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Grinding process modeling based on fuzzy sets merging and
rule simplification

QIAO Zheng, LIU Ying†, ZHAO Jun, WANG Wei, GUO Ge
(Research Center of Information and Control, Dalian University of Technology, Dalian Liaoning 116023, China)

Abstract: In modeling the typical grinding process, we propose a fuzzy modeling method based on fuzzy sets merging and rule
simplification. In the fuzzy rule extraction process for the Takagi-Sugeno model, the proposed method adopts fuzzy C mean clustering
to partition the fuzzy membership function of every variable to obtain the representative merged membership functions for every working
condition to reduce the negative impact of the over-fit phenomenon. Besides, using the weight of each rule, we simplify the fuzzy rule-
base by merging the fuzzy rules with the same premises to obtain the final fuzzy model. To validate the proposed approach, a series of
comparative experiments are carried out by using classic data and industrial data. The experimental results demonstrate a remarkable
generalization ability and practical application potential of the proposed method.
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8�´ØÜn�,´E¤�£"�.

�©�é�¶ó�L§�
��5K¥�ïL§

¥,�3�þ�q�
f8­U,��5K¥�éÔ
ö���)L[Ü�y�,JÑ�«�
8KÜ�{,
ÏLàa©Û��{���qäáÝ¼ê�8Ü,^
àa¥%��A��O�äáÝ¼ê,¦��q�ä
áÝ¼êqKÜ����!k�L5�#äáÝ¼ê.
�é�
äáÝ¼êO���5K¥¹kP{5K

��¹,�©�â�äáÝ¼ê���,O���5
K��­,�â5K�­é5K¥�5Këê?1\
�²þ,��#5K,�ØP{,�ª��Pk�Ð�
z5�5K¥.

�
�y�©¤J�{�k�5,©OéMackey-
glass�mS�êâ��¶¢S)�êâ?1
¢�
©Û,¿æ^õ«�
ï��{��é'¢�,l¢
�(J�°ÝÚ�
�.�(��¡NyÑ�©�

{�`³.

2 ¯̄̄KKK£££ããã(Description of the problem)
À¶��¶L§��­���!,�2ÀL§J

øüN)lÝ¦�Up�¶�,é���À¶¬ ±
9¶��£ÂÇk�©­��K�.ã1�,Ô�¶
À¶��¶L§6§ã,Ô��¶²o�!�g�Ú
ç©�,çþÔ�²��»�£�g�,çeÔ�?
\Uó"³,"³S¶óÏLUó"?\Yå^6ì,
²Yå^6ì©?,Ä6Ü©?\2À��,�ßK
x¥�Å2�,{¡�g�–¥�–»�(SABC)6§.

SABC6§����±y©��g�Å£´�^
6ì£´���.�g�Å£´¥Ì�I���¶þ
Ú�g�Å�Y,ÏLN!�¶þÚ�Yþ�'~,
N!�g�Å�ó�ßÝ,±·AØÓ�)�I�.
^6ì£´Ì�I��Uó"ªÇÚ¥�Åü¶Y,
��¡N!Uó"ªÇ,�y^6ìó�3�~�Ø
åÚßÝe,,��¡ÏLN!¥�Åü¶Y�±�
��¶XÚ�ßÝ­½.

ã 1 �¶L§6§ã

Fig. 1 Flow chart of the grinding process

du)����,ó¹Ú>.^�E,õC,<ó
N�J±�y)�L§�±Y­½. d	,éu��
5E,XÚ,��  J±��ýÏ�J.
æ^�

���{,?1Äuó�êâ��
5KJ�L§,
du´��Äu��êâ�,ÔöL§¬¦�U�)
�é��êâØ����5K¥,
��NõäáÝ
¼ê¬3�½«�S�8©Ù,�qJ±��­U.
ù
©Ù�8�äáÝ¼ê¢Sþ´[Ü
��8

¥Ó�ó¹e�duD(&Ò�)�6Äêâ,��

L[Üy���),=�é��¥�êâ�Uk�
p�°Ý,�%��
��5,l
¦�3?n¢S
êâ�°Ý�$.

