
1 32ò1 6Ï
2015c 6�

� � n Ø � A ^
Control Theory & Applications

Vol. 32 No. 6
Jun. 2015

���¦¦¦555DDD(((ÚÚÚòòò���***ÿÿÿ222ÂÂÂXXXÚÚÚ���õõõÚÚÚ���`̀̀ýýýÿÿÿììì

DOI: 10.7641/CTA.2015.40838

© ¡†, �°_, Ç ~

(ìÀ�E�ÆìÀ�Åì<��UEâ­:¢�¿,ìÀ�� 266590)

Á�:�©ïÄ
G��m£ã�lÑ2ÂXÚ�`ýÿì��O¯K,TXÚ�k=�Úò�*ÿ,¤k*ÿ
¥�k¦5D(. Ø©3ü�Ä�b�^�eæ^IO�ÛÉ�©)�{�Ñ
É��d�¢XÚ,éudaX
Úvkæ^G�O2�{,
´æ^#E­|©ÛnØ�Ñ
õÚýÿì. Ï�ò�*ÿ��3,¤�Ñ�õÚý
ÿì�¹
ü@4í�2ÂXÚikJ�§. �©�Ñ
��êÆ�~�y
¤J�{��(5Úk�5,¿�
Ñ
oÌã¡,�â�~�±wÑ���¹eýÿ�Úê��,ýÿ�(J�Ð.�©�{�±?�Ú5ïÄ�E
,��
¯K,Xò�2ÂXÚ�H∞ÈÅÚ��¯K.
'�c: 2ÂXÚ;õÚýÿì;ò�*ÿ;¦5D(;#E­|

¥ã©aÒ: TP273 ©zI£è: A

Optimal multi-step predictor for descriptor systems with
multiplicative noise and delayed measurement
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Qingdao Shandong 266590, China)

Abstract: Optimal multi-step predictor problem for the discrete-time descriptor systems is dealt with, where the de-
scriptor systems is given in terms of state-space equations. The state-space equations involve instantaneous measurements
and delayed measurements, and multiplicative noises in all measurements. Two standard assumptions are made for the
descriptor system case, under which the restricted equivalent delayed system is derived by using standard singular value
decomposition. Without resorting to state augmentation which is usually employed for dealing with estimation for delay
system, we put forward a reorganized innovation lemma for presenting the result of multi-step predictor. The multi-step
predictor involves two sets of recursive Riccati equations of descriptor systems since of the existence of the delayed mea-
surements. The proposed approach is validated being efficient by a numerical example where four figures are presented,
demonstrating that the proposed approach can give better predicting estimation when the number of steps is less. Further-
more, the proposed approach can be used to tackle more difficult problems, such as filtering and control for descriptor
systems with multiplicative noises.

Key words: descriptor systems; multi-step predictor; delayed measurements; multiplicative noise; re-organized innova-
tion
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�`z�O¯K�Ï±5��´��nØÚ&Ò
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��mS�©Û�{[8, 11]!ÛÉ�©)�{[12]!G�

O2�{[10, 13]!k�ùÈÅ�{[14],��. 
3éõ
�¢SA^¥*ÿÏ�  Y,X¦5D(,X�h
/�t&!Y(?n�[15–16]. éuùa¯K~^��
{��k��d�O�{[17]!XÚO2�{[18]ÚF

�ËA�m��K½n�{[19–21]. ~X,©z[18]æ
^XÚO2��{?n
¹kõÏ�Ú¦5D(�

2ÂXÚÈÅ¯K,©z[19–21]æ^k�ùÈÅÚI
O©)�{ïÄ
2ÂXÚ�`z�O¯K.A�v
k�'�Ø©é¹k=�*ÿÚò�*ÿ�2ÂX

Ú?1LïÄ[22],Ù¥XÚ�¤k*ÿ¥Ñ�k¦5
D(. éuda¯K,þ¡J��G�O2´���
1��{[10, 13],�´T�{N´��O�þ�:ìO
\. éudaò�¯K,#E­|©ÛnØ´��k
��1��{[3]. �©?n
�k¦5D(Úò�*
ÿ�lÑ2ÂXÚ��`õÚýÿ¯K.�²;�G
�O2�{ØÓ,�©æ^
�ö@cJÑ�#E­
|©ÛnØ[4]. IO�ÛÉ�©)ò2ÂXÚ=��
É��d�¢XÚ.©"�Ñ
��êÆ�~y²

¤æ^�{��(5Úk�5.
�©��)±eÜ©: 12Ü©�Ñ
¤�ïÄ�

¯K;13Ü©�Ñ
É��d�¢XÚ�õÚýÿ
ì;14Ü©�Ñ
�©�Ì�Ü©–�¦5D(Úò
�*ÿ2ÂXÚ�õÚýÿì;15Ü©�Ñ
êÆ
�~,é¤J�{��(5Úk�5?1
�y;�
��Ñ
�©�(Ø.

