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Modeling and control of nonferrous metallurgical processes on
the perspective of global optimization

ZHOU Xiao-jun, YANG Chun-hua†, GUI Wei-hua
(School of Information Science and Engineering, Central South University, Changsha Hunan 410083, China)

Abstract: To improve productivity, reduce energy consumption and environmental pollution for a nonferrous metal-
lurgical process, it is necessary to build a model and based on the model we can apply control techniques to operate the
process in a possibly global optimal way. We illustrate the relationship between modeling, control and optimization for
several classical nonferrous metallurgical processes, showing that they are different problems on different levels in terms
of the proposed hierarchy of scientific research. Both modeling and control consist of two steps: the structure selection and
parameter optimization. The parameter optimization can generally be considered as a nonconvex optimization problem.
The difficulties in transforming modeling and control into an optimization problem as well as finding the corresponding
solutions are discussed on the perspective of global optimization.
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1 ÚÚÚóóó(Introduction)
kÚ7á´�Øc!�!�3«7á±	�60õ«
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Nõ(J.�©(Ü�öõc53kÚ�7gÄz
+��ïÄó�,±�{õ )�L§!¾è¶�¶
©?L§±9Ô2ÀL§���µ,�ãkÚ�7L
§ï�!̀ z���nö�m�S3'X,¿&?3
�Û`zÀ�e,ï�!��¯K=z�`z¯K±
93¦)éA`z¯KL§¥�3�J:,¿JÑ)
ûù
J:��
�1�Y.

�¦Öö�Ð/n)kÚ�7L§ï�!���

`znö�S3'é,�©lü^Ì�&?�ÆïÄ
��g,=: i)¯KÚ�{��g5(Xã 1¤«);
ii)�ÆïÄ��g5(Xã2¤«).

ã 1 ¯KÚ�{��g5

Fig. 1 Problems and methods in different levels

ã 2 �ÆïÄ��g5

Fig. 2 Scientific research in different levels

l¯KÚ�{��g5w,¯KÚ�{  ´�
é�,'X±Jp)��Ç!ü$U
�Ñ!~��¸
À/��¯K,ï�!���`z´�{,ù´11�
�g;�dÓ�,ï�!���`zqC¤��#�¯
K,=XÛïá�.!�ON����ì!æ^Û«`
z�{. ±ï��~,311��g,§´)û)��
Ç�¯K��{,312��g,§C¤��¯K,

Ånï�!êâï�!8¤ï��´�{,313��
gþ,Ånï�½êâï�òC¤��¯K,'XX
ÛÀJ�.(�Ú�O�.ëê,�d,I�^��
.(�ÀJ�{Ú�.ëê�O�{.

±daí,��,���g�¯K´²;�N´
)û�¯K��,ù´��l÷*��*�L§. é
u��ï�L§,3�.ëê�O¯Kþ,�±ÏL
���¦�{(OK)òëê�O¯K=C¤��`z
¯K,l
I�^�`z�{5)ûT`z¯K.A
O��5¿�´,ù�`z�{´�é`z¯K5`
11��g��{,§qòC¤��#�¯K,¿g´
Ø�311��g�`z�{�±�.)û11��

g�`z¯K,�é{`,Ò´Ø�3k�/)û�
�`z¯K�Ú�`z�{. ù�11�g�`z�
{´ò11�g��J`z¯KC¤12�g��é
N´`z¯K,
12�g�`z¯KKI�ÏL
12�g�`z�{C¤�N´�13�g�`z¯
K,±daí,��,��g�`z¯KC¤®²U
p�)û�`z¯K,'X,
à`z¯K.¤±`,
2Âþ�`z�{´���gþ`z�{�oÚ.

,��¡,l�ÆïÄ��g5w,ò,«®kï
�!���`z�{��^u)û)��Ç!U
�

Ñ!�¸À/�¯K,´áuA^��g,Ï�3T�
gþ,ï�!���`z����«�{. ���p�
�g´òï�!���`zw¤¯K,ïÄï�!��
�`z�{e���g��{,'X�.(�ÀJ�
{!�.ëê�O�{,ù´áuEâ��g. ���
{Øþ��g´�ïÄÅnï�!êâï�!8¤ï

���{,3T�gþ,�.(�ÀJÚ�.ëê�
Oþw¤´¯K.��óÆþ��g,'X�©��
�g�,´ïÄ�«�{Ø,'XÄuêâ�ï�I
�k��o,���o.

