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Abstract: The trajectory planning module plays an important role in the new generation air traffic management automa-
tion system. For the planning of multiple aircraft conflict-free strategic trajectories under the condition of great traffic flow,
high density, and small separation, the multi-aircraft max-algebra coupled model and conflict pre-deployment model are
proposed based on competition mechanism as well as space distribution structure of air routes. The relationship between
input variable, state variable and output variable is established according to the air traffic control separation constraints. The
trajectory optimization model is formulated by adjusting the time of aircraft arrival and departure. Besides, the simulation
results demonstrated the optimization model proposed in this paper is effective and feasible.
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1 5|= (Introduction)
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NGATS)MRIRR YN [F] 44 ) B — BRI R 25 2 Al 2R
i1t 5% (single European sky air traffic research system,
SESAR). 7ERVER | w8 BEAI/ N A RR =08 4T 41
TR LA A L TC R AR B — A A
ARG RAZLLRIBAR L~ H BT A Z H)
P AU HE DRI T o B SR S By A R A SR
T B HE AR B 25 00 T A T R

AR E: 2014—10-31; A HEW: 2015-04—12.

T{E(E#E# . E-mail: tangxinmin@nuaa.edu.cn; Tel: +86 13813952160.

ER ARBIEREETIH (61174180, 71271113, U1233101) % 8.

EHEN. B8 AT 253 ) AR ) AR,
WAFEIRPA TR 12254, FEE SN KE
(I SEBR RATBAR AT Ge vt o M SR AT L 4 U 451,
JE & M T M2 AT AR, AT 381847 KT
A 38 T 1) TR R 388 ) T A, 43T A T AS R A
B BB RIS Bl 2B IR AR A 2 A8 e (67
T Z M 2T RS HEZ %, Lymperopouloss
K H P B SR R A B YRR AT 2 0 A e HE
DB RO 224 (R B ©AT THRIEAT B 3R
T, A AT VR 2 AR R AP 5, T3 R
B RATURINO RFEREEE AT TR S A RE
X A ) [ BRI SR BRI S H T A A L,

FEHW TR AT AR ARV N F 7 THT, Goverde [y
FARRARBERIS N A R GHAT A, X AE RS

Supported by National Natural Science Foundation of China (61174180, 71271113, U1233101).



%7

B tERE R IRITT & 919

TRV | AR MR B PR R G SRR P EAT 43 A2,
OlsderSF £ W ATIHIZAT M 4%, ZE TR EE S, Xt
AT T HAZATIN (8], £ FEBEHLE 7 AT X 3giH
RGEHATHEIB /TP SchutterF5 4T X 8k R4 1)
B A5 S 5% 1) R A 7 i R RN T 2R ) A, A AR
ARECER V0 AR TR 428 T BB X 51 ZEas AT RS A AR
FEIE FRHEAT BRI BT 2R B g A AR AR KA B
BTG TR HERANZ I RGORESTTRE, 4047 T &R
GEIRS e MR AE 1),

ERSKRE, HH ISR AT THRI AT B AEAE
TPRBEAT I, B 4 S BAR ) A2 TE i R AT A
75, 1A BRI A 2 s 28 e S R # e —
R IA AL AR 1) R, MRS R P & BRI 20K
ST B IR AR MR, X0 T E R
A2 2% BT R I R I R T AROK R . BRIk, A T
S S A TE T I, 75 22 LA B A iz 4
DRSS AT SR A BEAl], A4 JRI RN R G ) A
XF 2 MBS ATBRAT IR . A SCEE X 2 i s A et
RITET R, ML 4ANT7 T R FFRR ST 1) BB Al
FSAIME; 2) 2 TBOSTERABUR R 3) 245
AT AT, 4) SR A PUB AR .
2 B B AT I AR B B 4 B (Single seg-

ment traffic flow algebra model formulation)

WRAREIIE 18 42 £ 2 [E] 2% Cuninghame-Green %%
FEH 2021k [E 23 Cohen K HAVEE ¥ H i zhHh
ZHE T B MSSRE BB 2 R
T TRJ B2 4 E AR AR AR I SR -

1) WRAEHIR, “—o00” HHTITK, MK
FUaH e UFAR = RU {—oo};

2) &a,b € RAERFHEAMRE, WE X “a”H

“HUR” 8%, Bla & b = max(a, b);
3) #a,be RAGEFHAMRE, WE X “e” KR
“HUF” 25, lla @b = a + b;

4) e XA “NIIK” , RTWAREBES
SN, T2 WLICHR [24].

