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Energy control for parallel-type double inverted pendulums with
restricted cart rail length

WU Yu-qiang†, ZHU Cheng-long
(Institute of Automation, Qufu Normal University, Rizhao Shandong 276826, China)

Abstract: The Newton-Euler approach is used to build the mathematical model of a parallel-type double inverted
pendulums system (PDIPS). A new swinging up controller is proposed for the PDIPS with restricted cart rail length by
making use of energy-based control ideal and direct Lyapunov function method. The designed controller guarantees that
the speed of the cart converges to zero even in the presence of the restriction on the rail length, and the energy of the inverted
pendulums is zero when the pendulums is in vertical position. Moreover, the swing angles of the PDIP can be regulated
to their steady-state values, respectively. Based on the controller design for PDIPS, the swinging controller development
for the triple pendulums is summarized briefly. In addition, the proposed controller is convenient for implementing and
adjusting designed parameters. Simulation results show that the proposed control method can achieve satisfactory control
performance in terms of working efficiency and robustness with respect to disturbances.

Key words: underactuated system; parallel-type inverted pendulums; energy control; balance control; restricted rail
length

1 ÚÚÚóóó(Introduction)
�á{´;.�õCþ!rÍÜ!pÝ��5Ú

(¹Ý��XÚ,´u���üÑ�J��L�..
�Ù���{�2�A^�ÊU!Åì<�+�[1–3].
�Ï±5,IS	NõÆöé�á{?1
2�ïÄ,
�´�õêïÄÑ´�é3G1ü?[4]½õ?[5]�á

{XÚ.©z[6]æ^�`z�n¢y
�/�á{¯
�{å��;©z[7–8]ïÄ
²¡�á{XÚ���
¯K;©z[9]|^X-Z�á{�R�åü�1ì�
.�m��d'X,¤õ/ò�Ú��5�{A^
uX-Z�á{�­½��¥;©z[10]æ^Ä�¡�
���{¢y
Óª�á{�g²ï��.

3�a�á{XÚ�ïÄ¥,é�?Úõ?¿1
�á{±9G¿·Ü.�á{�­{���ïÄ�

�. Ï��$Ä��K�ü{�{Ä,¤±ü{�Ó
Ú{ÄJ±¢y,ù¦�¿1�?�á{�­½��
'G1�á{JÝ��.Ó�,¿1{\�O\,Ø=
\r
{\m�ÍÜ5,
�¦����½ �lÚ
z�{\�	½���m��3X'é5. XÚG�
þ�O\Ú��G��mÍÜ5�Or¦G¿·Ü

.�á{XÚ�\E,. ©z[11]òü�Ñ\5K+
Ä�\��
ín�.A^u¿1�?�á{XÚ,
,
,Äu�
�{���XÚ�­½5©Û´�~
(J�;©z[12]^�5z�{¢y
¿1�?�á
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{XÚ�­½��;©z[13]ÏL^ëY�5�ØC
XÚ5£ã¿1�á{�.,�O
w���ì;©
z[14]�é���?G1Ú¿1�á{XÚ�O
ü
Ú��ì,={å��ìÚ­{��ì,¤�O��
�ìI�9���;©z[15]©Û
¿1V{�{å
��,��Ñ
�;�ÝÉ�ù�¢S�¸��¦.

ÄuXÚUþ©Û�üÑ´��E,j°ÄåÆ

XÚ�k��{[16–19]. éu�{XÚ,3¢yå{�
Ó���¦{\­½3ç��p �,ÄuUþ¼ê
���ì�O´{å��¥~^��{. ©z[20–21]
JÑ
Uþ����{¿y¢
Ùé��ü?�á

{�k�5;©z[22]�Ä
3{å��É�M�^
�9;��Ý��å��¹e,XÛ�OUþ���
{;©z[23]|^�{XÚ�ÑÑA5�O

Lyapunov¼ê,¦��ìäkér�°�5;©z
[24]¢y
C�Ýü{�;,�l��;©z[4]|^
Uþ���{©Û
G1�?�á{XÚ.Éþã©
zUþ��g��éu,�©Ì��é�\E,�¿
1�?�á{XÚ,3�;�ÝÉ�e,^Uþ¬�
*:5�����Ý,¢y¿1�?Úõ?�á{�
{å�­½��.

