“ijz‘ = ELi(Tj), H
i,j = 1,2. B—IRIEFIR D I AL B R I

E[CD] = ca(E[L(71)] + E[L(7)]|E[N]) =
callin + 4o + z (la1 + £22)].

4) AL FHTRIAECIN, 2, RS
RIS SO ORI A B, — RO 30 285 7 A B B 3L
AN + 1. e KAEAHN B RS

E[CO] = ¢z + coqr + (cx + coq2) E[N] =

= E[ni] 4+ E[]E[N] = E[ry] + - —E[r].

015 015
Cﬂ(l + 5) + CO(Q1 +QQ0 )

PRI, 2R SIS TR AR R 9k
E[CH]+E[CR]+E[CD]+E[CO
TC(q1,42) = CHITE éfrT][ [xBieo)
AR, BRBAIq) Fllgy, T SRl AE PRI 2

B0, MNE[7] R#, i, 5 = 1,2.
4 HRERBHI#H € (Determination of relevant
functions)

T, 2P E B R SRR TR
IR, W AR B B R 25270 R A Bk
HIELE, B AR KL
4.1 FEHKEFER0 A R B E (Determination
of the stationary distribution of the inventory
level)

43 A BR B AR B J5 #2(Model equations of
the distribution function)

H [a) AU R 5, PEAEKSF X (t) €0, O AETH
IKF 57 ) R G RUVE T B RS AS 0 A, I R G HR
A, BX()MERN X, (H)FI X, (1), XE,

{X;(t),t >0} ={X(t) €[0,C], t =>0}nN
{J{t)=7,t >0}, j=1,2.
()RR X () KINEZR 25 B R 2. AN, f; ()RR
X () M35 T R 4L

A FHPASTA J5U U] J2 7K -2 B8, 38 I A A7k
R R G R (FRRRGE )L, BRI FFE & T2
[A)_E PR IR AR SE, M — RIS 1.

B, XX (t)€0, q2), HETTREWT:

pfi(@) + 72 f: fo(w)dw =
,Uqfl (0+ + Y1 Jm fl (w)dw +

A e (@), @€ (0,6) (D)

RED R RGN X [0, 2) 1) & =R, Horp
FIRRAT R ARG N EFEAX[A[0, ) 75
R H2TUAREE M2 21, 3 AL T X (8] [0, ) R
G NI R, (DAL RE R B X A0, x)
R, o, B 1R R 75 3K S BUEAE K R OB,
TR 51 R RS B IFIX A0, o) TR R ; 5B 200 RN
RS ML 212, & AL FIX A0, 2) RGBS FF
TR 3R B BIA G R FX ][0, 2) R AT
FrHEER.
[, &1 X, (£)€]0, g0 ), R FET:

pafa(@) 4+ [ fiw)dw =
i f2(0+) + 72 fz Folw)dw +
X [ em e fw)dw, 3 € (0,). @)
HR, XX () €q, q1), EITFRATT:
pfi(@) A [ (e ) e ) £y () dut

4.1.1
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Y2 LQ: fz(w)dw =
i fir(g) + j Fi(w)dw +

A Lg: e 1 f (w)dw, T € (g2, q1).- )
RO EHFEIMR R T RFERLG S _EHEAX ]
[q2, ) IR 2 552000 R 7 B3 1918 5248 1 A A2 T IX
[H(0, go) RGE A, BEAX 8] [qo, ) TIEA LKz K]
AR, FEI3NURRES MR 21, &AL T X1 [go, )
RGN E. QAN EITRRAT R FHR
BN T B IFIXE] [qe, ) FITEE; F2I0R RS
Bt 202, 3 AL T X /] (g0, 2) R G 5B T 13 K,
FI3TRNIB IR BN, AT X6 [qo, x) RGBT

[, £5F X, (t)G[QQ, 1), Raf=yap I
04+ 3 [ (e 00—
™27 fo(w)dw + pa fo () +

1 [ Aw)de =
pafa(q2) + V2 Lj fo(w)dw +

)\QL e ) fo (WYdw, T € (g, q1). (@)