AT AN~ iBL A B_EE T IS 28 i AT
X4, B R IHe AT # IR RSB X HAEREUZ IR
AL L 0 TR BB T, A AR AT R R
%fﬁ%ﬂ%ﬁﬂ Blﬁﬁn/l\ﬂftﬁMl, MQ, oty Mni’ﬂ‘m/l\
AP, Ps, - - -, P WIRSS I FERIRAE, Horb {1, 2,

o mRINUE SIS, BOE MBI
R FRNFNE 1) BN IRV 22 A2 T B i F2 R XE )
RATEAR, FMMERP (0= 1,2,--- ,m)BHEER
nAMLBM,, My, - - -, M, IR k%5 3F A HLEL
Mj(] = 1, 2, s ,n)%lzgx‘j‘m/l\ﬂﬁ.éﬁph Pz, LRI
P BIRARS. FEZ AT RS AE S, FRATBON IS 2%
R S5 RE R “RSSTESN 7, WL 2% AL B B IR 55

TEB TR, FROUTS 88 FF AR N A B B B
FFUG AW A RS R BRI, s as RSB Ek
FERTB T A2 38 MR 55 56 R A B R L BRI, iRgs i
BEAEma NI RS TGS, 7 3F (m + n) N %
PEEIAF (m + n) BRI . X B AT RS TR B
1, V345 S I B AR 45T AR 1) R G728 B IR 2 A
BHEICR, B RS 1 “Br f” , FHEE
ARG RCRELE . MAREMHE RS
(RS R HEAT 2 X124,

el bl
A

i
B

Bl 1 SRR R )

Fig. 1 The division of single segment

EX1 &Mz, WREZE, He,; = “MXTF
— MR IR SS IE FE P, FUB M X R 48 P IR 25 1 B
B RGN, o j =1,2,--- nflli = 1,2,

., m.
E)‘( 2 %Xulj‘?ﬁﬁ)\’?&%, E_uz = “*HXTJH:*
MERIRSSERE D, SBIANTREBRA LM IRSES)
BITFLEIE ” B 1 =1,2, -, n 4+ m, BEKF
SHSENBENUTARTH .

EX3 EXyANFHTE, By = “XF—4
HERIRSS AR, SIS MRS SRR 58 2R
BENE”, Hp:1=1,2,--- ,n+m, BEKFS
FRANUB G M 2R THE .

EX 4 52Xt ARSI, B,y = “AnF—
AR AR 45 3 TR A, L B M i 2 28 P IR IR 45 B
B, H =1,2,- - nflli =1,2,---  m.

AR, TR B AT IR S5 I B AR AU T b A
e RN, T B Segs A R 2 IR S5 i RE SRR K “ RiBL
XU 2RSS LA AR R T 44 AN B RS
BRI BRI AR S5 S R R A2 1) “ I TR) 228 R o
BT B B AT BRI 2, M8 M XL 25 38 P I R 55
RUATFIRREAT, 2 BACE “WB M, TR A i
P A FZMUBAN O 7 XA R 2, S
i=1,2,---,m, j=1,2,-- ,n. SPAHEHKEITIR
SRR, 7075 FE L 45 18] 1) [ R 2 e /) 22 4 [ B 1 T
T, ETLLErgs i “ BB s as ik 4447
AR ARSS AR A ) I TR] 2 8” F) K -

BN 1 i=1R15 = 18, X g =5 28 P RS BEM
FBON S IR 55 2 A T RAE A

x11 = max{uy, Uy1}- (D

BN 2 0= 115 # LI, S 88 PR BL M
(j =2,3,---,n), MBS SRS AT “Hi
B R 4% P IS5 S SR AL B M TR, AT

w1 = max{u;,x1 ;1 +t1 -1} 2
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MW 3 0 #£ 1Fj = 18, XHIB M, M= 38 0
(i =2,3,-,m), B B W 25 2% Bk 95 4 40 %8 B T
“RLB MR 8% P IR S5 Se S e i = 2% P b T
BN | WIRAE A
Ty = max{®; 12 + ti 12, Upji}- (3)
B4 A1 # U, xR B, (G = 2,3,
MR 55 S5 AEXE N T “ LB M WS 28 P IR S5 5E 5
s as PAEB M, EIRETEEE” , IRAE R
xy; = max{T;_1 41 +ti—1j+1, Tij—1 + tij—1}s
i=2,3,,m; j=2,3,,n. @)
XTI BB AT RS RE, W5 I ARSI =

= [Ty - Tip Tox ccc Top o

Tm1 xmn]T

N T LA S 1) 0 A

w=[u -

)