2 XXXÚÚÚïïï���(System modeling)
¿1�?�á{XÚXã1¤«,Ì�dÅ�C�

Ú>íC�üÜ©|¤.

ã 1 ¿1�?�á{

Fig. 1 The parallel-type double inverted pendulums

Å�(�C�Ì�d��!{\1!{\2!ë�
¶!�;!��Ó!DÄ���|¤. >íC�(�Ì
�d�6>Å!õÇ��ì!Daì!°Ä>´±9

�o>´�|¤. ü�{\�U3YR²¡þ7�g
�| ë�¶��éu���{Ä½���²1£

Ä.�
�Bí�êÆ�.,b�z�{\Ñ´fN
�c� �ÃCÄ,�Ñ{\=¶��Þ�. ¿½Â
XeÎÒ: M�����þ, mi�{\ i��þ(i=
1, 2), b�����ÞXê, li�{\i=Ä¶%�\�

%��Ý, Ii�{\i�.þ, F��^���þ�

å, x���¥%� �, θi�{\i�R����Y

�, NiÚPi����{\ i�p�^å�Y²ÚR�

���©þ, ki(i = 1, 2, · · · , 7)��½ëê.

¿1�áV{XÚ´��;.�fN$ÄXÚ,
�±3.5�IXSA^Úî)î.�{ïáÙÄ

åÆ�§. Xã2,©Û��Y²��¤É�Üå:

Mẍ = F − bẋ−N1 −N2, i = 1, 2. (1)

©Û{\iY²��¤É�å:

Ni = mi

d2

dt2
(x + li sin θi), i = 1, 2. (2)

òþªz{,��

Ni = miẍ + miliθ̈i cos θi −miliθ̇
2
i sin θi, i = 1, 2.

òþª�\ª(1)�n����$Ä�§�

(M + m1 + m2)ẍ−m1l1θ̇
2
1 sin θ1 +

m1l1θ̈1 cos θ1 −m2l2θ̇
2
2 sin θ2 +

m2l2θ̈2 cos θ2 + bẋ = F. (3)

©Û{\iç���¤Éå

Pi −mig = mi

d2

dt2
(li cos θi), i = 1, 2. (4)

òþªz{,��

Pi = mig −miliθ̈i sin θi −miliθ̇
2
i cos θi, i = 1, 2.

�âåÝ²ï�§

Pili sin θi −Nili cos θi = Iiθ̈i, i = 1, 2.

Ü¿þãüª,¿��PiNi,PJi = mil
2
i + Ii,��

{�$Ä�§

Jiθ̈i −migli sin θi + miliẍ cos θi = 0, i = 1, 2.

(5)

ã 2 ��9{\�Éå©Û

Fig. 2 Force analysis of the cart and pendulums

nþ¤ã,¿1�áV{XÚêÆ�.�§�ª
(3)(5). �BuO�,3ØK�V{$Ä©Û��¹e,
�±éθi��[0, 2π].

555 1 =Äu�ÿ�XÚÑ\ÚÑÑ,©z[11]é²1

�?�á{�O
¢y­{����
��ì. 
�©�Ñ


¿1�?�áV{XÚ�êÆ�.(3)(5). ©z[12]�é.

�KF�§ïá�XÚ�.,?1�5z?n��¿1�?

