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Optimal multi-step predictor for descriptor systems with
multiplicative noise and delayed measurement
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Abstract: Optimal multi-step predictor problem for the discrete-time descriptor systems is dealt with, where the de-
scriptor systems is given in terms of state-space equations. The state-space equations involve instantaneous measurements
and delayed measurements, and multiplicative noises in all measurements. Two standard assumptions are made for the
descriptor system case, under which the restricted equivalent delayed system is derived by using standard singular value
decomposition. Without resorting to state augmentation which is usually employed for dealing with estimation for delay
system, we put forward a reorganized innovation lemma for presenting the result of multi-step predictor. The multi-step
predictor involves two sets of recursive Riccati equations of descriptor systems since of the existence of the delayed mea-
surements. The proposed approach is validated being efficient by a numerical example where four figures are presented,
demonstrating that the proposed approach can give better predicting estimation when the number of steps is less. Further-
more, the proposed approach can be used to tackle more difficult problems, such as filtering and control for descriptor
systems with multiplicative noises.
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1 5|3 (Introduction)
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I TR R 20 A RS 1| 25 A 2702 RS
B0 B RIR @R TTVENY, SR TR 2
{147 SEZ o7 I8 D R0 3 108 A e S e e 75, A
HFEBIER . K A PRS00 oI 2K ) SR F (1K) 7
B A T 707 RGeS R Ay
IRAA R 25 18 (1 5 5% e B 5 vk U021 i, SCHR 18R
ARG 7R T & H 2 MG R 1
" XARGEUER R R, TR [19-211 R AR /R S UEBFIAR
WEMRETTRRT T T~ LR GARALA T i) f. L35
A SIS SO A BT B U 00 2 B R R
GERHATIEIF 2, o R G 1 R I R etk
WE R X, EER R RRASHT 2 AN
AT B R A S S BT B SR
. X FURSEIE R ), B R EA SRS R — N
BOATAT (75900, A SCARHE T A ek e s T SiE s R
M BEE X RGRIBmIZ BT . 548k
B IR, ASCRAH TR E N EE
ot R, ARUER AT AR LR GHHh
Z RSN IR, SCRGH T — MNCEHEGRER T
BRI IR RN 5

AICEAFELNU TR 28R4 T TR oT
7 L B34 T B2 PR I R G 2 20 TR
B BARA oA T ARSC ) B 4y e N RN SE
IR R G 2 2 P38 SRS H T $%
S, X BT R I IE A RN R EEAT T IR &
JEhH T ARG,
2 [\ (Problem statement)

R R T A L VA A A I UL P B
e

Fx(t+1) = Az(t) + Bu(t), (1)

y(t) = Cz(t) + Dw(t)x(t) + v(t), (2)
ya(t) = Caz(ta) + Daw(t)z(ta) + va(t),

d>0,t;=t—d, 3)

Hrp: x(t) eR" 2 RGURE; y(t) e RUFlyq(t) e R

FE RN FE R w(t) € RP, v(t) € RUFlvg(t) €
R 43 75l 2 By N T+ WL 00 g 75 0 S s 0 ) e
w(t) € RYEAELET RIS F0IE i UL £y e ek e 7 R
MeA, B, C, D, Cq, Do EH, FFEFE LK%
AL S N HBANT LRGP
BIR 1 (), v(t), va(t)Flw(t) BAM KK F
PME AN, 3B S5 (0) AR, I HE
< u(t), u(s) >= Qudys,
<v(t),v(s) >= Quis,
< v4(t),va(s) >= Qu, 01,
<w(t),w(s) >= M0,

< z(0), z(0) >= I1(0),
HAQu, Qu, Qu,, M, I1(0)MERBEHM.
Rig2 FEMEFRCAFAFN, REZIEN,
Birank F'=mn, <n, M HAFENHEEdet(A\F— A) #0.
IR ARG B 2 A T 5% 10 U 4
BB P T XARZED-G), BERN{y(0),
L y(t);ya(d), - ya(t)} A0 B E B H0 > 1, 5K
x(t + 1) BN TSR T (t + 1] t).
T2, RIEAESG LRGSR f21E

27 R B, S € R, a(t) =y [T )]
1132(75)
AT TG

511 T XRG)-G)aE e -2, W3
ST
xy(t+1) = Aoy () + Bru(t), )
Fixs(t + 1) = x5(t) + Bau(t), (5)
y(t) = Crx1(t) + Coma(t) + Dyw(t)x (L) +
Dyw(t)xy(t) + v(t), (6)
Ya(t) = Craxy(ta) + Coazxa(ta) +
Digw(t)x(tg) +
Dogw(t)xa(ty) + va(t), 7
o
J1FJy = IO F01 J1AJy = /(1) In0n1]
C C, O,

Dy D1q Daq

T, € Rnl, Ty € Rn_nl, F1IE#/|\)\_%£%E ]3142’ EI:l
F)=0, F)71 #0.