2 ��� `̀̀zzz ¯̄̄KKKÚÚÚ��� `̀̀zzz���{{{(Optimization
problems and methods)

2.1 ���`̀̀zzz¯̄̄KKK(Optimization problems)
lêÆ£ãþw,�`z¯K���/ªXe:

min
x

(f1(x), · · · , fp(x))T,

s.t. gi(x) 6 0, i = 1, · · · ,m,

x ∈ Ω ⊆ Rn, (1)

Ù¥: x=(x1, x2,· · ·, xn)T�ûüCþ; f1(x), f2(x),
· · · , fp(x)�8I¼ê, p�8I¼ê��ê; gi(x)
6 0�1i��å^�, m��å^���ê; Ω�|

¢��,Ï~���48.

�p > 1�,¯K(1)´��õ8I`z¯K;�p

= 1�,¯K(1)´��ü8I`z¯K;�p = 0�,
¯K(1)´���15¯K.�`z¯Kq�±�â
k!Ã�å,©��å`z¯KÚÃ�å`z¯K;�
�±�âCþ���´ëY��´lÑ�,©�ëY
`z¯KÚlÑ`z¯K(�)|Ü`zÚ�ê5
y). ±þ�â8I¼ê��ê!kÃ�å!Cþ��
�¹q�±[©�ØÓ¶¡�`z¯K.
555 1 3ó§`z+�,XJm = 0,�k|¢��Ω�

��,'XCþ�þ!e.�å,¯K(1)Ï~�w¤��Ã�
å`z¯K;
3$ÊÆ+�,¹kþ!e.�å�`z¯K
Ï~¡��.�å`z¯K.,	,3ó§A^+�,�15
¯KÏ~Ï���À,vk�w¤´`z¯K.¢Sþ,'X
e¡��15¯K:

(
find x,

s.t. g(x) 6 0,
(2)
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�±ÏLÚ\9ÏCþ��{,=z�¦)e¡IO/ª�
`z¯K:

(
min t,

s.t. g(x) 6 t.
(3)

N´wÑ,�¯K(3)��`8I¼ê�t 6 0,KéA¯K(3)

�)x�±��¯K(2)����1).

�`z¯KE,J´§Ý�©.���´���

û?�¯K,u´Bk
�55yÚ��55y!à
`z¯KÚ�à`z¯K�y©[3–4]. 3$ÊÆ¥,8
I¼êÚ�å^�Ñ´�5��`z¯K¡��5

5y(linear programming, LP)¯K;�8I¼ê½�
å^���k��´��þ���5¼ê,B¤
�
�55y(nonlinear programming, NLP)¯K.�8I
¼ê�à¼ê�d�å^�����1��à8�

�`z¯K¡�à`z¯K,ÄK¡��à`z¯K.
~��à`z¯KØ=�)�55y¯K,��)e
¡��
��55y¯K[4]:
# �g5y

min
x∈Rn

1
2
xTQx + cTx,

s.t. Ax 6 b, Q = QT > 0.

# �g�å�g5y

min
x∈Rn

1
2
xTP0x + qT

0 x,

s.t.
1
2
xTPix + qT

i x 6 0, i = 1, · · · ,m,

Ax = b, Pj = PT
j > 0, j = 0, 1, · · · ,m.

# ��½5y

min
x∈Rn

cTx,

s.t. F0 + x1F1 + x2F2 + · · ·+ xnFn 6 0.

# ��I5y

min
x∈Rn

fTx,

s.t. ‖Aix + bi‖2 6 cT
i x + di, i = 1, 2, · · · ,m,

Fx = g.

555 2 �55y¯K9þ¡J��AÏ��55y¯

Kþ�à`z¯K,®k¤Ù�êÆ`z^���±k�/

¦�ùA�¯K��Û�`). ,
,éuý�õê`z¯

K,I�ÏL�X��üÑÚEâ(z�X��üÑÚEâé

A���g�`z�{),Ø�d/=z¤ùA�²;`z¯

K,¦��©¯KÛÜ�`).

2.2 ���`̀̀zzz���{{{(Optimization methods)
¦)�`z¯K��{¡��`z�{,§��

O  �¦)¯K�8���¦�'.'X,Ã�å
ü8I`z¯K,§�8�´é�|¢��S���
)x∗ ∈ Ω,¦�

f(x∗) 6 f(x), x ∈ Ω.

éu�åü8I`z¯K,§�8�´é��1�S
���)x∗ ∈ Ω�gi(x∗) 6 0, i = 1, · · · ,m,¦�

f(x∗) 6 f(x),

∀ x ∈ Ω, gi(x) 6 0, i = 1, · · · ,m.