2 ¯̄̄KKK£££ããã(Problem statement)
�Äe¡�k¦5D(!=�Úò�*ÿ�lÑ

2ÂXÚ

Fx(t + 1) = Ax(t) + Bu(t), (1)

y(t) = Cx(t) + Dw(t)x(t) + v(t), (2)

yd(t) = Cdx(td) + Ddw(t)x(td) + vd(t),

d > 0, td = t− d, (3)

Ù¥: x(t)∈Rn´XÚG�; y(t)∈RqÚyd(t)∈Rqd

´=�Úò�*ÿ; u(t) ∈ Rp, v(t) ∈ RqÚvd(t) ∈
Rqd©O´Ñ\Z6!*ÿD(Úò�*ÿD(;
w(t) ∈ R1´�3u=�Úò�*ÿ�¦5D(;Ý

A, B, C, D, Cd, Ddb�®�,¿äk·���
ê.
�©Äk�Ñe¡ü�2ÂXÚ�IOb�:

bbb��� 1 u(t),v(t),vd(t)Úw(t)´Ø�'�"
þ�xD(,¿��x(0)�Ø�',¿�÷v

< u(t),u(s) >= Quδt,s,

< v(t),v(s) >= Qvδt,s,

< vd(t),vd(s) >= Qvdδt,s,

< w(t),w(s) >= Mδt,s,

< x(0),x(0) >= Π(0),

Ù¥Qu, Qv, Qvd , M, Π(0)´b�®��.

bbb��� 2 Ý
F´®�ÚÛÉ�,XÚ´�K�,
=rankF =n1 <n,
��3λ÷vdet(λF−A) 6=0.

þã2ÂXÚ��`õÚýÿì¯K£ãXe:
¯̄̄KKK P éu2ÂXÚ(1)−(3),®�*ÿ{y(0),

· · · ,y(t);yd(d), · · · ,yd(t)}Ú�½�ê l > 1,¦
x(t + l)���þ��ýÿìx̂(t + l | t).
3b�2e,�âDÚ2ÂXÚ�(J[18–19],�3

�ÛÉ�Ý
{J1, J2}∈Rn×n, x(t)=J2

[
x1(t)
x2(t)

]
,

÷ve¡�Ún:

ÚÚÚnnn 1 2ÂXÚ(1)−(3)e÷vb�1−2,KÙ
�du

x1(t + 1) = A1x1(t) + B1u(t), (4)

F1x2(t + 1) = x2(t) + B2u(t), (5)

y(t) = C1x1(t) + C2x2(t) + D1w(t)x1(t) +

D2w(t)x2(t) + v(t), (6)

yd(t) = C1dx1(td) + C2dx2(td) +

D1dw(t)x1(td) +

D2dw(t)x2(td) + vd(t), (7)

Ù¥:

J1FJ2 =

[
In1 0
0 F1

]
, J1AJ2 =

[
A1 0
0 In−n1

]
,

J1B =

[
B1

B2

]
, J2




C

Cd

D

Dd


 =




C1 C2

C1d C2d

D1 D2

D1d D2d


 ,

x1 ∈ Rn1 , x2 ∈ Rn−n1 , F1´��λ–�"Ý
,=
F λ

1 = 0, F λ−1
1 6= 0.

3 õõõÚÚÚýýýÿÿÿìììx̂1(t + l|t)(Multi-step predict-
or x̂1(t + l|t))
�âÚn1,�
�Ñ¯KP��`õÚýÿì,I

�k�ÑÉ��dXÚ(4)−(7)�õÚýÿì.