R ZED TR FAERE2H K S BUEAEA TR0,
BT 8251 K R G AN X g, 2) KR, KRS
T Q) AHEMRE, Hok LA NS
B S, 10X (1) €lgr, CIRX () €lgr, C, 7
MR R :
pfi(0+) + M joql (e () —

e fu(@)dwtufi(@) +ra [ fow)dw=
pfi(q) +mn f:fl (w)dw +

A1 LI e I ) (w)dw, x € (q1,CY, (5)
p2fo() + Ao jo'“ (evela—e) _

™) fo(w)dw + 7 [ fi(w)dw =

2 fa2(qr) + 72 f: fo(w)dw +

X [ e pw)de, 7 € (01, €L (©)

4.1.2 SKFFEEIJTFE(Solution of the equations)
BUR f1 (2) B fo (), T4 R AR5 T7 R A R 1k o)
iR i, SESBASET(D) =
AAXSRDGFSIER(D)(D + v1) 17
pafi(@) + (v — = M) fi(z) +

Yofo(@) — 1101 f1(2) + Y201 fo2) = 0. (7)

SR (Q2) (@) F6)IZH (D) (D + vy) 45
fi2 fo(x) + M fi(@) + (pave — 92 — A2) %
fo(@) + nv2fi(z) — Yv2fo(z) = 0. ®)

Ag;(x)=f;(z), j=1,2. Xy(z) = [fi(z) fo(z)
a1(z) go(2)] T, MR (7)~(8) ATRIRAFEREE

y(z) = Ay(z), ©
Hrr:
0 0 10 ]
0 0 0 1
A= 711 Y21 2
_ . =1
'4;117)2 ’YQ'LTLJé i1 =
L M2 2 M2 i
_ TH1U1r — 71— A1 MU — 7 — Ao
= y Rg = ———————————————.

231 Ha

A A AT A AR R, SRR AGE (T R AR A )
%ﬁj\%ﬂfj&*ﬂ(bz = [7/)11 7/)2i ¢3i ¢4i]T, 1= 17 ) 4,
MIF YRG5 7 FELEL(9) BB M

y(x) = Te?y(0). (10)

XH v = [P1 P2 Ps Pu], A = diag{dy,ds, 03,04}
XS FARE, y(0) A HEG &

Rk, EFx_EIR3ANMX ], HAF T RR A

f(@)=@)poea, 2 €[0,q),  (11)
f(2) = (W) (2e?"b, z € (g2, 1),  (12)
f(@)= @) 0ec, z€q,Cl.  (13)

XKE: f(2) = [fi(z) fo(2)]"; ()2 RN HTHIEE
LFIAT TR B2 X A HERE: @ = [a1 as a3 ad)”,
b=[by by b3 by)"Hlc = [c1 o c5 ca] TAINMFER
)&
T, BiE M Ea, b, cPEE 120 K5 EE.
5, A D-13)RA L ()—(6), F 8 T b
e Vit (5 = 1, 2) W REL, 32 THl6N e

wjlal %‘2612 %‘3@3 %‘4@4 B
=0, (14)
(51+Uj (52+'Uj 53+Uj 54+'Uj
Vil =b) 5,0, | Yi2(a2 = b2) g,
6 + Vj 0o + Vj
Meéaqz + Me&@ =0, (15)
(53 + (% (54 + (%
Yinler =by) s, Yizle2 = b2) 5,
o1 + vj do + VU
¢j3(63 - b3)e(33q1 + ¢j4(c4 B b4)eé4q1 —0. (16)
03 + v; 0y + v

HR, RS R EAMBEITIX[E][0, g2), [0, ¢1)
[0, CIHIE R 55, Z T FE(1)—(6), H-F 45 5 72
FEEEAL B, R s D-(13)ARN, AT SRKAGAL L& R 40
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HEHION L. GE R (14)-(16), LB B 124N A
KITFE.
BJa, FEAR KA BRBOE B 2 TP ESR

c c c
fo f(x)dz = fo fi(x)dz + fo fo(x)dz = 1.

(17)

HRAD-AHHRART), FIA_LIRE—T7E, 715

BUA AR AE B2 R TR TR, Kz R4,

REN2ARAN > BAE, BISRISEEAE KA BE R 4L

RTTRETUK HEB, B A BRI, A

4.2 HAPREEIHRE (Determination of other func-

tions)

R A K Bh 28284 i Markov i Il Lévyid 72, ¥
KL ST AR MR 8 R R ) BB 3. Kella-WhittBg
R R Lévy S 2 M BARA 2L T H. T, 45 Hfj 2
VLEH, TR T #8234 SR [20].