�õê`z�{´��lü8IÃ�å`z¯K

\Ã,ïÄ)�ÿÀ)�üÑ,§�±©�(½5�
{Ú�Å5�{ü�a.
(½5�{´�zgS��)�ÿÀ)´(½�,

'X��eü{!Úî{�,§��S�úªXe:

xk+1 = xk + αkdk,

Ù¥: αk�Ú�, dk�|¢��,ØÓ�(½5�{�
)|¢��ÚÚ��Å�Ø��,X��eü{¥dk

=−∇f(xk),Úî{¥dk =−[∇2f(xk)]−1∇f(xk),
þ´(½�.
�Å5�{���é�A:Ò´zg�)�ÿÀ

)´�ÅÚØ(½�. 'X¢D�{,§´ÏL��
ÚCÉ�f�)ÿÀ),Ù¥��ÚCÉ� �´�
Å�. q'Xâf+`z�{,Ù¥��Ý�#�§
¥�3X[0, 1]��þ!©Ù��Åê. 3G�=£�
{[5–8]¥,z�G�w¤`z¯K���),Ù�#L
§w¤´G�=£,ÙÚ�/ª�{

xk+1 = Akxk + Bkuk,

yk+1 = f(xk+1),

Ù¥: xk��cG�,éA`z¯K���); uk´

�cG�Ú{¤G��¼ê; f(·)�8I¼ê½·A
Ý¼ê; Ak, Bk´G�=£Ý
,��ÅÝ
,Ù�^
��u`z�f. �±wÑ,ÏLþ¡�G�=£L
§,�)�ÿÀ)´�ÅÚØ(½�.
555 3 ØÓ��`z�{,éuÃ�å`z¯K,´�

)ÿÀ)��ª(�f)Ø��;éu�å`z¯K,K��)

éÿÀ)�ÀJÅ�Ø��,l
/¤õ«õ��`z�{.

2.3 ���ààà`̀̀zzz¯̄̄KKKÚÚÚ���ÛÛÛ`̀̀zzz���{{{(Nonconvex
optimization problems and global optimization
methods)
þ¡®²J�,�8I¼ê��à¼ê,½öd�

å^�����1���à8�,¯K(1)B¤
�à
`z¯K,§�¹ý�õê¢S¯K,
�Û`z�
{Ï~´�)û���à`z¯K��{. �âÚó
Ü©JÑ��ÆïÄ�g5nØ��,�Û`z�{
´�òþ���`z¯KÅÚC¤e�N´¦)`

z¯K��{�oÚ.�Ä�ï�Ú��¯K�±=
z�`z¯K,l¯KÚ�{��g5þ5w,2Â
��Û`z�{��)òï�Ú��¯KC¤`z

¯K¿é�¦)��X��{,=`z�.(½�{
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Ú`z¯K¦)�{.

555 4 �`z�{�8�´3�á��mSé��`

z¯K��`),��`z¯K���à�,KÙ8I´�Û

�`). dd��,�Û`z�{´�«/Xn�0��{,

l¯KÚ�{��g5þw,§�¦¦)�©¢S¯K��

��g��{þ´�`.

555 5 ,
Ù���Û`z�{,'X¢D�{!âf

+`z�{�,==´Áã¦)�à`z¯K��{,§��

FÝ{ØÓ,Ø4u3,�ÛÜ��S?1|¢,UÄé��

Û�`)  Ã{�y,¦)L§��d  �Ø´�`�.

�Ä�¯KÚ�{��g5Ú�é5,l�à`z¯Kù�

�g5`,¢D�{!âf+`z�{�±w¤´�Û`z

�{;�le���g5`,ù
`z�{��ûC¤��#

�¯K,=XÛé��Û�`),XÛ¦|¢�m�á. Ïd,

ù
¶Âþ��Û`z�{l¢SI���Û`z�{�å

$�.

3 ���ÛÛÛ`̀̀zzzÀÀÀ���eee���kkkÚÚÚ���777LLL§§§ïïï���

(Process modeling of nonferrous metallurgy
on the perspective of global optimization)

3.1 kkkÚÚÚ���777LLL§§§ïïï���������{{{ØØØ(Methodology of
process modeling of nonferrous metallurgy)
b½kÚ�7L§,�XÚé��Ñ\´x,ÑÑ

´y,XÚï�Ò´�âlTé�æ8�Ñ\ÑÑê
â��(xi, yi, i = 1, · · · , N , N´����ê),ïá
�NÑ\ÑÑ'X(=�«ïÄé��S35Æ,±é
�ÑÑÚ�.ÑÑ�¬Ü§Ý��u�)�XÚ�.
(§Ï~�¹üÜ©: ÀJ�.(�Ú�O�.ëê),
�é{`,kÚ�7L§ï�Ò´�âé��Ñ\Ñ
Ñêâ,ÀJ���.(�Ú�OéA�.ëê,¦
�.�ÑÑ�¢Sé��ÑÑØ���.