3 ZPWNEL (L +
or &1 (t +1|t))
RIETIHL, 4 T 45 H IR S PRS2 T2, 75

PR MR RSN R G4 — (DI Z B TR

3.1 B EAH 5 Hr B i (Reorganized innovation

analysis lemma)

SRFH 8 3C 221K 5 X BRARAL e (¢, 1), Yi(1),
Py(t,i), L(t,t,4), Qv (t), R4 F B EAH » Hr 2
W, AT g 2

512 HTFRLED-B), L{Y2(0), -, Ya(ta);
Yi(ta +1),- -, Yi () B BT, Hakmm2s ms
r FL{Y2(0), -+, Ya(ta); Yi(ta + 1), , Yi(t)},
WM T B W F 5 {y(0), -, y(t);ya(d), -,
ya(t) PR A3 A].

l|t)(Multi-step predict-
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75 bR 5 | # P(t+1,1) =
Ya(t) & y(t) ’ AP (t, D) AT + B1[Q. — Gs(t,t|t,1)] B} +
ya(t +d) A, [GT(t,t,1) — K(t,1)G"(t,t,1)] BT +
Yi(t) £ yt), B [Gi(t,t,1) — G(t,t, 1)K (t,1)] AT —
i A ALK (t,1)Qg, (KT (¢, 1) AT,

Ds;(w, t)x2(t) + Vi(t), i = 1,2
WG B, T LIS E

Yi(t) = Crier(t,1) + Dui(w, ), () + Vi(t). (8)
Hrp:

C,=C,, Cp= glld , Cy=Ch, Cao= CC,;d ,

Dys(w,t)=Draw(t), Du<w,t>=[Df;“(’fi) N

Das(w,t)=Dyw(?), Dm(w,t):[DQf;“(’fi) N

vy = |, | Vi =0,

3.2 BRI (Riccati equation)

ST EREME B EASTER, A RS A
KTHRZE B ZEREP, (t+1,1) =< e, (t+1,1),
ei(t+1,i) >MERFRTFE.

TR AL SR A etk it 75 R GE )R /R B UK
UYL Py (¢ 4 1, 2) AT USSR
P(t+1,2) =
APy (t,2)AT + B1[Q. — Gs(t,t|t,2)]| BT+
Ay [GT(t,4,2) — K(t,2)G"(t,t,2)] Bf +
Bi[G1(t,t,2) — G(t,t,2) KT (¢,2)]AT —
A1K(t,2)Qy, (1)K (t,2)A],

Py(0,2) = I1,(0)
Hrp:

IL(t+1)= AL (A + BiQ,By,  (10)
K(t, 2)5FDQY () Wit 3 (2217 R (3.43)F1(3.45), G(t,
t,2), G ( ,2), Gs(t, t|t,2), Hi(t,t,2), Ho(t, t|t—
1,2) I 1[22] 513 3.4, W1 1H 1EG(0,0,2) =1T(0,
0,2), G1(0 0,2) = G5(0,0| —1,2) = H,(0,0,2) =
H5(0,0/—1,2) =0, R(t,t,2) sz[zz]élm 3(H
s =t), & (t) (L) K SGE.

FH, Py(t+ 1, 1) KAE R E B4 e

EH 1 FEEEI-2F, S TFARNZRENR
GERL (4)—(7), Py(t+1,1) =< ey (t + 1,1), e, (t +
1,1) >ATRAEW N A AT I

(©))

Pi(ta+1,1) = P(ty+1,2), t > d, (11)
Hrp
K(t,1) = L(t,t,1)Q3 (1). (12)
75 R
L(t,t,1) = P (t, )CE + H}(t,t,1),
Qy, (t) = C11 Py (t,1)CY, + DiM I (t)D] +
R(t,t,1) — Hy(t,t|t —1,1) +
Ci. H (t,t,1) + H,(t,t,1)C},
Hrr:
R(t,t,1)= Qﬁi Cy F{ B,Q.BY (F)TC} +
iz