�áV{XÚ��5G��§. �©æ^Úî–î.�{ï

á
XÚ�êÆ�.,¤�O���ì´Äu�Cq�5z

�°(XÚ�.. ©z[13]3²ïG�NC,ÏL�ëY�5
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�ØCXÚẋ(t) = Ax(t) + bu(t)5£ã¿1�áV{�.,

��©ïá���5ÄåÆ�.k¤«O.

b½{\1, 2��ká5÷v
m1l1
J1

6= m2l2
J2

. �

�8I{ã�:3�;�Ýk���¹e,ÏL��
��$Ä¦V{{å¿�­½3R��þ� �.

3 UUUþþþ������ììì���$$$ÄÄÄ©©©ÛÛÛ(Energy-based con-
troller and motion analysis)

3.1 ������ììì���OOO999ÂÂÂñññ555©©©ÛÛÛ(Controller design
and convergence analysis)
�XÚÃ��Ñ\�,ÏL�½{\3ç� �

��³U�"³U¡,��{�Uþ¼ê�

Ei =
1
2
Jiθ̇

2
i + migli(cos θi − 1), i = 1, 2. (6)

éþª'u�m¦�ê,��

Ėi = Jiθ̇iθ̈i −migliθ̇i sin θi =

−miliẍθ̇i cos θi, i = 1, 2. (7)

��, ẋ�~ê(=ẍ = 0)�Ėi = 0,=Ei�~ê. �ẋ

��~ê�,{�$Ä;,�

Jiθ̈i −migli sin θi = 0, i = 1, 2. (8)

�e5,ÏL������ÝÚ £5¢yé{\�
Uþ��.¤¢é{\�Uþ��Ò´��{\3�
�R��þ� ��¦{\�UþEi = 0. �d,À
�oäÊìÅ¼ê

V =
1
2
E2

1 +
1
2
E2

2 +
1
2
k1ẋ

2, k1 > 0. (9)

PG = m1l1θ̇1E1 cos θ1 + m2l2θ̇2E2 cos θ2,¿é¼
êV'u�m¦�ê,�¦�

V̇ = E1Ė1 + E2Ė2 + k1ẋẍ =

−m1l1E1ẍθ̇1 cos θ1 −m2l2E2ẍθ̇2 cos θ2 + k1ẋẍ =

−ẍ(G− k1ẋ). (10)

��Ñ\u����\�Ýẍ,Äuª(10),À���
Æ�

u = k2(G− k1ẋ), k2 > 0. (11)

±e½n�Ñ
�©�Ì�(Øµ

½½½nnn 1 �ÄXÚ{�$Ä,XJ��\�ÝÀ
Jª(11)�/ª,KéØ(θi(0), θ̇i(0))=(π, 0)�	
�?¿Ð�,4�XÚ�)Âñ�ØC8M =
{(θi(t), θ̇i(t), ẋ(t))|Ei(t) = 0, ẋ(t) = 0. i = 1, 2}.

yyy |^LasalleØC8�n[25]�¤½n�Ì�

y².

Äk,½Â�;8

Ω = {(θi(t), θ̇i(t), ẋ(t))|V (θi(t), θ̇i(t), ẋ(t)) 6
V (θi(0), θ̇i(0), ẋ(0)), i = 1, 2}.

3��Æ(11)�^e,

V̇ = −k2(G− k1ẋ)2 6 0. (12)

dþª��, V´��O¼ê,l
Eik.,¿�©
uΩ¥�4�XÚ�)ò��3Ω¥. -Γ´Ω¥÷

vV̇ = 0�¤k:8, M´Γ���ØC8. �âØ
C8�n,©uΩ¥�z�)�X�m�í£Ñòª

uM . e¡O���ØC8M :

ÏM ⊂ Γ ,�M¥�¤k:87÷vV̇ ≡ 0,
=G− k1ẋ ≡ 0. ù�, ẍ = 0, Ei�~ê.

Case 1 G ≡ k1ẋ ≡ k5, k5��"~ê.