3 ���


555KKK¥¥¥���ïïï������{{{(Construction and
simplification of the rule base)

3.1 ÐÐÐ©©©555KKK¥¥¥(Initial rule base)
�©æ^�
�.ï��{é�¶)�L§�'

þ���5K?1ï�,��5K/ªXe�Ð©5
K¥,Ù������5¼ê,=

Ri : If x1 is Ai1 and · · · and xp is Aip , (1)

Then yi = bi0 + bi1x1 + · · ·+ bipxp , (2)

Ù¥: i = 1, · · · ,M, Aij(j = 1, · · · , p)�c�Ï�
��
f8, p�c�Ï�ê, xj�L�¶�
XÚ¥

�c�Cþ�,X�¶þ!"³� !Ä6âÝ�, y

��¶�
XÚ���Cþ�,=I�N��¥�ü
¶Y!�g�Å�Y!Uó"ªÇ, bil(l=0, 1,· · ·, p)
��
��ëê.

3.2 ÄÄÄuuu���


Cþþþ���àààaaa������


fff888KKKÜÜÜ (Fuzzy
sets merging based on fuzzy C-means (FCM)
clustering)
²L5KJ�)¤��¶L§5K¥¥,Ó�C

þe�äáÝ¼ê©Ù,�N©�XeA«�¹,X
ã2¤«.

1)  �ØÓ:Xmf1�mf6�, �ØÓ�äá
Ý¼ê�L
ØÓ�ó¹;
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2)  ��C,/GØÓ:Xmf4�mf5,=¦ 
��C,/GØÓ��©�ØÓ�ó¹;

3)  ��C,/G�q: Xmf1�mf2,mf6�
mf7�,da�q�äáÝ¼ê�L
Ó�«ó¹;

4) �G8: Xmf8,�G8�L
êâ�É~.
Ù¥,�¹1)Ú�¹2)du�3 �½ö/Gþ

��²w�«O,�ÏLäáÝ¼ê�ëê?1«©.
�¹3)�L
ÄuêâJ���
5K¥ÊH�3�
¯K,=�qäáÝ¼ê��8©Ù.�¹4)¤£ã
��G8éA�Ø���4Ä,�)�G8��Ï 
 ´êâ¥�3²w�É~:,Ïd3¢SA^¥,
Ù¤éA�5KA�Ø�U>u. �z5�Ð��

5K¥,U
«©Ñ1)−2)ü«�¹�©Ù,Ó�é
u3)aäáÝ¼ê©Ù,U~��qäáÝ¼ê��
�5K¥ín(JL[Ü,¤±é5K¥�?n�±
V)�«©ÑØÓó¹,,�é�Óó¹e�äáÝ
¼ê?1?n�L§.

ã 2 �
f8�©Ùa.

Fig. 2 Distribution pattern of the fuzzy sets

�Ä�äáÝ¼êëê�^u£ãXÚ$1�Ø

Óó¹. Ù �dþ��L,Ù/GKdIO�L«.
�d,�©æ^þ�mÚ��σL«äáÝ¼êA�,
æ^�
Cþ�àa[23],é5K¥¥z�c�Ï�xi

(i = 1, · · · , p)�äáÝ¼êëê[m,σ]?1àa,ò
êâ8y©�­U�f8,Ùàa(JÏL��zX
e8I¼ê5¢y:

J(U, v1, · · · , vc) =
n∑

i=1

c∑
j=1

uα
ijd

2
ij,

s.t.
c∑

j=1

uij = 1,
(3)

Ù¥: c�àa�ê, vj =[vmj, vσj](j =1, · · · , c)�
Làa¥%, dijL«êâ:[mi, σi]�àa¥%vj�

î¼ål,�
ëêα > 1. ��Ý
UdäáÝ�

uij|¤, uij�L
1i�êâ��[mi, σi]éàa¥%
vj�äáÝ�.²Lé��êâ?15KJ�,5K
¥¥�5Kê8�M ,Kz�Ñ\Ï�ÑéAkM�

�
f8. éuàa�ê�(½,du¢Sy|�¹
E,õC,êâÅÄ�,z�Ï�éA�ó¹êþØ
Ó,d?æ^<ó²��½z�Ï��àa�ê.