3.1 ###EEE­­­|||©©©ÛÛÛnnnØØØ (Reorganized innovation
analysis lemma)
æ^Ø© [22]�q�½Â½IPe1(t, i), Ỹi(t),

P1(t, i), L(t, t, i), QȲi
(t),�â#E­|©Ûn

Ø[3–4],�±�ÑXeÚn:

ÚÚÚnnn 2 éuXÚ(1)−(3), L{Ỹ2(0),· · ·, Ỹ2(td);
Ỹ1(td + 1), · · · , Ỹ1(t)}´#ES�,ÙÜ¤��m�
d uL{Y2(0), · · · ,Y2(td);Y1(td + 1), · · · ,Y1(t)},
��dud*ÿS� {y(0), · · · ,y(t);yd(d), · · · ,

yd(t)}Ü¤��m.
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3þãÚn¥:

Y2(t)
4=

[
y(t)

yd(t + d)

]
,

Y1(t)
4= y(t),


�

Yi(t) = C1ix1(t) + C2ix2(t) + D1i(w, t)x1(t) +

D2i(w, t)x2(t) + Vi(t), i = 1, 2.

ÏL�K½n,�±��

Ỹi(t) = C1ie1(t, i) + D1i(w, t)x1(t) + ˜̄Vi(t). (8)

Ù¥:

C11 =C1, C12 =

[
C1

C1d

]
, C21 =C2, C22 =

[
C2

C2d

]
,

D11(w, t)=D1w(t), D12(w, t)=

[
D1w(t)

D1dw(t+d)

]
,

D21(w, t)=D2w(t), D22(w, t)=

[
D2w(t)

D2dw(t+d)

]
,

V2(t) =

[
v(t)

vd(t + d)

]
, V1(t) = v(t).

3.2 iiikkkJJJ���§§§(Riccati equation)
�Ñ
þ¡�#E­|©ÛnØ,�!ò�Ñ^

5O�Ø�g���Ý
P1(t+1, i)=< e1(t+1, i),
e1(t + 1, i) >�ikJ�§.
ÏLæ^DÚ��k¦5D(XÚ�k�ùÈÅ

�{[18–19], P1(t + 1, 2)�±4íO�Xe:




P1(t + 1, 2) =

A1P1(t, 2)AT
1 + B1[Qu −G3(t, t|t, 2)]BT

1 +

A1

[
GT

1 (t, t, 2)−K(t, 2)GT(t, t, 2)
]
BT

1 +

B1[G1(t, t, 2)−G(t, t, 2)KT(t, 2)]AT
1−

A1K(t, 2)QỸ2
(t)KT(t, 2)AT

1 ,

P1(0, 2) = Π1(0),

(9)

Ù¥:

Π1(t + 1) = A1Π1(t)AT
1 + B1QuBT

1 , (10)

K(t, 2)ÚQỸ2
(t)�Ø©[22]¥ª(3.43)Ú(3.45), G(t,

t, 2), G1(t, t, 2), G3(t, t|t, 2), H1(t, t, 2),H2(t, t|t−
1, 2)�Ø©[22]Ún 3.4,Ð©�G(0, 0, 2) = T (0,

0, 2), G1(0, 0, 2) = G3(0, 0| − 1, 2) = H1(0, 0, 2) =
H2(0, 0|−1, 2) = 0, R(t, t, 2)�Ø©[22]Ún3.3(�
s = t), ξ−(t)´ξ(t)�2Â_.

,	, P1(t + 1, 1)ò3e¡�½n¥�Ñ:

½½½nnn 1 3b�1−2e,éu�Ñ�É��dX
Ú�. (4)−(7), P1(t + 1, 1) =< e1(t + 1, 1), e1(t +
1, 1) >�±UXeúª?14íO�:

P1(t + 1, 1) =

A1P1(t, 1)AT
1 + B1[Qu −G3(t, t|t, 1)]BT

1 +

A1

[
GT

1 (t, t, 1)−K(t, 1)GT(t, t, 1)
]
BT

1 +

B1

[
G1(t, t, 1)−G(t, t, 1)KT(t, 1)

]
AT

1 −
A1K(t, 1)QỸ1

(t)KT(t, 1)AT
1 ,

P1(td + 1, 1) = P1(td + 1, 2), t > d, (11)

Ù¥

K(t, 1) = L(t, t, 1)Q−
Ỹ1

(t). (12)

3þª¥:

L(t, t, 1) = P1(t, 1)CT
11 + HT

1 (t, t, 1),

QỸ1
(t) = C11P1(t, 1)CT

11 + D1MΠ1(t)DT
1 +

R(t, t, 1)−H2(t, t|t− 1, 1) +

C11H
T
1 (t, t, 1) + H1(t, t, 1)CT

11,

Ù¥:

R(t, t, 1)= Qv+
λ−1∑
j=0

C21F
j
1 B2QuBT

2 (F j
1 )TCT

21+

M
λ−1∑
j=0

D2F
j
1 B2QuBT

2 (F j
1 )TDT

2 ,

G(t, t, 1), G1(t, t, 1), G3(t, t|t, 1), H1(t, t, 1),H2(t,
t|t− 1, 1)�Ø©[22]Ún3.5, Π1(t)3ª(10)¥.

yyy y²�±�â�K½n,Ù¥�
[!�±
ëìe¡�½n.