ÏG 6≡ 0,dG�L�ª��, E1ÚE2ØÓ��

". �E1 = 0. E2 6= 0�, θ̇2 cos θ2 ≡ k5/(E2m2l2),
,
θ̇2 cos θ23?¿;�Ø�U�±��~ê. Ón,
�E1 6= 0, E2 = 0�,kaq�(Ø.�E1 6=0, E2

6= 0�,

m1l1θ̇1E1 cos θ1 + m2l2θ̇2E2 cos θ2 ≡ k5. (13)

éþª'u�m¦È©,��

m1l1E1 sin θ1 + m2l2E2 sin θ2 ≡ k5t + k6. (14)

½Âλi =
JiEi

g
(i = 1, 2),(Üẍ = 0�XÚ{�$

Ä�§,k
λ1θ̈1 + λ2θ̈2 ≡ k5t + k6. (15)

éþª'u�m¦È©��

λ1θ̇1 + λ2θ̇2 ≡ 1
2
k5t

2 + k6t + k7. (16)

|^Ø�ª�Ä�5�,k

(λ1θ̇1)2 + (λ2θ̇2)2 > 1
2
(λ1θ̇1 + λ2θ̇2)2 ≡

1
2
(
1
2
k5t

2 + k6t + k7)2. (17)

�X�m�í£þª�àªuÃ¡,l
θ̇2
i¥��k

��Ã.,ù�Ei�k.5�gñ. ²±þ©Û�,d
�¹eØ�3�A�ØC8.

Case 2 G ≡ k1ẋ ≡ 0.

�E1 6= 0, E2 6= 0�,éeª

G ≡ m1l1θ̇1E1 cos θ1 + m2l2θ̇2E2 cos θ2 ≡ 0

(18)

¦È©,��m1l1E1 sin θ1 +m2l2E2 sin θ2 ≡ k3. b
ek3 6= 0,(Ü{�$Ä�§��λ1θ̈1+λ2θ̈2≡k3,
UY¦È©k

λ1θ̇1 + λ2θ̇2 ≡ k3t + k4, (19)

ù�Ei�k.5�gñ,l
k3 = 0,=

m1l1E1 sin θ1 + m2l2E2 sin θ2 ≡ 0. (20)

�sin θ1 ≡ 0, sin θ2 ≡ 0�,(ÜÐ��À�kθ1 =0
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½2π, θ2 = 0½2π. �sin θ1, sin θ2¥��k�Øð

�"�,Ø�-sin θ1 6≡ 0,éª(20)ü>'u�m¦
�,��

−m1l1E1θ̇
2
1 sin θ1 + m1l1E1θ̈1 cos θ1 −

m2l2E2θ̇
2
2 sin θ2 + m2l2E2θ̈2 cos θ2 ≡ 0. (21)

ò{�$Ä�§�\þª,�
m1l1E1 cos θ1

J1

m1l1g sin θ1 −m1l1E1θ̇
2
1 sin θ1 −

m2l2E2θ̇
2
2 sin θ2 +

m2l2E2 cos θ2

J2

m2l2g sin θ2 ≡ 0.

(Üª(20)k

m1l1E1 sin θ1(
m1l1g

J1

cos θ1 − θ̇2
1 +

θ̇2
2 −

m2l2g
J2

cos θ2) ≡ 0. (22)

dsin θ1 6≡ 0,��
m1l1g

J1

cos θ1 − θ̇2
1 + θ̇2

2 ≡
m2l2g

J2

cos θ2. (23)

(Üª(20)Úª(23)¿|^sin2 θ2 + cos2 θ2 = 1,�
n��

((
m1l1J2

m2l2J1

)2 − (
m1l1E1

m2l2E2

)2) cos2 θ1 +

(
J2

m2gl2
)2

2m1gl1
J1

(θ̇2
2 − θ̇2

1) cos θ1 +

(
J2

m2gl2
)2(θ̇2

2 − θ̇2
1)

2 + (
m1l1E1

m2l2E2

)2 ≡ 1. (24)