�Ä�Ó�àae�äáÝ¼ê3 �Ú/Gþ

Ñ���q,��Ó�ó¹?n. �Jp�
5K¥
��z5,�©JÑ�«äáÝ¼êKÜ�{,�)
éA½ó¹�k�L5�äáÝ¼ê,L��«��
���¹,±Jp�
5K¥��z5. ²LàaL
§�,�q�äáÝ¼ê¬�à�Ó�q,Tq�à
a¥%�L
���¹,K�ÏLXe�ª¼�éT
ó¹k�L5�#äáÝ¼êëê: àa��,�â
z�U¥�äáÝ�,��xi¥äáÝ¼êAiréA

�àa¥%,æ^eª��#�äáÝ¼êþ�ëê,
=

mir(new) = {v(mean)ij|max(urj)}, (4)

Ù¥: urj�Làa���äáÝ�, v(mean)ij�L

àa¥%vij�þ�ëê. Tªk��AiréAäáÝ

���àa,,��Tàa¥%¥�þ�ëê��O
�5�äáÝ¼ê�þ�ëê. KÜ��äáÝ¼ê
�¦þõ��¹�äáÝ¼ê&E,�d,�±^T
àa¥���IO���KÜ��äáÝ¼ê�I

O�,éA�ã2�¹,^mf7�IO���¤käá
uTàa�äáÝ¼ê�#�IO�. =

σir(new) = max(σvi), (5)

Ù¥σvi�áuTàa�äáÝ¼ê�IO�|¤�

8Ü.²LäáÝO��,5K¥C�Xe/ª:

Ri : If x1 is Anew 1j and · · · and xp is Anew pj,

Then yi = bi0 + bi1x1 + · · ·+ bipxp, (6)

Ù¥Anew ij�²LO���#äáÝ¼ê. d��5
K¥�U�NÑ¢S�¹e�ö�N�5K,Ïdä
k�Ð��z5.

3.3 555KKKPPP{{{���{{{(Redundancy reduction)
²LäáÝ¼ê�KÜO��,duéz�Cþ

?1
àa,¦z�CþéA�äáÝ¼ê�ê~�
�éA�àa�ê,
5KêvkCz,K�U¬Ñ
y5Kc��Ó��
5K.c��Ó
��ØÓ�
5K,=�@�´P{5K,éP{5KI�?1�
A�?n,3�ØP{�Ó��Ué5Kêþ?1`
z. �d,�©JÑ�«Äu5K�­�P{5K�
{�{. éuc��Ó�Xeü^5K,L«/ªX
e:

Ri : If x1 is A1n and · · · and xp is Apm,

Then yi = bi0 + bi1x1 + · · ·+ bipxp;
(7)

Rj : If x1 is A1n and · · · and xp is Apm,

Then yj = bj0 + bj1x1 + · · ·+ bjpxp.
(8)

éuXþü^5K,3ÙäáÝ¼êKÜ�c,c�
´ØÓ�,²Lþ©¥�àa©Û,z��äáÝ¼
êéu#äáÝ¼ê¥%Ñ�3��äáÝ�,Tä
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áÝ��L�äáÝ¼ê�#�äáÝ¼ê��q

§Ý.ÏLT��O���5KRiéuKÜ�5K�

�qÝ,=

si =
p∏

j=1

ujn, (9)

Ù¥ujn��äáÝ¼êéu#äáÝ¼êþ��ä

áÝ�.�âd�,O�Ñ5KRi��­Xê

wi =
si

l∑
i=1

si

, (10)

Ù¥l�L�Ric��Ó�5Kê. KÜ��5K,Ù
������5K¥¥c����5K�'.#�5
K���±L«��ëê�\�Ú,=

b(new)n = binwi + bjnwj, n = 0, 1, · · · , p. (11)

±þ2^5K�±KÜ�1^#5K.éu3^½ö3^
±þc��Ó�5K,��±Uì�Ó��{?1?
n.

ÏL�
f8�KÜ±95K��{,é5KJ
�����.?1
?�Ú�?n,{z
�.(�
ÚP{�Ó�,?n
L[Üy�,Jp
�z5. �

Jp�.�°Ý,�|^�
 ²�ä�ÔöA5
é�.�ëê?1`zN�.