3¢Sï�L§¥,�.(�Ï~´dÅn©
Û!¼ê%C�k��£��,�.ëêKÏL¦)
¦é�ÑÑ��.ÑÑØ����`z¯K5¼�.
`z3XÚï�L§¥��^Xe: ��¡,§I�
3ÀJ�.(�Ú�OE£OK�Ä:þïá·�

�`z�.;,��¡,§I��O`z�{éT`
z�.?1¦).

3.2 kkkÚÚÚ���777LLL§§§���...(((���ÀÀÀJJJÚÚÚ���...ëëëêêê���OOO

EEEâââ(Structure selection and parameter estima-
tion in process modeling of nonferrous metal-
lurgy)
þ¡ùã��{ØJø
XÚï��Ä�g´,

=kÀJ�.(�,2�O�.ëê. �ékÚ�7
L§A:�5��.(�ÀJÚ�.ëê�Oþ�

(J,ùp?ØXÚ�.(�ÀJÚ�.ëê�OE
â.

3.2.1 kkkÚÚÚ���777LLL§§§XXXÚÚÚ���...(((���ÀÀÀJJJEEEâââ

(Structure selection techniques for nonferrous
metallurgical process system)

dukÚ�7L§��þ�3X��5!�¢�

y�,{ü/æ^�5½öCq�5��.(�Ã{
�Ný¢Ñ\!ÑÑ�m�'X,�kÚ�7L§X
Ú�.Ï~æ^��5�.(�. ��5XÚ�ü�
(�ØÓ,��5XÚ��.(�õ�,Ï~vkÚ
��/ª.
,��¡,XÚ��.(��±´·���ê�

§

ŷ = f(x, θ), (4)

��±´Ä���©�§

ẋ(t) = g(t, x(t), u(t), θ1),
ŷ(t) = h(t, x(t), u(t), θ2),

(5)

½�©�§

x(k + 1) = g(k, x(k), u(k), θ1),
ŷ(k) = h(k, x(k), u(k), θ2),

(6)

Ù¥: f(·), g(·), h(·)���5¼ê; ŷ´XÚ�.�

ÑÑ;�Ú�£ã,-θ = [θT
1 θT

2 ]T�­ü��ëê
�þ.
e¡±A�;.kÚ�7L§ó²��~,�ã

3¢SA^¥�.(��ÀJEâ.
1) �{õ )�L§.
~ØL���EÑõ ó²,´8c­.þk?

� �õ#ó²,Ì�d�¶!EÑ!ÀzÚ>)�ó
S|¤,Xã3¤«. Äk, °¶ÏL�¶!óz�,
?\��ª�Aì,3p§Ú~Øe,ÏL��Aì
¥ëY/V\�íÚ>)��¢1�({¡/¢�0),
��1� M�Úü�1,ÏL2À©lü�1;,
�¥ÚØc,��¹kõ«,�lf�1� ¥5þ
��;2é¥5þ��?1Àz,Ø�k³�7á,
�lf;��éØ,��#�?1>),�� ü
�(��©z[9–18]).
#�c¶{�cL§.
duEÑM�¥�clf¬K� �EÑÇ9�

Y >)ó²,Ïd�c´�{õ ���­�Ø,
óS.8c,2�¦^��c�{k3«: �ac�
{!�c¶{Ú»c¶{. �c¶{�cdu�cU
Ð!(¬N�,�N´LÈ,´,�õ��{õ ó²
¥æ^��c�{,§�Ä��n´31� M�¥
Ï\�írFe2+�z�Fe3+, Fe3+Y)/¤�c¶à

ÜÔ
�D.

�c¶{�có²6§Xã4¤«,�c�Aì÷
X.ø¥p$G�gSC,����².øÄk?
\1#�c�Aì, 1#�c�AìÄÑ�².ø�g6
\2#−5#�c�Aì, 5#�c�AìÄÑ�=��c
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¶{�c��.Ê��Aì�â$clfßÝeüF
Ý��¦Ï\�½6þ��í; 1#−4#�c�Aì�
â�AìSM��pH�©Ù�¦\\�½þ��
ß(Ì�¤©´ZnO);�
\¯�c¶�/¤�ÇÚ

÷v5#�c�AìÑ�M��¹�þ�¦, 1#�c�
AìI�·þV\�6¬«;ß�Å�þ��x e
��óS,ß�Å�.6�Ü©x�ØÈÅ�ØÈ�
)cU,�Ü©��¬«�6[19–21].