MY D,FB,Q, B (F))™ DI,
3=0
G(t,t,1), Gi(t,t,1), Gs(t,t|t,1), Hy(t,t, 1), Hy(t,
tlt — 1, 1) Mg 22153835, 11, (t)FEX(10)H.
UE UEIAT AR S 5 e B, Horp— s iy LA
ST E .
3.3 z1(t) W% P P28 (Multi-step predictor for
x1(t))
FEA/NTI R, 54— BT B
SIE3 Hs<tqg+ 1WA
H(tq+1,s,12) =
Hy(tg+1,8,12)CT + R(ta + 1,5,12) —
Hy(ta+1,s|s —1,12), (13)
Hy(tq+1,5,12) =
Hi(tqg+1,s —1,12)AT —
H(tg+1,5—1,12)KT(s — 1,2)AT +
T (s —1,ta+ 1,1)B} —
Hs(tg+ 1,8 —1]s —2,12)Bf —
H(tq+1,s—1, 12)@;2(3 —1)x
G"(s—1,5s—1,2)B}, (14)
Hy(ta +1,s/m,12) =
Hy(tq+1,8lm —1,12) +
H(ta+1,m,12)Qg (m)H™(s,m,2), (15)
Hs(ta+1,s/m,12) =
Hs(tqg+1,s/m —1,12) +
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H(ta +1,m,12)Qg (m)G™ (s, m,2). (16)
7E_ B B b, W RIS e, (8) IBiib 2
AT,
EE2 fEREI-2T, ZEZREN RGEHA
@) —7), R BT EE T, (¢ + 1|¢) AT LA NI
T (t+Ut) =21 (t+ U]t 1) =
A (t+1,1) +

1—2d—1
S S ABGE AL —1—it—j,1) x

Q3 (t - §)
[Yi(t—§)—Criden (t—j, 1)~ Vi(t—5, 1))+

-2 t
S S ABGE+1—1—it—j,2) x

i=0 j=d
Qy, (t=j) x[Ya(t—j) = Cra1(t—j,2) -
Va(t — 4,2), 17)
Hepa (t+1,1) = @ (t + 1, 1), HEWF:
@ (t+1,1) =
Ay (t,1) + A K (8, DY () —
Cuu(t,1) = Vi(t, )] + Bra(t|t, 1), (18)
MHE (tg + 1,1) = @1 (tq + 1, 2)HEWT:
@ (tg +1,2) =
A2 (ta,2) + ALK (ta, 2)[Ya(ta)—
Clo: (ta,2) — Va(ta, 2)] + Brta(talta, 2),
#1(0,2) = &,(0) — 1,2) = 0.

(19)

7 Fap:

altlt,1) =

u(tlt —1,1) + G(t,t, 1)@1?/1 (t)[Y1(t) —

Cuidn(t,1) - Vi(t, 1)), (20)

u(tqlta,2) =

a(talta —1,2) + G(ta, ta, 2)Qy, (ta)[Y2(ta) —

Clo (ta,2) — Va(ta, 2)], 21)
Hrp:

Vi(t—j,1) =

Vit —jlt—j—2,1) + H(t —j,t —j —1,1)x
Qy,(t— i~ DYi(t—j —1)-
Crd(t—j—1,1) = Vi(t —j — 1,1)],

Vilta+1,1) = Vi(ta+1,2), j=0,-- ,d—1,
22)

(

Vit —j,2) =

Vot —jlt —j—2,2) + H(t — j,t —j —1,2)x
Qg (t—j—D[Ya(t —j—1)—

Croder(t —j —1,2) — Va(t — j — 1,2)],

| V5(0,2) =0, j=d,- - ,t.

(23)
HAV, (tg + 1,2) B F A5
Vilta+1,2) =
Vita+1lta—1,2)+ H (ta+1, £, 12)Q5, (ta) X
[Ya(ta) — Crader (ta,2) — Val(ta, 2)), (24)

K(t,1) B3R (12), K (t4,2) Wi [22] 5K (3.43), G(t,
s,1)(i=1,2) Wik 3L [22]5 B3 4F05|#E3.5, H (tq+1,
ta, 12) W5 133X (13).