3.3 x1(t)���õõõÚÚÚýýýÿÿÿììì (Multi-step predictor for
x1(t))
3��!¥,Äk�Ñ��­��Ún:

ÚÚÚnnn 3 �s < td + 1�,k

H(td + 1, s, 12) =

H1(td + 1, s, 12)CT
12 + R(td + 1, s, 12)−

H2(td + 1, s|s− 1, 12), (13)

H1(td + 1, s, 12) =

H1(td + 1, s− 1, 12)AT
1 −

H(td + 1, s− 1, 12)KT(s− 1, 2)AT
1 +

TT(s− 1, td + 1, 1)BT
1 −

H3(td + 1, s− 1|s− 2, 12)BT
1 −

H(td + 1, s− 1, 12)Q−
Ỹ2

(s− 1)×
GT(s− 1, s− 1, 2)BT

1 , (14)

H2(td + 1, s|m, 12) =

H2(td + 1, s|m− 1, 12) +

H(td + 1,m, 12)Q−
Ỹ2

(m)HT(s,m, 2), (15)

H3(td + 1, s|m, 12) =

H3(td + 1, s|m− 1, 12) +
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H(td + 1,m, 12)Q−
Ỹ2

(m)GT(s,m, 2). (16)

3þ¡�ÚnÄ:þ,�±�Ñx1(t)��`zõ
Úýÿì.

½½½nnn 2 3b�1−2e,�ÄÉ��dXÚ�.
(4)−(7),`zõÚýÿìx̂1(t + l|t)�±UeªO�:

x̂1(t + l|t) = x̂1(t + l|t, 1) =

Al−1
1 x̂1(t + 1, 1) +

l−2∑
i=0

d−1∑
j=0

Ai
1B1G(t + l − 1− i, t− j, 1)×

Q−
Ỹ1

(t− j)×
[Y1(t−j)−C11x̂1(t−j, 1)− ˆ̄V1(t−j, 1)]+
l−2∑
i=0

t∑
j=d

Ai
1B1G(t + l − 1− i, t− j, 2)×

Q−
Ỹ2

(t−j)×[Y2(t−j)−C12x̂1(t−j, 2)−
ˆ̄V2(t− j, 2)], (17)

Ù¥x̂1(t + 1, 1) = x̂1(t + 1|t, 1),O�Xe:

x̂1(t + 1, 1) =

A1x̂1(t, 1) + A1K(t, 1)[Y1(t)−
C11x̂1(t, 1)− ˆ̄V1(t, 1)] + B1û(t|t, 1), (18)


�x̂1(td + 1, 1) = x̂1(td + 1, 2)O�Xe:



x̂1(td + 1, 2) =

A1x̂1(td, 2) + A1K(td, 2)[Y2(td)−
C12x̂1(td, 2)− ˆ̄V2(td, 2)] + B1û(td|td, 2),

x̂1(0, 2) = x̂1(0| − 1, 2) = 0.

(19)

3þª¥:

û(t|t, 1) =

û(t|t− 1, 1) + G(t, t, 1)Q−
Ỹ1

(t)[Y1(t)−
C11x̂1(t, 1)− ˆ̄V1(t, 1)], (20)

û(td|td, 2) =

û(td|td − 1, 2) + G(td, td, 2)Q−
Ỹ2

(td)[Y2(td)−
C12x̂1(td, 2)− ˆ̄V2(td, 2)], (21)

Ù¥:



ˆ̄V1(t− j, 1) =
ˆ̄V1(t− j|t− j − 2, 1) + H(t− j, t− j − 1, 1)×
Q−

Ỹ1
(t− j − 1)[Y1(t− j − 1)−

C11x̂1(t− j − 1, 1)− ˆ̄V1(t− j − 1, 1)],
ˆ̄V1(td + 1, 1) = ˆ̄V1(td + 1, 2), j = 0, · · · , d− 1,

(22)





ˆ̄V2(t− j, 2) =
ˆ̄V2(t− j|t− j − 2, 2) + H(t− j, t− j − 1, 2)×
Q−

Ỹ2
(t− j − 1)[Y2(t− j − 1)−

C12x̂1(t− j − 1, 2)− ˆ̄V2(t− j − 1, 2)],
ˆ̄V2(0, 2) = 0, j = d, · · · , t.