ã 3 ��EÑõ ó²6§ã

Fig. 3 The flow chart of the atmospheric direct leaching technology for zinc recovery

ã 4 �c¶{�có²6§«¿ã

Fig. 4 The process of iron precipitation by goethite

�c�AìSÌ��zÆ�Ak±e3«:

i) Fe2+��z�A:

4Fe2+ + 4H+ + O2 → 4Fe3+ + 2H2O.

�âFe2+lfßÝ��þ²ï,k
dCFe2+

dt
=

F

V
(CFe2+,in − CFe2+)− 4r1,

Ù¥: F�����6þ, V��Aì�k�NÈ,
CFe2+,in, CFe2+©O��Aì\�Ú�Aì¥�

Fe2+ßÝ, r1��z�A��A�Ç,ÙO�úª
�r1 = k1C

α1

Fe2+
Cβ1

H+Cγ1

O2
, k1�Ù�A�Ç~ê.

ii) Fe3+�Y)�A:

Fe3+ + 2H2O → FeOOH + 3H+.

�âFe3+lfßÝ�þ²ï,k

dCFe3+

dt
=

F

V
(CFe3+,in − CFe3+) +

r1 − r2,

Ù¥: CFe2+,in, CFe2+©O��Aì\�Ú�Aì

¥�Fe3+ßÝ, r2�Y)�A��A�Ç,ÙO�
úª�r2 = k2C

α2

Fe3+
, k2�Ù�A�Ç~ê.

iii) H+�¥Ú�A:

2H+ + ZnO → Zn+ + H2O.

�âH+lfßÝ�þ²ï,k
dCH+

dt
=

F

V
(CH+,in − CH+) + 3r2 − 4r1 − 2r3,

Ù¥: CH+,in, CH+©O��Aì\�Ú�Aì¥�

H+ßÝ, r3�¥Ú�A��A�Ç,ÙO�úª�
r3 = k3mCα3

H+ , k3�Ù�A�Ç~ê, m��Aì
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¥V\��ßþ.

# >)L§©�ø>`zNÝ.

�{õ )�L§�����óS´>), 
>)L§´����ÑUL§,¤Ñ>þÓ�� 
�{�õL§Ñ>þ�80%. 8c,·I>åÜ��
>¤æ�©�Od�ü,ò�U©�4�ØÓ�ã
(²ã!k¸!p¸!$�),3ØÓ��ã,>dØ�
�. ��¡,�â©�Od�ü,e3OdXêp�
^>p¸ã,æ^$>6�Ý)�;OdXê$�
^>$�ã,æ^p>6�Ý)�,òwÍü$ 
>)L§�^>¤^. ,��¡,e>6�ÝLp
½L$,ò�� >)L§>Ñp!>�$��¹.
�d,nÜ�Ä©�OdÚ >))�G¹é¼�
�Z©�ø>�Yék7�[22–23].

3�y >)�þÚ�þ�cJe,�¦ >
))��U��6>¤�$, >)©�ø>`z

±�U�6Ñ>¤^�`z8I.¦�4�ØÓ�
ã��`>6�Ý,dd�� >)©�ø>`z
�.�

minJ =
4∑

i=1
pi × Vi ×Dki × S × ti × n,

s.t.





Vi = a0 + a1Dki,

4∑
i=1

q ×Dki × ti × n× ηi = const,

ηi = b0 + b1Dki + b2D
2
ki + b3D

3
ki + b4D

4
ki,

Dk min 6 Dki 6 Dk max,

Ù¥: pi�1i�ã�©�>d(�/(kW · h)); Vi�>

)ø�ø>Ø(V); Dki�>6�Ý(A/m2); S�>6

¤ÏL�¡È(m2); n�>)ø�øê; q� �>

z�þ; ηi�>6�Ç; const� FOy�þ(t);
Dk minÚDk max� >)#N��$Ú�p>6�

Ý(A/m2).

ã 5 ¾è¶¥�©?L§ó²6§

Fig. 5 The process of grinding and classification for bauxite

2) ¾è¶�¶©?L§.