���
�.��ïL§Xe:

Step 1 Äu��êâ,J��)Ð©5K¥;

Step 2 �â5K¥�z�c�Ï��¢S©Ù

�¹,©O(½ÙéA�ó¹�ê,=�
8KÜ�
ã�àa�ê;

Step 3 é5K¥z^5K¥�c�äáÝ¼ê

ëê(þ�Ú��),UÑ\Ï�©O?1FCMàa;

Step 4 O�KÜ��äáÝ¼êëê: �âª
(3)Úª(4),©OO�#äáÝ¼ê�þ�ÚIO�
ëê;

Step 5 �âz�äáÝ¼ê¤á�àa¥%,
?1äáÝ¼ê�KÜO�;

Step 6 éc��Ó�õ^5K?1�{: O�
c��Ó�5K��­,�â�­O��{��5K
��ëê;

Step 7 �½5K¥ëê.

4 ¢¢¢���AAA^̂̂���JJJ©©©ÛÛÛ (Experiment and analy-
sis)
�
�y�©�{��15,Äkæ^²;êâ

Mackey-glass�mS�?1�ý¢�,,�0�
©
¥��{3�¶XÚ¥�A^,¿�[£ã5K¥�
)¤L§±9¢��J.æ^ØÓ�ï��{?1

õ|é'¢�,�)g·A�
 ²ínXÚ
Anfis[24]!ÄuØ��êâ°Äï��{[16]!ÄuA

�ÀJ�T–S�.ï��{[8]. ù3«�{áu;.�

ÄuêâJ���
�.ï��{,�þ�²L�

8KÜ�5K�{. ¢�æ^MAPEÚRMSE��Ø
�ÝþIO,5KêþÚ�
8êþ5�L�.�E
,§Ý.

MAPE =
1
S

S∑
k=1

|y(k)− ŷ(k)|
y(k)

, (12)

RMSE =

√
1
S

S∑
k=1

(y(k)− ŷ(k))2, (13)

Ù¥: S���êþ, ŷ(k)�k����.ÑÑ.

4.1 ¹¹¹pppdddxxxDDD(((���Mackey-glass���mmmSSS���ýýýÿÿÿ
(Prediction of the Mackey-glass time series with
Gaussian white noise)

Mackey-glass´²;�mS�ýÿ¢��êâ�
���,���¢S�¹D(&Ò,3Mackey-glass�
mS���¥\\pdxD(,5�)Ôö��. ¢
�êâæ^�¢ëê�17�1000|ëY��mS�
��,\\���0.001�pdxD(,Ù¥c500|
�Ôö��,� 500|���y��. �x(t− 30),
x(t− 18), x(t− 12), x(t)�� 4��.Ñ\þ,ýÿ
x(t + 1). �
8KÜL§��z�Cþ:�àaê
�3.

�
é�.°Ý±9�z5Uõ�J?1'�,
A^
AnfisÚÄuA�ÀJ�T–S�.ï��{,±
9êâ°Ä��{?1é'¢�. z«�{©O)¤
ü|5KêØÓ�5K¥?1'�. �¢�¥�ëê
��¦þ¦�ª5K¥�5Kê8½öäáÝ¼ê

ê8�Ó,éu©[8]¥��{,�
¼�k'�5�
°Ý,5Kê8ÚäáÝ¼êêþ�½�Ñ��uÙ
¦A«�{. ?1õ|¢�,��{�¢��IÚO
(JXL1¤«,Ù¥,�©�{Pk8^!11^5K�
�.,Ð©5K¥5Kêþ©O�11, 17,Ð©äáÝ
¼êêþ©O�44Ú68. ã3¥�Ñ
z��.éu
�y���ýÿ�J.

l¢�(J�±wÑ,3�Ù¦5K¥Pk�Ó
ê8�5K�,¦+�©�Ôö°Ý$u,
�{,
�´ýÿ°Ý�p. Ó��©�{¤ïá��
�.
¥,äáÝ¼êêþ��
�ÌÝ~�,�.(��
�{ü,éu°þêâï�,�±k�/;�5K�
¿,Jp5K¥�$1�Ç.,��¡,Ù¦,
��
{¥,�X5Kê�J,,�
f8êþ�¬O\,Ô
ö�JÑk¤J,,��A��y��°ÝK�)