ik REX@rH

-1
Alx, (t) + ;AgBlu(t +l—1—1)=
-2

A (t+ D)+ S A Biu(t +1—1—1),

=0
A
@ (t+1]t) =
AT g (1) + gAiBlﬂ(t +1—1—ilt).
- (25)
MR EH 1, "
& (t+1,1) =
Az (1) + ALK (5, 1Y (8) + Bra(t)t, 1) =
Ay (t,1) + Bra(tlt, 1) + A K (¢, 1) x
[¥i(t) = Cuea (£, 1) — Vi(t, 1)),
BN(18).
i, ARHER (D),
a(t|t,1) =
atlt —1,1) + G(t, £, 1)Qy ()Y (t) =
a(tlt —1,1) + G(t,,1)Q (1) x
[Yi(t) — Ca(t,1) — Vi(t, 1)],
BI=(20).
FH, ARYE R e H A 1S
Wt +1—1—4dt1) =
Plu(t+1—1—1)|Y3(0), -, Ya(ta);
Yi(ta+ 1), ,Yi(t)} =
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Plu(t+1—1—10)|¥3(0), -, Ya(ta); Vit —j.1) =
Yi(ta+1), Vit =D} + P{Vi(t — §)[¥3(0), -+ , Ya(ta);
Plu(t+1—1-0)|Yi(t)} = Yi(ta+1), - Yi(t—j—1)} =
alt+i—1—ift—1,1)+ P{Vi(t — §)[Y3(0), -~ , Ya(ta);
<u(t+1-1-0), (1) > Q; (Vi(t) = Yi(ta+1),- Yt —j - 2)} +

a(t+1—1—idt—1,1)+
G(t+1—1-i.t,1)Qy (Yi(t).
AL,
a(t+1—1—dt—1,1)=
Plu(t +1—1-19)[Y3(0),---, Ya(ta);

Yi(ta+1), -, Yi(t—1)} =
Plu(t +1—1—14)[¥5(0),- -, Ya(ta);
Yi(ta+1), -, Yi(t—2)} +

Plu(t+1—1—i)|Yi(t—1)} =
wt+1—1—dt—2,1)+

<u(t+1—-1-49),Y(t—1)> x

Qp (t=1Yi(t —1) =

aft+1—1—it—2,1)+

Gt+1—-1—it—1,1)x

Qg (t—1Yi(t - 1). (26)
1 26) VAT 43

At +1—1—iftg+1,1) =

Plu(t+1—1—14)[¥3(0), -, Ya(ta);
ffl(td +1)} =
P{u(t+1—1—1)[¥3(0), -, Ya(ta)} +

Plu(t+1—1—1)|Yi(tq + 1)} =
At +1—1—iltg, )+ <u(t+1—1-1),
Yi(ta+1) > Qg (ta+ )Yi(ta+ 1) =
Gt +1—1—iltq,2) +
Gt+1—1—itqg+1,1)x
Q3 (ta + DY (ta + 1),

A
a(t+1—1—ilt,1) =

3 GltH1-1-i,t—§,2)Q5, (t— ) Valt—i)+

j=d
d—1

S G+ I—1— it~ j,1)Q; (t— ) x
j=0

ffl(t _j)a

HE R K025, LA REIXA07). XaoFehar
R
MRS 5% e B ] 15

PVi(t = HIYi(t—j - 1)} =
Vit —jlt—5—2.1)+
Ht—jt—j—1,1) %
Qy (t—j—DYi(t—j—1),
i) w%@m(zz). (23) A (24) AT EA H
4 ZIWWMPIEL(t + 1|t)(Multi-step predictor
@(t + 1]t))
G T LR BRS¢+ 1t 1)1 > 1),
AR BRI D TS & (¢ + 1|t).

EE3 T URGHER()- (3) e R —2
ST, [0 I)J, 'x(0) = — Z F!Byu(j), %

I EEAG Ve (4 U|t) = (t+l\t 1)w] Aok
T

) (E+ 18, 1)

Z(t+1t) = J, [ S+ I 1)] I>1. (27)

e b @ (e+1E, 1) T ARADERR, &0 (E+1]E, 1)
A%

Zo(t +1|t, 1) = —/\ilFfBg'&(t—i—l—i—j]t, 1),
o (28)

Hrp

alt+1+jlt,1) =

kidG(t +l4 it =k, 2)Qy (t— k)Ya(t — k) +

dfc;(t 4, 1=k, 1)Qy (t—k)x Yi(t — k),

w (29)
Ep:

Yi(t) = Yi(t) — Cuidr(t, 1) + Vi(t,4),

G(t+1+7,t, 1) WIRIC[2215H3.4H5 3.5, 2, (¢, 1)
RAAS)FIR19), Vi(t, i) R @2H(23).