�sin θ1 6≡ 0�, cos θ1 6≡ 0.?
��þª¥cos θ1�

XêÚ~ê�þ�",

m1l1J2

m2l2J1

− m1l1E1

m2l2E2

= 0,

(
J2

m2gl2
)2

2m1gl1
J1

(θ̇2
2 − θ̇2

1) = 0,

(
J2

m2gl2
)2(θ̇2

2 − θ̇2
1)

2 + (
m1l1E1

m2l2E2

)2 = 1. (25)

z{�n��
m1l1
J1

=
m2l2
J2

,ùk�ub�^�:

m1l1
J1

6= m2l2
J2

. �E1 =0, E2 6=0�,|^ª(18)��

θ̇2 cos θ2 = 0,?
 θ̇2 =0, θ2 =0;�E2 =0, E1 6= 0
�,aqkθ̇1 cos θ1 = 0,?
θ̇1 = 0, θ1 = 0. �ù
ü«�¹þ�Ð��À�Ø�Î.nÜ±þ©Û�:
E1 = 0, E2 = 0, ẋ = 0. |^LasalleØC8�n�
¤
½n�y².

3.2 $$$ÄÄÄ©©©ÛÛÛ(Motion analysis)

3��Æ(11)��^e, t→∞�, V →0,{\
1, 2Ú��$ÄG��ªÑò?\ØC8M . 3ØC

8M¥, Ei = 0,=θ̇2
i =

2
Ji

migli(1− cos θi).�θ̇i =

(
2
Ji

migli(1−cos θi))
1
2 >0�, θiî�4O,é?¿

Ð�θi(0)∈(0, 2π), lim
t→∞

θi(t)=2π, lim
t→∞

θ̇i(t)=0;é

θ̇i = −(
2
Ji

migli(1− cos θi))
1
2 < 0 �, θiî�4~,

é?¿Ð�θi(0)∈ (0, 2π), lim
t→∞

θi(t)=0, lim
t→∞

θ̇i(t)

= 0. ù�,{\�ªÑò��ç��p �¿ò�±
dG�. ��5¿�´3M¥ẋ = 0,���ªò��
·�G�,÷v
¢SA^¥�;�ÝÉ���å.
3��Æ u�°Äe¿1V{¢y
�;�ÝÉ�

e�å{±9­{���.'uØC8�­½5©Û,
©z[15]¥|^ØC8­½5�Vg?1
�[í
n,�ÑØC8M´ìC­½�,Ù¦�¹éA�Ø
C8´Ø­½�.
®k©zé�á�{�{å��?1
©ÛïÄ,

�¤À��oäÊìÅ¼êØ¹kẋ2	��)x2. ù
��,¢y
�� ����,�´O\
��ì�
E,§Ý.¢Sþ,�Ä���$1;��ÝÉ�,I

��å�½�´|x|. �� £x(t) =
w t

0
ẋ(τ)dτ ,Ï

L��zẋ2,=�¦ẋ2 → 0,5¢yé|x|��å�½.
¤À��oäÊìÅ¼êXJV\kx2,(Ü�©�
Ì�©Û�±À��A���Æ¢yx → 0,?�Ú
éu½:x̂¢yx̂− x → 0,=��½:�l8Ie�
å­{��.�éu��$Ä;,¢yìC�l´'
�(J�,ù�´���ïÄ�. ÄuUþ¼ê¤�
O���Æ�kü�ëê,�'Ù¦��Æ~�
�
½ëê,¦��ì�(���{ü,BuÀ�Ü·�
ëê. O\k2��¬~�ẋ2,l
��|x|~�. 
�,
�ÏLUCk2��¢yé�;�Ýþ.�k���.
éØÓ�>íC������\�ÝØÓ,N�k1�

��±�Ñ�A�UC.ü�XÚëê�±©O¢y
é��\�ÝÚ;��Ý�k���,ù3¢S)�
A^¥´�©7��. À�Ü·�ëê��±\¯X
Ú�Âñ�Ý,¢y{�¯�{å�²ï.