Up Uns1r  Ungm] ',
Y=[1 = Yn Ynt1 = Ynim) -
ET B IR -2 FUNF RS R LB, ARYE
EXNRGZEMEMSE, B L BT 4
“IN -2 RS B R GRS E IR R,

RETT R T RS 50 A
r=ARxd B QR u,
{y =C®«z,

HASPRESHHERERIRIE A
A=

g €

&)

tll g

tin—1 €
€ tio €

t13 I

(6)

B= N (7)

C= - ®

£ . t7nn_

MRYEFTSCHIIRIE, ST SRR AL, 7T LG
FILUTLrge:

1) TR R R oS 28 RGO RBUR A,
ERAE T W ARSI HRAS L AT
A “te” RRKR, I B e BT B
I LR B S A RGAERL. L b, N
PR IR, s B A — ALK, 3
WFIAG I 2S5, 5w LSS

(k) =Axz(k—1)® B ® u(k),
y(k) = C @ x(k)

IR, o kRIS 5. R SR IERE I, i)
FINRBER T Hu(k) = Ky(k — 1), K KER
SABHEREEL

2) T AT T 28 R G ARERAY,
EHIRESHEA X 2 M, e Ui w414
A, 2 SRR B HE NS 1R 58 5 IRF I, SO R
2 RBUEFEA, BRICH BAASHL, A SRR
FHSFRE R, WS 2% AT 0 () X A %ot T R Gk
ST ENE AR

3) TR IS T2 2% R G A AR A,
G R 2B AT I R A PP B LR R R A, R
GSHt NN, RERSEB AR, Hitk
AP f e BB RN BRI AL .

S F Bk 2 RS T R A 5 AR, ©p=mn,

A'=EPADPA*D--- AP, (10

()]
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Hor B RAER ST SRR, X TIRES 71,
BIREBREEE, A, A2, - AP~ ATLIEH]:

x = Ax P Bu,

Ax = A’z ® ABu,
A’z = A’z ® A’Bu,

(11)
AP~ = AP g @ AP 2Bu,
AP~y = APx @ AP~ Bu.
FRAEFERE A REPE, PTLLS
x = A*Bu,
{y = CA*Bu. (12)

3 ZHBANE RAREARE R FE (Multi-segment
traffic flow algebra model formulation)

DL BRI 2 B — B EEE TR R i
AL B M 2, R SO e ST B LA
TR AR R, A 3B T, RIVEZR ®AT .
IIRCRATAIAE XCRAT. IR TR, T G 185 ok
RIFIAZ XL BARBUEAY. &2 s,

|CoDy| = |C1Dy| = |EVFy| = |EyFy| = diin.

FENTB A, OB, Lk, AR 2R 20 Ay AT B BT B
C1Foh, R — T BN K A d . [FEE, TR
EJEEAQOBQ%J%%JHQ/I\?&, %?&Czigﬁl‘, ﬂ:’,—%
BT BHIKES A dyin.

K 2 X BCT By

Fig. 2 The division of crossover segment

FERESFBL N, CAT ISR AL 38 X s B i
AL B 2 B . #F KRS DO/ AT R P A =
A IB AT BB A RI(39 8 A0 B8 AS O By), 38
2 WFRGERLT B — R BB T, AR AR —25
. FXEEHS BB AT U R 28 X Ak
(1)1 SV IC 0] 8, o — e R 2R B AT Bh
A OBy, T 55 — 2R i 25 28 12 1T i BE M AL 0B,.
ANR— ek, SFAENB AL OB, LIz T I = 28 g il
HEMLBE A2 O By FIEAT IS 23 h, AL 88 g 6 BIA
X H.0, 1% B SEE S RS R (BRS 3EANE 2 1A B
FRE, STt BIE AL E AT IR D R 2 ARt
%), ZEREL AL OB 1A, O By, FIg AT I 28 7

Wi B 29 PR R R SC TR ek, 7EAT X R OALIE 75
UL AR GA

Thita = Tgi42 @ tgipo D Thir3 @ Ly ys,
Thivo = Tgi47 @by 147 D Thita Q thita.
(13)

4 ZEEAEMABBE I (Airspace traffic
flow algebra model formulation)

DL BB H R BB A S 2B ERAT X TR T,
TERT AR L bria T, — N EAT T (S %
AL Y 2 i ol DX B 2 1 X)) P BB AR AR5 Fh &%
FER RATIR SR, BFRICR MR . KR X5
BB R SRAE. Rk, A B LR R AT IR SR
AREERL A LA, B IR TR AR & s Y.
FRAE LA _Eishie, AR A IR TG ) B AR AR R e A
FEAR PRI AL R IRV S5 R, AWacss (i — 1)
?&a“’iﬁéﬂﬁﬁ2 (Ai_1, Bi_1, Ciy ) 555 1 R A5