·I´�z¾)��I,�,¾è¶]
´L,
�õ��YM¾�.¾è¶,¹7p!¾7'�$,
�é·I¾è¶�A:,·IÆömu
äkgÌ
�£��!ISÄM��z¾)�#Eâ—–À¶
~�{,ÏL»�–�¶–©?–2ÀJp¶��¾
7',l
¦Ù÷v~�{)�ó²�¦,ü$

�z¾�)�¤�,´�«ékcµ�p7¾¶�
?n�{. �¶�8�´ò¶����½�[Ý,
¦k^¶Ô�ó�©l,��Ä�üN)l�¶â.
©?�âØÓâÝÚ�Ý�¶â30�¥�ü�Ý

ØÓrÔ�©l¤�ßÚÄ6ü�âÝ?O�L

§. ¾è¶��¶©?6§Xã5¤«,Ì��)�
ã¥�Å�¶Úü?Ú^©?Å©?,�?©?�

�ß�£2�,Ä6²�?Ú^©?Å©?���
?�ß��o°¶ø~�{)�,
�?Ä6?\
�&2ÀL§(��©z[24–28]).

#¥�Å�¶L§.

oN²ï�.2�/A^u¥�Å�¶L§,
§ò¥�L§^3�'�ëê?1Lã: »�©Ù
¼ê!»��Ç¼ê!Ê3�m©Ù¼ê. ®�ù3
�'�ëê,�ïá�Å\�ÚÑ��m�âÝ©
Ù'X,
ù3�'�ëê�¶��5�!ö�^
�!��º�Ú�¶0�ëêäk���éX.o
N²ï�.�Ä��n´Ô�²ï,=,�â?3
�ÅS�CzÇ=��−ü�+)¤−��.3©1
�¶L§¥,QvkÔ�\\�vkÔ�üÑ,Ï
d,�â?3�ÅS�Cz�Ç=��+)¤,Ï
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d�mëYâÝlÑ�©1�¶oN²ï�.�
dwi(t)

dt
= −Siwi(t) +

i−1∑
j=1,
i>1

bijSjwj(t),

Ù¥: wi(t)L«1 i�â?3 t����þ©ê;
bij�»�©Ù¼ê,ÙÔn¿Â´1jâ?�Ô�

²L�g»��?\1iâ?��þ©ê; Si�1 i

�â?�»�Ç¼ê,�N
�¶��Ç,§�±
L«�

Si = a(xi/x0)α 1
1 + (xi/µ)Λ

,

Ù¥: xi�1i�â?��», a, α, µ, Λ�»�Çë

ê.
�Ä�ù
»�Çëê��Å>6!�Å\�

\Yþ!�¶þÚ��âÝ©ÙA�ëê�m�'

X,©z[26]ïáLS–SVM�^ÿþ�..
#Ú^©?Å©?L§.
©?�Ç~^5£ãÚ^©?Å©?5U�Ð

�,§�Ôn¿Â´?\�ß��â?Ô��þ�
��¥�Aâ?Ô��þ�'�.¢S©?�Çd
��©?�ÇÚ·,êüÜ©|¤:

Ea(i) = Ec(i) + a(i),

Ù¥��©?�ÇÎÜRosin-Rammler©Ù,�±
L«�

Ec(i) = 1− exp[−0.693(
di

d50c
)m].

þª¥: diL«1iâ?�¬�âÝ; d50cL«��

�©lâÝ; m´©l°Ý,§´ý�©?A5�þ
Ý,Ù���,ý�©?�^Ò�r,©?�JÒ�
Ð.

d	,·,êd�ð(�<²L�EïÄ,Ù�
.L«�

a(i) = Eamin[1− (
di

dmax
)k].

þª¥: Eamin��[â?�¢S©?�Ç; diL«

1iâ?�¬�âÝ; dmaxL«��â?�â»;
k�·,�ê,§´·,§Ý�þÝ,Ù���,·
,�î­.

3) Ô2ÀL§oÀó².

�&2À´|^¶ÔâfL¡ÔnzÆ5�(Ì
�´ÕY5)��É,¦¶Ô�âkÀJ5/�í�
ÊN
¢yØÓ¶Ôk�©l�À¶�{(�©z
[29–37]).

�÷v8I¶Ô�õ�¦,I�V\zÆ�J
Jp½ü$8I¶Ô��25±��§Ý/L88

I¶Ô,3¢S)�L§¥,�
¼��Ð�²L
�Ã,3�y)��I��¹e,ÏLÜnV\�
J±¦�U~��J�Ñ,´�c2À)�`k�
Ä�)�8I��.