3.3 nnn???���{{{���ííí222AAA^̂̂(Application to the triple
pendulums )
�©�ï�Ú�Og´,�±í2�n?�{X

Ú.ÏLé¿1V{�©Û,Ì��Äã3¤«�¿1
n?�á{XÚ(PTIPS)ÚXã4¤«�G¿·Ü.
n?�á{XÚ(HTIPS).|^Lagrange�{ï�,(
Üã¥�ÎÒ`²�±��Xe�G¿·Ü.n?

�á{$Ä�§:

M11ẍ + M12θ̈ + G1θ̇ = F, (26)

M21ẍ + M22θ̈ + G2θ̇ = H, (27)

Ù¥XêÝ
:

M11 = α0, M21 = MT
12,
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M12 = [β1 cos θ1 β2 cos θ2 β3 cos θ3],

M22 =




α1 α4 cos(θ1 − θ2) 0
α4 cos(θ1 − θ2) α2 0

0 0 α3


 ,

G1 = [−β1θ̇1 sin θ1 − β2θ̇2 sin θ2 − β3θ̇3 sin θ3],

G2 =




0 α4θ̇2 sin(θ1 − θ2) 0
−α4θ̇1 sin(θ1 − θ2) 0 0

0 0 0


 ,

H = [−β1g sin θ1 − β2g sin θ2 − β3g sin θ3]T.

XÚG��þ�

θ = [θ1 θ2 θ3]T.

~êαi, βi(i = 1, 2, 3)�XÚ��këê§Ù��
�{��þÚ{\��Ýk'. éu¿1n?�á{
XÚ�§�G¿·Ü.n?�á{aq,XêÝ
Ø
Ó�?�

M22 =




α1 0 0
0 α2 0
0 0 α3


 , G2 =




0 0 0
0 0 0
0 0 0


 .

ëì¿1V{,{�Uþ¼ê�

E =
3∑

i=0

Ei =
1
2
θ̇TM22θ̇ +

3∑
i=0

βig(cos θi − 1).

(28)

�éþãüan?�{�$Ä,À��¿1V{aq
�oäÊìÅ¼êÚ�A���Æ,��4�XÚ�
)Âñ�ØC8M = {(θi(t), θ̇i(t), ẋ(t))|Ei(t) =
0, ẋ(t) = 0. i = 1, 2, 3}.

3��©Û¥,À����\�Ý���Ñ\,

��\�ÝØ�±���ö���,���¢S°Ä
ì��6>Å.Ï
ò�6>Å�>Ø����Ñ\
��T�. ÏLé>íC�¥�6>Å�ó��n©
Û,�±��>Å>Ø���ÉåF�=z�§,2
|^��$Ä�§¢y��u�¢SÑ\>Ø��'

�§[26].

ã 3 ¿1n?�á{XÚ

Fig. 3 The parallel-type triple inverted pendulums system

ã 4 G¿·Ü.n?�á{XÚ

Fig. 4 The hybrid-type triple inverted pendulums system

4 ���ýýý���yyy(Simulation)
��y��ì�k�5,À�V{�ëêXe:

m1 = 0.2 kg, m2 = 0.4 kg, l1 = 0.2m, l2 = 0.4m,

g=9.81N/kg. ��yþãëê÷véü{�ká5
���^�.À�Ð� (θ1, θ̇1, θ2, θ̇2, ẋ, x)=(0.99π,

0, 1.05π, 0, 0, 0),��OÃ��k1 = 0.3, k2 = 13.
éAu±þëê,é¿1V{XÚ�ý¢�.

�?�Ú�y¤JÑ���üÑé	ÜÑ\6Ä

�°�5,3��XÚ­½��10∼12smV\�u/
ª�Ñ\Z6∆u(t) = 0.7 sin(6t),�±�k��O
ÃXêØC,�é¿1V{XÚ?1O�Å�ý. �
ý(JXã5−8.