WV (t) & — MMarkovif] HlLévyid #2, {Y (¢) }i>0
R—/MNMENTV () BER RN EAR RN ZE
R, AZt) =V () +Y (), N

t
M(a,t) = jo eaz(s)lj(s)dsF(a) + eaz(o)lj(o) —

t
e*?M1 5 —l—ozjo %91 5 »dY (s)

(13)
OB MHEAHIM E L X B 1,2 F N0 &M,
HRHOMngEATHE. F(a) = Q + diag{p: (), -,
o () ARV () KA REFR S, Horh: QA THIRES

R TRERSERE; o, (o) AV, (t) FILévyTEEL.
P& Perron-Frobenius¥ 18 &1, X £ — 5L Hov, 0 FE
F (o) AE— A KSR B R (o), HRE N AR
fERE AR, BIF (a)h® = k(a)h™. ZEFHL
EZEAHHRE M ER LS 24, e E—
4 MR TR E RS i = [my - ), T

7wh(® = ¥R FrifEfk.
58 5 Xk = di<h<a>>|a:0. 4 3C R (201 3

(0]
W2 5FHER2.8(P313)E

A(0) = lim —= = > m;(p; — U—J_), (19)
E[V(t)] = k(0)E[t] + E[k;0)) — E[ks)]. (20)
FEFXeegh R, 25 AR R BT E K.
SIE 1 IREWE)ERENKFgH R E X
@Jl‘i7quc’ﬁﬂ‘, Xﬂ‘@’lf(?‘&zﬂ‘]ﬁ%%%%ﬁﬁiﬁﬁ&w
PLK I TRV E [ ] AT X533l ok
01 052 L1 £52]" = B e, (21)

E[r;] = =l —Ljp — k; +

L
i(0)
(k101 + k20)2)). (22)

RV
IXHL:
eo‘lch[ll] e”‘lch[;] —alhgl] —alh[;]
5_ eo‘zch[f] eo‘zch[f] —Oégh[lz] —azh[;]

e e —auhl —aghll |

e”‘4ch[14] eo‘4ch[24] —a4h[14] —a4h[24]
€ — [em%‘h?] eOLQ‘?jhE?] eozgqjh?] e°‘4‘7-7h£~4]]T,
oo, ARk (5 =1,25m = 1, A) B NERL,
HAEARIEHE AR A .
I FHBY(t) = L(t), B RRLOMNEW (t) =
O A3, #=X(18) AT et A

M(a,t) = fot eaW(S)lJ(s)dsF(a) + e”‘W(O)lJ(O) —
W1, +a f: 1ywdL(s).  (23)
FIF(23), K5I 7; B e A e H A
E f: W1 5 dsF(a) + Ee®™ (1) —
Ee®" ()1, ) + oF fo 1ydL(s) =0. (24)
B, ARYE I B HR, ARG

-7 2]
Y2 T2

oV A

p;(a) =log Be®") = ;a0 — " o

Hej = 1,2, MOEMEH
Fla)=
)\10(
—Ytp = "
v+«
)\20[
Y2 — Yot phax—
Vo +

WA det(F(a)) =0, KB4 MR, Ll F (a,,)h™
= oA gAY = (b BT m =1, 4,
Hx, mteaFa = o, BAFRRM, 7115
@@ " — omC (9, ™ 4 0,505 +
(U D™ 4+ Coh™y =0, m=1,--- 4. (25)

BJE, K5 MR, BiEXQD).

E1 #41=0,10". HF©0) = Q. BRI HRAL
HIR FIMarkovEEH, F(0)MRFEEAKRTF0. XFEQL =0, it
PL, £(0) = Ofdet(F () = OFF) —/NAR, Lt 45 1 [7] &
RO = 1. RYGIBEIXAMR Ky, B4, SR HIA4 5 1 B R
= 1. BHAAKQS), 7501 + 02 = 1.

T, B E B R E 7).

B, W (¢) =W (0)+V (¢)+L(t)ME[L(7;)] =

> by AR
E[V(7))] = EW(7))] — ¢; — E[L(7;)] =
q; — €j1 - £j2~ (26)
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ok, RSSO (21 K75, B e, AR
/@(a)h(") = F(a)h,(o‘)’
XRQWILKT ok, IH4a =0, A[f5
HOVRO) £ k(0)k = (A(s) — A(X)RO + Qk.