�½§Ý�eü,`²�X5Kê�Oõ,��.Ñ
é¹D(�Ôö���)
L[Ü.
�©�ï��
{,35KêO\�,du��
�
f8KÜL§
�àaê,ÏdvkO\äáÝ¼ê�êþ,
�ý
ÿ°Ýk¤J,,`²��{k�/)û
�.éÔ
ö���L[Ü,Jp
�z5.
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L 1 ¹pdxD(�Mackey-glass�mS��
ï�(J
Table 1 Fuzzy modeling results of the Mackey-glass time series with Gaussian white noise

ÔöØ� ÿÁØ�
�{

MAPE RMSE MAPE RMSE
5Kêþ äáÝ¼êêþ

3.44E–02 3.71E–02 4.34E–02 4.58E–02 8 32êâ°Ä�

T–S�. 2.59E–02 3.03E–02 4.49E–02 4.98E–02 16 64

3.35E–02 3.70E–02 4.26E–02 4.57E–02 8 32Anfis
2.71E–02 3.03E–02 4.50E–02 4.88E–02 16 64

4.05E–02 4.41E–02 4.30E–02 4.69E–02 20 80ÄuA�ÀJ

�T–S�. 3.61E–02 3.89E–02 4.32E–02 4.46E–02 30 120

3.68E–02 4.01E–02 4.03E–02 4.40E–02 8 12
�©�{

3.57E–02 3.85E–02 3.85E–02 4.17E–02 11 12

ã 3 ¹pdxD(�Mackey-glass�
ï�ýÿ�Jé'ã
Fig. 3 Prediction results of the Mackey-glass time series with

Gaussian white noise

4.2 ¥¥¥���ÅÅÅüüü¶¶¶YYY������AAA^̂̂ (Application to the
control of the discharge water of ball mill)
��y�©�{3�¶L§�¢Sï��J,

�!±�¶L§¥�ü¶Y�ï�L§�~?1�

y. ¥�ü¶Y���¶XÚ�­��!,Ì�^
u���¶L§�YÌ�.¥�ü¶Y�Yþ��
K��¶XÚS�oYþ,?
é��XÚ�ßÝ
�)K�.XÚSßÝL�,¬î­K��Å��
~ó�±9^6ì©?�J,î­��U���Å
ÞÜ,
ßÝL$,¬ü$�Å�|^Ç,K���
XÚ�)��Ç.²Ló²Øy,À½"³� !�
¶þ!�¶oÑYþ!Ä66þ��T5K¥�Ñ

\,¥�ü¶Y��ÑÑ.

�â�©¥¤JÑ��{�ï¥�ü¶Y�5

K¥. ÔöêâÀ�2013c12�þÍ�ãëY�
9000|êâ��,z^êâ��©¨Sæ�:�þ
�.�
�y�©�{��z5Ú°Ý,?1
õ

|�y¢�. z«ó¹�ÅÀ�Ôö���	�ê
â���y¢���,�À�20|,z|���¹
100^êâ. éÔö���.,^T20|ÿÁ��©
O?1ÿÁ,�ÿÁ(J�þ���o�ÿÁ(J.
�¢�Ó�æ^Anfis�{,ÄuA�ÀJ�T–S
�.ï��{,±9êâ°Ä��{?1é'¢�.
éu�©�{¥�
f8KÜ�ã��Ñ\Cþ�

àa�ê�ÀJ,Ì�ÏL²�©Û�O�:�¢
S)�G�,d?ò"³� !�¶þ!�¶oÑY
þ!Ä66þ�àaê©O���3, 5, 5, 6. ¢�(
JXL2¤«. ã4¥�Ñ
Ü©�y¢���Jã.