(23)

Ù¥ ˆ̄V1(td + 1, 2)deª��:
ˆ̄V1(td + 1, 2) =
ˆ̄V1(td+1|td−1, 2)+H(td+1, td, 12)Q−

Ỹ2
(td)×

[Y2(td)−C12x̂1(td, 2)− ˆ̄V2(td, 2)], (24)

K(t, 1)�ª (12), K(td, 2)�Ø©[22]ª (3.43), G(t,
s, i)(i=1, 2)�Ø©[22]Ún3.4ÚÚn3.5, H(td+1,

td, 12)�Ún3ª(13).

yyy �âª(4)��

x1(t + l) =

Al
1x1(t) +

l−1∑
i=0

Ai
1B1u(t + l − 1− i) =

Al−1
1 x1(t + 1) +

l−2∑
i=0

Ai
1B1u(t + l − 1− i),

¤±

x̂1(t + l|t) =

Al−1
1 x̂1(t + 1|t) +

l−2∑
i=0

Ai
1B1û(t + l − 1− i|t).

(25)

�â½n1,��

x̂1(t + 1, 1) =

A1x̂1(t, 1) + A1K(t, 1)Ỹ1(t) + B1û(t|t, 1) =

A1x̂1(t, 1) + B1û(t|t, 1) + A1K(t, 1)×
[Y1(t)−C11x̂1(t, 1)− ˆ̄V1(t, 1)],

=ª(18).

aq/,�âª(1),

û(t|t, 1) =

û(t|t− 1, 1) + G(t, t, 1)Q−
Ỹ1

(t)Ỹ1(t) =

û(t|t− 1, 1) + G(t, t, 1)Q−
Ỹ1

(t)×
[Y1(t)−C11x̂1(t, 1)− ˆ̄V1(t, 1)],

=ª(20).

,	,�â�K½n��

û(t + l − 1− i|t, 1) =

P{u(t + l − 1− i)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t)} =
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P{u(t + l − 1− i)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t− 1)}+

P{u(t + l − 1− i)|Ỹ1(t)} =

û(t + l − 1− i|t− 1, 1) +

< u(t + l − 1− i), Ỹ1(t) > Q−
Ỹ1

(t)Ỹ1(t) =

û(t + l − 1− i|t− 1, 1) +

G(t + l − 1− i, t, 1)Q−
Ỹ1

(t)Ỹ1(t).

aq/,
û(t + l − 1− i|t− 1, 1) =

P{u(t + l − 1− i)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t− 1)} =

P{u(t + l − 1− i)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t− 2)}+

P{u(t + l − 1− i)|Ỹ1(t− 1)} =

û(t + l − 1− i|t− 2, 1) +

< u(t + l − 1− i), Ỹ1(t− 1) > ×
Q−

Ỹ1
(t− 1)Ỹ1(t− 1) =

û(t + l − 1− i|t− 2, 1) +

G(t + l − 1− i, t− 1, 1)×
Q−

Ỹ1
(t− 1)Ỹ1(t− 1). (26)

Uª(26)O���

û(t + l − 1− i|td + 1, 1) =

P{u(t + l − 1− i)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1)} =

P{u(t + l − 1− i)|Ỹ2(0), · · · , Ỹ2(td)}+

P{u(t + l − 1− i)|Ỹ1(td + 1)} =

û(t + l − 1− i|td, 1)+ < u(t + l − 1− i),

Ỹ1(td + 1) > Q−
Ỹ1

(td + 1)Ỹ1(td + 1) =

û(t + l − 1− i|td, 2) +

G(t + l − 1− i, td + 1, 1)×
Q−

Ỹ1
(td + 1)Ỹ1(td + 1),

¤±

û(t + l − 1− i|t, 1) =
t∑

j=d

G(t+l−1−i, t−j, 2)Q−
Ỹ2

(t−j)Ỹ2(t−j)+

d−1∑
j=0

G(t + l − 1− i, t− j, 1)Q−
Ỹ1

(t− j)×

Ỹ1(t− j),

2�Ä�ª(25),�±��ª(17). ª(19)Úª(21)�
aq/�Ñ.