BUUS” (A, B, Co) IR R,

Y=Yy,

U=Ui1 Y (A, B;, C) |——

T (A1, Biy, Ciy) (=90

Bl 3 A ERIR A

Fig. 3 The series connection of sub-models

DRI, & plJa R R AT AR O

Li—1 Li—1
= Ai—l,i & 7] Bi—l,i ® U;—1,
Z; Z;
Li—1
Yy, = Ci—l,i & x @ Di—l,i & Ui—1-
i

(14)

B BT RRRREX, &R RERRE
JiRER T RERIE A 5

Ti—1| A4 3 Ti—1 o
z, | |Bi®Ci_,®A;,_, A, x;
Bi, 1.,
B, ®C,_, ® B;_, b
(15)
1T
C.oB,C,_1®A_, Ti-1
Yi = @
(C;i®B;®Ci_1®@B;_1)u;_. (16)

IR, M (i — 1) MNP HIR R E R (0 +n
— 2)/N R, R AEn S SRR IR Y e R
I, Ul RS HO AR GERERE B NRERG: | ) HE R P AN R
PR IE N AR . ARSE SRR LAY 5 R )
RYURZSTTRE, AT LA 2 i 2 s JE ik S it
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RREAT, BRI, Wa KRGS L
B A A B T SRR T .
[ Ay
Ai—lBiCi—l

1+1 7

A4 Z_@Bi Z 2Ci At

Jj=t j=1—1 5

B
|

i+n—2 i+n—3

Air Y, By Y Ci - Aipn o

j=i j=i—1

(17)

j=i—1 l , (18)

u]
Il

r +n—2 i+n—2 A
Aii® Y eB; X «C;
ias  iimea
Ai® > oB; ) «C;

Jj=t

j=it1

Q)
Il

; (19)

A2 ®Ciypn s

_ 1+n—2 i+n—2

D= ) ¢B;® > Cj (20)

j=i—1 j=i—1

5 ZHTHYPBIACET I E (Multi-aircraft

trajectory optimization model formulation)

BT A A AE M RO AT AT B I 2 AN
A7, WPEATLRAE 2 M BL N AT . 7E5LFriatT
T, O T AR AN RAT B AR ST LR AR R
IBATHIZDEIE, T8 W R 88 12 T A Al ML T
SEfE. DRI, 2 P AT U A B AR I 0 ) TR A
RN 2R PR 7 2%, A I T s BIA SR LS A5
IS 2RI RAT PR iR e AN S g ia AT e
FEYREILBERTEN I 22, Hb 2R3 w0 [F)— B
[ EAHARTE RS A A AIIEAT. AN EL_ERAE
i A E TR B A, B AT SCPTA  ARRACL
BRI AT S, B AR BAATBN I 204 5 _E gt
FEHORETT R A B IS, AT A B AT B
BATIEEA T Bt 2 RS TR H R ANCH)
B, el ZR BN BUE TR T S8 m,
MBS A 25 TP R S SRR o TR S0 AT I 20 )
TR PN B IR, 207 SR TC R S ML
SR T LLRSIR A DAL ]

n+m n+m

min{a Y RAu(k)+05 >, QAy(k)},

k=n-+1 k=n+1

(x+ Az = (A+(5,0)AA) ® (z+
Axz)® B® (u+6(a,0)Au),
y+ Ay = (C +(5,00AC) ®@ (x + Ax),
AUy < Au < AUy,
AAnn < AA L AALL,
ACin < AC < AC,x,

s.t.

21
Forb: o373 37 TR B2 4% IR AR AT N 2 AiE
AT PR E AR R B, RAIQZ 5 PR
T BT E IR L, Au, AAFACHRFAR
B, [(nins () o RAVZE(-) P NLFLIRAE, H
a+18:17 a>o?ﬂ>07

R={ry o -+ 1], Dori=1(r; 2 0),
=1

Q=g ¢ - G, > q=1g =>0).
=1

ES O (z,y) N TR RE” B B =y B,
§(x,y) = 0; Hx # yif, §(z,y) = 1L iRIHELL LT #
B2 W28 TP SRR H bR R FOR LR 5 A,
T T IERUE M AR S oM 3, v] LA 2 Fhe s
IERRIAEAY, FAREEE:

) Fa =1, =0, AT AUE S AT
A JRURTAT I R S .