,Ô2À�oÀó²6§Xã6¤«. ò¥��
�¶ó"x�Yå^6ì;3Yå^6ì¥,÷v
âÝ���¦�¶ó6���ø,ÄK�£�¥�
Å2�. 3��ø,¶ó��J¿©���?\Ô
oÀó². ��yÔ2À)�äk�p�°¶¬ 
Ú£ÂÇ,Ô2Àó²Ì��)oÀ!×ÀÚ°À3
�óS.×ÀóS�.6/¤�¶,°ÀóS�Ä
6�°¶. �
Jp£ÂÇ,×ÀóS�Ä6Ú°
ÀóS�.6I�©l2���£�oÀóS2g

2À.

ã 6 Ô2ÀL§oÀó²

Fig. 6 The roughing process of copper flotation

�&º�VÇ�Ý¼ê (probability density
function, PDF)��Ì��2À�&�ÀzA��
�,§���N2À)�ó¹,��Jþ���'.
duPDF���Ã{wªL����5¼ê,�À
½,�Ø¼ê�,'XB�^¼ê�,^B�^¼ê
�O�&º�PDF r(x,w)�

r(x,w) =
n∑

i=1
wiBi(x),

Ù¥: Bi(x)��½�g�B�^Ä¼ê, wi��A

���, n�Ä¼ê��ê.

�c�&º�PDF��JþÚc����&º
�PDF�',��âc�����&º�PDF��
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c�Jþýÿe�����&º�PDF.�Ä�§
��m���5'X93�½Ø¼êe, PDF��
��þ��éA,ïáXe�õÑÑ�'é�LS–
SVM�.[30]:

Y (k + 1) = WTΦ(X(k)) + B,

Ù¥: X(k)�\�þÚk��L��&º�PDF�
���þ; Y (k + 1)�k + 1��L��&º�PDF
����þ; W��é��Ý
; B� ��þ;
Φ(X(k))���5N�,'Xpd¼ê.

3.2.2 kkkÚÚÚ���777LLL§§§XXXÚÚÚ���...ëëëêêê���OOOEEEâââ(Para-
meter estimation techniques for system mod-
els of nonferrous metallurgical processes)

�¢Sé��ÑÑ�XÚ�.�ÑÑ���e=
y − ŷ,3ï�L§¥^��Ñ\!ÑÑêâ���
ê´N ,3(½Ð�.(��,�.ëê´ÏL¦)
e�`z¯K5¼�

arg min
θ

N∑
i=1

L(ei(θ)), (7)

Ù¥: L(·)�OK¼ê,^5Ýþé�ÑÑ��.Ñ
Ñ��C§Ý; ei(θ) = yi − ŷi(θ). ~^�OK¼ê
����¦OK,=ÏL¦)e¡`z¯K:

arg min
θ

N∑
i=1

[ei(θ)]2

5¼��`�ëê�O�.

3�{õ )�L§�c¶{�có²¥,�
c�Aìu)�3«zÆ�A�ëêk1, k2, k3, α1,

β1, γ1, α2, α3��O,©z[17, 21]æ^�´U?�
âf+`z�{. 3 >)L§©�ø>NÝ¥,
ø>ØVi�>6�ÝDki�'X¥,ëêa0, a1�(

½,>6�Çηi�>6�ÝDki�'X¥,ëêb1,

b2, b3, b4�(½,þ´æ^���¦�OK,�Oë
ê�EâK�DÚ�FÝ{. 3¥�Å�¶L§¥,
du©z[30]ïá
�5£8ÚLS–SVM�.,,
	3Ú^©?Å©?L§9Ô2ÀL§oÀó²,
duæ^
aq��.,�Ùëê�OEâþ�F
Ý{.
555 6 Ø
þ¡����¦OK{,e¡��
OK

�^3
�.ëê�Oþ.

# ýé�l�{:

arg min
θ

NP
i=1

|ei(θ)|.

# ��þ�Ø�{

arg min
θ

1

N

NP
i=1

[ei(θ)]
2.

# ��þ��Ø�{

arg min
θ

s
1

N

NP
i=1

[ei(θ)]
2.

ù
ØÓ�OK,UC
8I¼ê�5�,
,
�Û`

z�{�·Ü¦)ùa`z¯K.