�â�K½n��

ˆ̄V1(t− j, 1) =

P{V̄1(t− j)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t− j − 1)} =

P{V̄1(t− j)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t− j − 2)}+

P{V̄1(t− j)|Ỹ1(t− j − 1)} =
ˆ̄V1(t− j|t− j − 2, 1) +

H(t− j, t− j − 1, 1)×
Q−

Ỹ1
(t− j − 1)Ỹ1(t− j − 1),

K�±��ª(22). ª(23)Úª(24)�aq/�Ñ.

4 õõõÚÚÚýýýÿÿÿìììx̂(t + l|t)(Multi-step predictor
x̂(t + l|t))
�½
þã�õÚýÿìx̂1(t + l|t, 1)(l > 1),

�Ü©ò�Ñ`zõÚýÿìx̂(t + l|t).

½½½nnn 3 2ÂXÚ�.(1)−(3)3÷vb�1−2

��¹e,e[0 I]J−1
2 x(0) = −

λ−1∑
j=0

F j
1 B2u(j),Kõ

Úýÿì�Ox̂(t + l|t) = x̂(t + l|t, 1)�±O�X
e:

x̂(t + l|t) = J2

[
x̂1(t + l|t, 1)
x̂2(t + l|t, 1)

]
, l > 1. (27)

3þª¥: x̂1(t+l|t, 1)�lª(17)��, x̂2(t+l|t, 1)
Ueª�Ñ:

x̂2(t + l|t, 1) = −
λ−1∑
j=0

F j
1 B2û(t + l + j|t, 1),

(28)

Ù¥

û(t + l + j|t, 1) =
t∑

k=d

G(t + l + j, t− k, 2)Q−
Ỹ2

(t− k)Ỹ2(t− k) +

d−1∑
k=0

G(t +l+j, t−k, 1)Q−
Ỹ1

(t−k)×Ỹ1(t− k),

(29)

þª¥:

Ỹi(t) = Yi(t)−C1ix̂1(t, i) + ˆ̄Vi(t, i),

G(t+l+j, t, i)�Ø©[22]Ún3.4ÚÚn3.5, x̂1(t, i)
�ª(18)Úª(19), ˆ̄Vi(t, i)�ª(22)Ú(23).

yyy ª(27)�âÚn1���.
�âª(4)−(5),��

x1(t) = At
1x1(0) +

t−1∑
i=0

At−i−1
1 B1u(i),

Ù¥

x2(t) =−
λ−1∑
i=0

F i
1B2u(t + i). (30)
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�â�K½nÚª(30),��

x̂2(t + l|t, 1) =

P{x2(t + l)|Ỹ2(0), · · · , Ỹ2(td); Ỹ1(td + 1),

· · · , Ỹ1(t)} =

P{−
λ−1∑
j=0

F j
1 B2u(t + l + j)|Ỹ2(0), · · · , Ỹ2(td);

Ỹ1(td + 1), · · · , Ỹ1(t)} =

−
λ−1∑
j=0

F j
1 B2û(t + l + j|t, 1),

=ª(28).
ª(29)��â½n1��.

5 êêêÆÆÆ���~~~(Numerical example)
�
�y¤J�{��(5Úk�5,�!ò�

Ñ��êÆ�~?1�y. éuØÓ�Ú��êýÿ
ì�J´Ø���,�
�Ð/Lyù�:,��~
�Ñ
ü«�¹,©O´Ú�ê l1 =2ÚÚ�ê l2 =3,
Ù¥Ú�´�½�. XÚ�.(1)−(3)¥�Ý
��

F =




0 1 0
1 0 0
0 0 0


 , A=




0.8−0.4 0
0.4 0 0
0 0 0.5


 , B=




1
1
2


 ,

C = [1 1 1], Cd = [1 2 2],

D = [1 2 1], Dd = [2 1 1].

,	:
n = 3, n1 = 2, d = 20, Qu = 1,

M = Qv = Qvd = 0.01, x1(0) =
[

1
0.5

]
,

w(t), v(t), vd(t), u(t)÷vb�1,

Π1(0) =
[
1 0
0 1

]
, P1(0, 2) =

[
1 0
0 1

]
.