HE RQ7)MRES [ A

a4 —(5), AR

t—1 _
ml(t) = Atlml(()) + Z AiililBlu(Z’),
=0

A—1
> FiBou(t +1). (30)

=0

zo(t)=—
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MRS e BRI (30), AR
To(t+1t,1) =
P{ay(t +1)|¥5(0), - - -

Y1) =

A—1 ~
j=0

J

71}2(td)a 1‘;vl(td + 1)7

ifl(td + 1)a T 71}1@)} =

A—1
— > F{Byu(t+1+j|t,1),
i=0

J
HI(28).
2 (29) FTARSE E #1152,
5 FFEH B (Numerical example)
AT AR FTR T R IERTEAA M, A g
H— A EBIBEATIRAE. 3TN R 2-KANEml

T PIRELL, AR KEL L = 2R K, =3,
HAb KGR ). R (1) —(3) P RIFERFRCY

010 [0.8().40 1
F=|100[,A4=[04 0 0|, B=|1],
000 0 0 05 2
C=[111,C=122],
D=[121,Ds=[211].
Fibh:

n=3 n =2, d=20, Q,=1,

M = Qv = de = 0017 931(0) = |:015:| 5

w(t)v ’U(t), 'Ud(t)a u(t)ﬁi‘j/@ﬁ%yxll’

17,(0) = [(1) (1’] P(0,2) = B (1’]

ARG & B3E H B 1—4. X T K8, = 2P KH
ly = 3, A& T 3MTIREHRIRE, ER2:5
WAL TS, HPE1INPRE 2+ )=
@y (t+ 1t 1) W E L2 F IR E2s(t+ 1) =
@y (t+ 1, 1) 4 B (t + 12, 1) WE 2, 8 3N TRE
Tr(t+1t) = To(t + 1]t 1) WK,

MNE -2 B 5 & H, 225 35 B T 8 (¢
+ 1]t), @Ts(t + Ut) AT LAREF IR ERER AR I THIRAS. X
Far(t + 1), Bz (t + 1) BIMETFET (¢ + 1|t), 1RHE
SERE 3 R (28)—(29), H & (t + |t) = 0, FTLAZERE 3
1, 2 350 3 S TAE A .

AT LS 25 R30S X 5, AR SCHE
Blarhgy B T e MR ZE B 7 Z B8, WE 1L
B2, W] LUE 228 B T 22 LE 328 (0 Tt R R B A —
8o IXAE R AR TUESE, BOh—fokui 2 Ko
AR 25 B XA AR SRt i, i A v 4Bkt
.

FIRAS LA AN TR

0 20 40 60 80 100 120
t/s
L EIEIRES 20 DKRECHL =21 T#&
3: R EONL =31 TN &

1 x(t + 1) BB INPIRES R BERTRIES R (¢ + 1;]t)
Fig. 1 The origin and its predictor & (¢ + ;|¢) for the first
sub-state of x(t + ;)

TARE2FE A HME

1
0 20 40 60 80 100 120
t/s

LIRS 2 B RECAL =210 T 2%
3: BREONL =3 T &%

B2 a(t + 1) KSR R EATRE S s (¢ + 1]t)
Fig. 2 The origin and its predictor &g (¢ + [;|¢) for the second
sub-state of @ (¢ + 1;)

15 T T T T T

10F 1

TARAS3 A AT

1 1
20 40 60 80 100 120

_10 1 1
0
t/s

L JR IR 2: HRECHL =200 T35
3. BRECNL=31 TR 2%
B 3 @ (t + 1;) I3RS A AT E T o (¢ 4 13]t)
Fig. 3 The origin and its predictor & (¢ + [;|t) for the second
sub-state of x(t + ;)
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120 T T T T T [11] GERDIN M, SCHON T B, GLAD T, et al. On parameter and state
1: HKEONL =2t T %= estimation for linear differential-algebraic equations [J]. Automatica,
1001 2: 5K HONL =30 Bh 7 % 1 2007, 43(3): 416 — 425.
g0 | [12] ZEE%E, Bodt. RA&FREMRRITT XRE RN BRIERD (J].

B EE
3

1
0 20 40 60 80 100 120
t/s

K 4 ARZKENTRIRE B 5 Z R
Fig. 4 Comparison of the covariance of the predictor error for

different

6 458 (Conclusions)

ARSCHI T 58 Ttk i s A ZE I WL 1)) X R %
HIPEAY 2 25 T8 i v vt [ . AR AR v 7 e (0 A
T, ARG T ZREMER RE, R EEL
TS NG B e B T 2B TS TS 2
TR HW, BEBEEGI A DEH, A
T A BT R AR I A vH I P HU D KRS, 4
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