[

27)

(28)

. A A
X A(p) = diag{pm, g2}, A(S) = diag{ =, =2}

v U1 U9

TR
wh® =1, (29)
SFRQ)YFILHRT kKT, H4a = 015

wk = 0. (30)

#40=1[0 0]", FIH~(0) = 0, O = 1, 3B (28)
WE1nk = 0, O] k&
A
k= (Q—1m) " (R(0)T — A(u) + A(7))1. BD
X B TR R R
e, #530(19)-(20)(26)(31), A (22).
5 {5E K5 Hr(Simulation and analysis)
FIH EHABIRE, WERFKE YRR
PRAGBERL LT
min TC(ql, QQ) =
E[CH] + E[CR] + E[CD] + E[CO]
E[T] ’

st. ¢ <O, g <C.

B, ERWAREAT AR, RITov%:
FIW E AR R B e AR T, XL, FIFIMATLAB
LML, 5 B g F g5

HAET o0, FpRsiB Bt 28, Bl BT I ]~ 3438
HESTREZW. B, oM 1. BehrMERdE v 4t
fEH, &5 SR HAE:

w1 =300, puo =50, v; = 0.2, vy =0.2,
C =150, v, = 0.1, 7% = 0.1, ¢;, = 3,
cq =15, ¢, =6, ¢, =50, ¢, =5, p=0.2.

B 5L, M T KA ERRSRT R R . £
X FI3FIT B3RS 1) 1T 5 RIS S BRRER K 2)
B RE HSIBDIRSTER, BIg = ¢f = ¢5. #R()-
(6)IFE 4 A I, B IIEBERY, F KRBT TR EG T
TC. RTEE, REER; 3) EOQIT 1 5mk ¢*. iX H

- [2¢,.D
q = )
Ch
Hr DAKEIAE ST RKE, 1)
Y2 A1 71 Ao

%Jr%(m Ul) 71Jr%(uz ,UQ)

K FN2) IR T | AT SRS B FATC . e oA
BEHEAESMET, T 12 HA R R, X,

TC —TC* . TC —TC*
—e x100%, A= Txm()%.

D=

A=

F 1 RRITR AT KA BRI 69 R R

Table 1 Optimal results for different order policies when the demand rates and the status parameters vary

*

pmoom a @ TC* 7" TC" A q* TC A

100 0.10 0.01 5120 3652 401.08 38.14  403.80 0.67 38.14  403.80 0.67
100 0.01 010 5159 36.61 650.93 50.45 653.47 0.39 5045  653.47 0.39
200 0.10 0.01 7142 3652 454.28  41.19  462.24 1.75 41.19 46224 1.75
200 0.01 0.10 7286 36.56 1182.09 70.49 1190.33 0.69 70.50 1190.33 0.69
300 0.0 0.01 8649 3651 506.16  44.04  523.05 3.33 44.04 523.05 3.33
300 0.01 0.10 89.05 3651 1699.73 8594 171254 0.75 85.99 171254  0.75
400 010 0.01 98.58 36.51 557.36  46.71  582.33 448  46.71  582.33  4.48
400 0.01 0.10 101.92 36.46 2210.50 98.59 2228.66 0.82  99.09 2229.96 0.8
500 0.0 0.01 107.51 36.51 608.15 4924  639.19 510 49.24  639.19 5.10
500 0.01 0.10 11047 36.43 2717.44 107.90 2741.58 0.88 110.65 2746.73 1.07
600 0.0 0.01 11295 36.50 65873 51.64  698.67 6.06 51.64 698.67 6.06
600 0.01 0.10 115.03 36.41 3222.58 113.37 3256.26 1.04 121.11 3271.59 1.52
700 0.10 0.01 116.06 36.50 709.20 53.94  754.83 6.43 53.94 754.83 6.43
700 0.01 0.0 11755 36.39 3726.92 116.41 3766.51 1.06 130.73 3799.50 1.94
800 0.0 0.01 117.98 36.50 759.62 56.14 812,71 6.98 56.14 81271 6.98
800 0.01 0.10 119.11 36.38 4230.86 118.26 4276.54 1.07 139.70 4372.30 3.34
900 0.0 0.01 119.26 36.50 810.01 58.26 867.34 7.07 58.26  867.34 7.07
900 0.01 0.10 120.17 36.37 473458 119.49 4785.25 1.07 148.12 5206.31 9.96
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Fig. 3 Optimal results for varying the return rates and the return batches
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