�â½n3xÑã1−4. éuÚ�êl1 = 2ÚÚ�ê
l2 = 3,�©�Ñ
3�fG���©G�,§�2Úý
ÿìÚ3Úýÿì,Ù¥1 1�fG� x̂F(t + l|t)=
x̂11(t + l|t, 1)�ã 1,1 2�fG� x̂S(t + l|t) =
x̂11(t + l|t, 1) + x̂12(t + l|t, 1)�ã 2,1 3�fG�
x̂T(t + l|t) = x̂2(t + l|t, 1)�ã3.
lã1−2�N´wÑ, 2ÚÚ3Ú�`ýÿìx̂F(t

+ l|t), x̂S(t + l|t)�±éÐ��l�©�fG�. é
ux̂T(t + l|t),§´x2(t + l)��Ox̂2(t + l|t),�â
½n 3¥ª (28)−(29),k x̂2(t + l|t) ≡ 0,¤±3ã 3
¥, 2ÚÚ 3Úýÿì�".
�
�Ð/�Ñ2ÚÚ3Úýÿì�«O,�©3

ã4¥�Ñ
§��Ø�g����Å/. lã1Ú
ã2,�±wÑ2Ú�ýÿ�'3Ú�ýÿ�J�Ð�

,ù3ã4¥��
y¢,Ï���5`Ú�ê��
�ýÿì¤^�&E�é5`�õ,¤±�O��O
(.

ã 1 x(t + li)�11�fG���©�Úýÿ�x̂F(t + li|t)
Fig. 1 The origin and its predictor x̂F(t + li|t) for the first

sub-state of x(t + li)

ã 2 x(t + li)�12�fG���©�Úýÿ�x̂S(t + li|t)
Fig. 2 The origin and its predictor x̂S(t + li|t) for the second

sub-state of x(t + li)

ã 3 x(t + li)�13�fG���©�Úýÿ�x̂T(t + li|t)
Fig. 3 The origin and its predictor x̂T(t + li|t) for the second

sub-state of x(t + li)
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ã 4 ØÓÚ�ê�ýÿØ�g����'�
Fig. 4 Comparison of the covariance of the predictor error for

different

6 (((ØØØ(Conclusions)
�©ïÄ
�k¦5D(Úò�*ÿ�2ÂXÚ

�`zõÚýÿì��O¯K.�âIOÛÉ�©)
�{,�©�Ñ
É��dò�XÚ,|^#E­|
©ÛnØÚ�K½n�Ñ
õÚýÿì. Týÿì´
ÄuikJ�§�Ñ�,�âêÆ�~�±wÑ,�
©¤^��{U
éÐ��OýÿÚê��G�,�
Ú�ê���J��. Ød±	,�©¤JÑ��{
(ÜO��{��±ïÄ�E,��
¯K,X,ò
�2ÂXÚ�H∞��ÚÈÅ¯K©z[23–25].

ëëë���©©©zzz(References):

[1] KALMAN R E. A new approach to linear filtering and prediction
problems [J]. Journal of Basic Engineering, Transactions on ASME–
D, 1960, 82(1): 35 – 45.

[2] ANDERSON B D O, MOORE J B. Optimal Filtering [M]. Engle-
wood Cliffs, NJ: Prentice-Hall, 1979.

[3] ZHANG H, XIE L, ZHANG D, et al. A re-oganized innovation ap-
proach to linear estimation [J]. IEEE Transactions on Automatic Con-
trol, 2004, 49(10): 1810 – 1814.

[4] LU X, ZHANG H, WANG W, et al. Kalman filtering for multiple
time-delay systems [J]. Automatica, 2005, 41(8): 1455 – 1461.

[5] LU X, ZHANG H, WANG W, et al. H-infinity deconvolution filtering:
a Krein space approach in state-space setting [J]. Journal of Control
Theory & Applications, 2009, 7(2): 185 – 191.

[6] SHEN B, WANG Z, SHU H, et al. H∞ filtering for nonlinear
discrete-time stochastic systems with random varying sensor de-
lays [J]. Automatica, 2009, 45(4): 1032 – 1037.

[7] ZHANG H, LU X, ZHANG W, et al. Kalman filtering for linear
time-delayed continuous-time systems with stochastic multiplicative
noises [J]. International Journal of Control, Automation, and Sys-
tems, 2007, 5(4): 355 – 363.

[8] ZHANG H, XIE L, SOH Y C. Risk-sensitive filtering, prediction and
smoothing for discrete-time singular systems [J]. Automatica, 2003,
39(1): 57 – 66.