dL¥(J��, 3«é'�{¥,êâ°Ä�
ï��{35Kê����¹eï�°Ý`u�©

�{. ù´du5KÚäáÝ¼ê����.éu
Tï�L§ÿ���L[Ü,
ÏL�©�{��
�Ó�5Kþ?e��.,duäáÝ¼ê�êþ
~�,�U¬Ñy�½§Ý��£"�,��ýÿ
°Ý�eü. ù«5Kê���5K¥du��°
Ý���ØU���ª�.. �©�{�X�
5
Kêþ�Jp,Ôö°Ý�ýÿ°ÝÑk¤Jp,
�²w`uÙ¦�{.Ó�,cü«é'�{Ñ�½
§Ý¥yÑ
L[Üy�,=Ôö°Ý�ýÿ°Ý
¤�',
�©¤J��{Kk�/;�
L[Ü.
d	,�©�{¤ïá��
�.,3Pk�Óê
8�5K�,�
f8êþ��,{z
5K¥�
(�. ã5Úã6©O�Ñ
A^�©�{ï�,�

f8KÜc��äáÝ¼ê©Ù�¹,L3�Ñ

¢�¥�©�{3��.éA�Ð©5K¥±9
�{��5KÚäáÝ¼êêþ,Ù¥5K¥a, b,
c,©OéA�¹11^!14^!16^5K��.,�±
²wwÑ{z��J.
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L 2 ¥�ü¶Y�
ï�(J
Table 2 Fuzzy modeling results of the discharge water of ball mill

ÔöØ� ÿÁØ�
�{

MAPE RMSE MAPE RMSE
5Kêþ äáÝ¼êêþ

êâ°Ä� 2.74E–02 39.8467 2.89E–02 40.5157 11 44
T–S�. 2.32E–02 37.6884 2.82E–02 41.7308 16 64

2.41E–02 35.3239 3.27E–02 45.0919 11 44
Anfis 2.31E–02 33.9631 3.39E–02 48.2650 18 72

2.16E–02 32.0821 3.52E–02 49.8670 22 88

ÄuA�ÀJ 3.82E–02 56.7715 4.83E–02 62.4544 40 160
�T–S�. 3.39E–02 51.8504 4.54E–02 59.6709 80 320

2.66E–02 40.6645 3.01E–02 43.0195 11 19
�©�{ 2.63E–02 36.9737 2.91E–02 40.5672 14 19

2.53E–02 36.0076 2.67E–02 37.2149 16 19

ã 4 ü¶Yýÿ¢�(Jé'
Fig. 4 Prediction results of the discharge water of ball mill

ã 5 �
f8KÜc�äáÝ¼ê©Ù
Fig. 5 Distribution of membership functions before fuzzy

sets merging
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ã 6 �
f8KÜ��äáÝ¼ê©Ù
Fig. 6 Distribution of membership functions after fuzzy

sets merging

dã5−6ÚL3�±wÑ,²LKÜ?n�,C

þPk��ß��
f8y©,�Ø
­U�
f

8�5K�,éuý�Ü©�êâ,�
f8KÜ

��5K¥ÑPk�p�°Ý,Jp
�z5,Ó

�Or
�)º5.

L 3 �©�{5K¥�
f8KÜ95K�{�J
Table 3 Results of fuzzy sets merging and rule simplification of the proposed method

5K¥a 5K¥b 5K¥c
5K¥

äáÝ¼ê 5Kê äáÝ¼ê 5Kê äáÝ¼ê 5Kê

Ð©5K¥ 60 15 84 21 96 24
�ª5K¥ 19 11 19 14 19 16

5 (((ØØØ(Conclusions)
�©JÑ
�«�éó�êâ�
ï���
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­U��
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¥ín(J�K�,¿éùÜ©�
f8?1àa
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�#�äáÝ¼ê,��,é�
f8KÜ��5
K¥?15K�{,~�
�
f8Ú5K�êþ,
l�Nþ{z
5K¥�(�,�\N´ÏL5K
¥�*/*ÿÑXÚCþm�éX,
�U¦�.
¼��Ð��z5. ��,A^�©�{éIOê
â8Ú¢S�¶ó�êâ©O?1
ï�©Û,¿
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õ|é'Á�,l¢��ý
ÿ°ÝÚ�ª5K¥(��±wÑ,�©��{U
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