2) Ha=0,0 =1, lAEI T CE T R T
FRENUEL IS T SR S h 58

3) FHa #0,5 # 0, WAEHL T 8 W3
JRIRTBAT I 20RO 2 B AE LB B HE AT BE A T
ZERBETITR.

6 {HEIUE(Simulation validation)

R RIE 2 W2 28 T I SR R KA B PR A A,
AR, CLOBEAT 5 48 A8 X KATIG T A gk AT
TCH SRR, 64/ 23 T8 FE 43701 A

v; = 850 km/h, vy = 750 km/h, v3 = 800 km/h,
vy = 850 km/h, vs = 650 km/h, vg = 750 km/h,
A7 2% 1 YR T8 Y 1 8 29 (600 kb, 900 kmv/h. fi
2 RRIBAT T S I B4R, Hoh s 281, s
AR S BAPT AL WAL BC A Ay By, B 482
ARSHL T BROPTLE I MLBL A Ay Bo, O A MLBLAT X i

Ha =15°.

AR, B E&AMLE SR S A
|G1H,| = |H,I,| = |HyI;| = 60 km,
|GoHy|=50km, |I;C,|=80km, |I,C5|=100km,
|C10] 4+ |OF;| = |Cy0| + |OF;| = 40 km,
|C1Dy| = |CyDy| = |EVFy| = |EyFy| = 10km.

TESAU BB A TR B BRESHETR T, & BLP;(t)
=A(i =1,2, -, 6) RV Lt i 2= 25 TR
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BB R A, I At 25 2R AERTB B A7 B 5>
WA P (tg) = I, Ps(to) =Hi, Py(ty) =G1, Pa(to)
= 12, P5(t0) = Hz, PG(tO) = Gz- *EJEBU:%’%FW
a0, Wi B LR 2R 2 I AT RS TEARE X RO RN
JERTSCHTIR ) I )24 JUN, i AT aR 1 is
ITROL AT BT 28 3R S 254 H TS 88 2 1B AT
RO R BT RS AT 256, PRI 75 ZEARYEAH K
EARBREON DA_E 6B B ISR AT — %L,

Bl 4 X BEAHZE

Fig. 4 The parameters of crossover segment

R = Q = [1/6,1/6,1/6,1/6,1/6,1/6], a; min =
Cimin = 428, Qi max = Cimax = D5 s, WIWEZ M TR T
T S 728 R K A5 B (15 (1), 8 v AR B
W A B3 A Rs4 . SRS SIS 2O HEIR B
I8 43 % >4 0.0078h, 0.0195h, 0.0092h, 0.0454 h F1
0.0731 h. ZEA-L S 2 ARE DL _E IRl T S, B
AR A1IAE R AT SCHTIHE 1 « B TRl 248 FU). AR5 2
AU 2R MR R 1B TR (2), At 4R
AL 2 RS WE SR IS, 52282 i
83, A4 WS B S TR 2 6 O R TR # I FE 4y
il E5-9Fr 7R, B A R BE A5 3 AR R KA I %
BT 2R A, Hodp“17, “0” F“—17 43 1R oR
JL 2 B34 T S RS AR 2R 4365 P A8 XA O B Z)
27 0.2016 h, 0.2492h, 0.3052h, 0.2436 h #10.3192 h.
FER M A AR YE UL RSIAT LS, W25 2s ] [ A
WR R SCHTITIS I “ B )32 557 FU). teab, 7510 %
R BB TIRESE, EATHE B AR Ry IR LR

1 T 9T T T

0¢-00{{ 0p- & dpled|p G - - e qesed ofess

1
0.14 0.18

O.IIO
t/h
Bl 5 A a2 R e
Fig. 5 The speed adjustment of aircraft 2
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Fig. 6 The speed adjustment of aircraft 3
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1 beind i
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Fig. 7 The speed adjustment of aircraft 4
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Fig. 8 The speed adjustment of aircraft 5

1 1 1
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1||"|'||||!|"‘|
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Fig. 9 The speed adjustment of aircraft 6
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BOF% re B 454, f i R RBEE 8, DIALE
UL BT N ZEA, AL T ZE TR R RS
X TEG AR AR B AR Y. A4 = A 8 R
e TR AR R RS A AR R [R] ¢
R, KB AT B A K I 220 P S,
FENL T BB ST S ST LAY, Rk
PRI SRS U Z T3 A A SRS 2 TRV AR SR &R, ik
T3 52 A\ R KRRk
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