[9] ZHANG H, CHAI T, LIU X. A unified approach to optimal estima-
tion for discrete-time stochastic singular linear systems [J]. Automat-
ica, 1998, 34(6): 777 – 781.

[10] DAI L. Filtering and LQG problem for discrete-time stochastic sin-
gular systems [J]. IEEE Transactions on Automatic Control, 1989,
34(10): 1105 – 1108.

[11] GERDIN M, SCHON T B, GLAD T, et al. On parameter and state
estimation for linear differential-algebraic equations [J]. Automatica,
2007, 43(3): 416 – 425.

[12] ��=,�)¥.æ^ÛÉ�©)�O2ÂXÚ��`ÈÅì [J].
��nØ�A^, 1994, 11(2): 177 – 181.
(QIN Chaoying, DAI Guanzhong. On the design of optimal filter
for generalized state space system using singular value decomposi-
tion [J]. Control Theory & Applications, 1994, 11(2): 177 – 181.)

[13] OLEMSKOI A I. Theory of stochastic systems with singular multi-
plicative noises [J]. Physics-Uspekhi, 2007, 41(3): 269 – 301.

[14] �C.2Â�5XÚ�G��O [D].M�T:M�Tó��Æ,
2007.
(SHI Ying. State estimation for descriptor linear systems [D].
Haerbin: Harbin Institute of Technology, 2007.)

[15] �F&.�¦5D(XÚ��O�{ïÄ�A^ [D].M�T:M�
Tó��Æ, 2002.
(CHEN Xixin. Research and application of estimation of systems with
multiplicative noises [D]. Harbin: Harbin Institute of Technology,
2002.)

[16] ¨d=.Ye(&� [M].Ü�: I�ó�Ñ��, 1992.
(HUI Junying. Underwater Acoustic Channel [M]. Hefei: National
Defence Industry Press, 1992.)

[17] JAFFER A G, GUPTA S C. Recursive bayesian estimaton with uncer-
tain observation [J]. IEEE Transactions on Information Theory, 1971,
13(5): 457 – 462.

[18] CHU D, GAO S, GUO L. An augmented optimal filter for multi-
channel stochastic singular systems with multiplicative noises [C]
//Proceedings of IEEE International Conference on Automation and
Logisties. New York: IEEE, 2007, 8: 378 – 382.

[19] CHU D, GAO S. State optimal estimation algorithm for singular sys-
tems with multiplicative noise [J]. Periodical of Ocean University of
China, 2008, 38(9): 814 – 818.

[20] CHU D, GAO S, GUO L. State estimation for multi-channel stochas-
tic singular systems with multiplicative noise [J]. Asian Journal of
Control, 2010, 12(6): 725 – 733.

[21] GAO S. Study of optimal estimation algorithm for singular systems
with multiplicative noise [D]. Qingdao: Ocean University of China,
2010.

[22] LU X, WANG H, WU F. Optimal multiple-step predictor for singu-
lar systems with multiplicative noise and delayed measurement [C]
//Proceedings of the 25th Chinese Process Control Conference.
Dalian: DUT, 2014, 8: 1 – 10.

[23] �Ð^,Ü�Y,ã2;,�.2ÂXÚH∞õÚýÿì�O [J].�
�nØ�A^, 2007, 24(5): 693 – 700.
(WANG Haoqian, ZHANG Huanshui, DUAN Guangren, et al. De-
sign of H-infinity multi-step predictor for descriptor systems [J]. Con-
trol Theory & Applications, 2007, 24(5): 693 – 700.)

[24] WANG Z, YANG F, HO D W C, et al. Robust H∞ filtering for
stochastic time-delay systems with missing measurements [J]. IEEE
Transactions on Signal Processing, 2006, 54(7): 2579 – 2587.

[25] WANG Z, SHEN B, SHU H, et al. Quantized H∞ control for non-
linear stochastic time-delay systems with missing measurements [J].
IEEE Transactions on Automatic Control, 2012, 57(6): 1431 – 1444.

�ö{0:
©©© ¡¡¡ (1979–),I,B�Ç,8cïÄ����¢XÚ!2ÂX

Ú!Ã�Daì�ä�O�, E-mail: luxiao98@163.com;

���°°°___ (1979–),å,ù�,8cïÄ���2ÂXÚ!Åì<p

Ñ���, E-mail: h−x−wang@163.com;

ÇÇÇ ~~~ (1988–),å,a¬ïÄ),8cïÄ���2ÂXÚ,

E-mail: fanwu@163.com.