*	�ýã/,dã5��Ñ\�ªÂñ�";�
���Ýẋ��mCz­�Xã 6,�±wÑ���
Ýẋ¯�Âñ�",÷v
��;��Ýk�ù�¢
Só��¸��¦;ã7L«¿1V{XÚ�Uþ¼
ê,3¤�O��ì��^e,{\UþE1, E2Âñ

�",ü�{\×���ç��p �;ü�{\�
{���m�Cz�¹Xã8,{�θ1Âñ�0,{
�θ2Âñ�2π. ¢y
¿1V{XÚ3�;�ÝÉ�
e�{å­½��,¢y
��8I.��XÚ­½
��10∼12 sm,3	ÜÑ\∆u(t)�Z6e,�,X
ÚG�6� l
�k;,,�3�k��ì�°Ä
eE�¯�£8�8IG�. �ý(JL²,¤�O
���ì3äk	ÜÑ\Z6��¹e,E,U
¢
y��8I,äk�½�°�|Z65U.

ã 5 ¿1V{XÚ���Ñ\u

Fig. 5 The PDIPS control input u
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ã 6 ¿1V{XÚ��$Ä�Ýẋ

Fig. 6 The velocity of the PDIPS cart ẋ

ã 7 ¿1V{XÚUþ¼êE1, E2

Fig. 7 The energies of the PDIPS two pendulums E1, E2

ã 8 ¿1V{�{�θ1, θ2

Fig. 8 The angles of the PDIPS two pendulums θ1, θ2

3¿1�?�á{XÚ�.�Ä:þ,V\{
\m3 = 0.2 kg, l3 = 0.4m|¤¿1n?�á{. a
qu¿1V{,3��XÚ­½��10 s∼12 smV\
�u/ª�Ñ\Z6∆u(t) = 0.7 sin(6t). �±�k
��OÃXêØC,�é¿1n?�á{XÚ?1O
�Å�ý,u����{én?�{XÚ�·^5.

�â�ýã9−12,¿1n?�á{����Ýẋ

¯�Âñ�",÷v
¢Só��¸¥�;�Ýk�
�^�;��Ñ\u,{\UþE1, E2, E3Ú{�θ1,

θ3þ�×�Âñ�",{�θ2Âñ�2π. ¢y
¿1
n?�á{XÚ3�;�ÝÉ�e�{å­½��.
�ý(JL²�©¤�O���ì3äk	ÜÑ\

Z6��¹e,E,U
¢y�;�ÝÉ�e�¿1
n?�á{�{å­½��,Ðy
���{í2�
n?�{��15.

ã 9 ¿1n?�á{XÚ����Ñ\u

Fig. 9 The PTIPS control input u

ã 10 ¿1n?�á{XÚ��$Ä�Ýẋ

Fig. 10 The velocity of the PTIPS cart ẋ

ã 11 ¿1n?�á{XÚUþ¼êE1, E2, E3

Fig. 11 The energies of the PTIPS three pendulums

E1, E2, E3

ã 12 ¿1n?�á{�{�θ1, θ2, θ3

Fig. 12 The angles of the PTIPS three pendulums θ1, θ2, θ3

5 (((ØØØ(Conclusions)
�©Ì��é¿1�?�á{XÚ,3�;�Ý

É�eJÑ
��#���üÑ,ÏLÀ�dü{\
�Uþ¼êÚ���Ý|¤�oäÊìÅ¼ê,�O

ÄuUþ���ì,¢y¿1V{�å{��Ú­
{��.du�{XÚ�� £É;��Ý��,q
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�Ä
�� £���¯K.¤�O���ì(�{
ü,�¹kü�ëê,~�
E,�­�ëêN!ó
�.��{�`²
XÛòT�{A^�¿1n?�
á{ÚG¿·Ü.n?�á{XÚ¥. O�Å�ýL
²ÄuUþ���ìU3á�mS¢y
¿1�á

V{�{åÚ²ï��.
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