3.2.3 lll���ÛÛÛ`̀̀zzzÀÀÀ���wwwkkkÚÚÚ���777LLL§§§���...(((���

ÀÀÀJJJÚÚÚ���...ëëëêêê���OOO(Structure selection
and parameter estimation of nonferrous metal-
lurgical processes on the perspective of global
optimization)

�±wÑ,þ¡J��3«;.kÚ�7L§,
Ùïá�XÚ�.´�I¦�'�. k
�.��
�`z¯K�.,'X >)L§©�ø>NÝ�
.. l�Û`z�À�þw`z¯K�.,��¡
wT`z¯K��å^�¥´Ä�Ä±�¢SI�

÷v��«�å,�«Cþ���´ÄÎÜÜn!
´Ä´¢SUö�N!�Cþ,8I¼ê´Ääk
¢SÔn¿Â;,��¡w�O��.ëê´Ä�
�Û�`. éu >)L§©�ø>NÝ�.,Ù
ï��J:´>6�Ç�>6�Ý'X��.(

�,©z[22]¥�Ñ�´ogõ�ª[Ü,¢Sþ�
�3Ù¦��.(�,�´duÀJ�.(��/
ªÚ�g´³²�ÀJ�,¤±l�Û`z�À�
ew,T�.(�éJ`´Ä�`. ,	,duT`
z¯K��à`z¯K,�3õ�ÛÜ�`),l
�Û`z�À�þw,é�T`z¯K��Û�`
)�´é(J�. ¤±I��Û`z�{5¦),
'X©z[22]æ^
�[ò»�{.

�u���`z¯K�.,�Û`z^3�.
(�ÀJÚ�.ëê�Oþ. 'X,�c¶{�c
L§¥�.(��ÀJ´dÅn©Û�Ñ.¯¤±
�,Ån�.´kÚ�7L§ï� O��.,Ï
�§´�âÔ�²ï!UþÅð!ÔnzÆ�A5

Æ��Ñ�,�3�Ï�¢�A^¥���y. Ï
d,�±@�Ån�.(�´�Û�`��.(�.
3�c¶�cL§¥,�.ëê��O´J:,Ï
�ÙéA�ëê�O¯K��à¯K,�©z
[17, 21]æ^U?�âf+`z�{. ¥�ÅÚÚ^
©?Å��.��Ån�.,§Ú\�
¥m9Ï
ëê,'X»�Çëê!©l°Ý!·,�ê,,�
ïáù
¥m9Ïëê�Ñ\þ(�Å>6!�Å\
�\Yþ�)�m�'X.ù«ïá�.(���ª
l�Û�`��Ýþw,'��æ^Ånï�fw
Øv,Ï�¥m9Ïëê�Ñ\þ'X��.(�
´³�<²��Ñ�. du�c�&º�PDF��
JþÚc����&º�PDF�ÅnØ�Ù,©z
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[30]æ^õÑÑ'é�LS–SVM,ù«æ^Xêâ
ï���ª,'�Ånï��',�U`´�r<
¿,Ï�Ù�.(��À��kér�Ì*5Ú?
¿5,ØU`´�Û�`�.

Ïd,l�Û�`�À�5w,ÀJXÚ�.(
��Ðæ^Ån�.,Ùg´�Ån�.,2ö´
XÄuêâ��.. dd`5,¿©�÷kÚ�7
L§�S3Ån´ïá��Ð�.�Ä:. 3�.
ëê�Oþ,|^|¢Uåér��Û`z�{´
O(�O�.ëê�7,å».

4 ���ÛÛÛ`̀̀zzzÀÀÀ���eee���kkkÚÚÚ���777LLL§§§������(Pro-
cess control in nonferrous metallurgy on the
perspective of global optimization)

4.1 kkkÚÚÚ���777LLL§§§������������{{{ØØØ(Methodology of
process control in nonferrous metallurgy)
b½kÚ�7L§,�XÚé��Ñ\ÑÑ�

.®�,kÚ�7L§��Ò´�O��ì,�)
��ì(�Úëê,¦XÚ�±­½½��,«8
I.3¢SA^¥,��ì(�Ï~�´dk��
£��,
��ìëêKÏLXÚ­½5©Û½ö
���,«8I¦)û)�`z¯K
¼�.

4.2 kkkÚÚÚ���777LLL§§§������ììì(((���ÀÀÀJJJÚÚÚëëëêêê���½½½EEE

âââ(Controller structure selection and parameter
regulation in nonferrous metallurgy)
kÀJ��ì(�,2�½��ìëê,�´k

Ú�7L§��ì(½�Ä�g´.

4.2.1 kkkÚÚÚ���777LLL§§§������ììì(((���ÀÀÀJJJEEEâââ(Con-
troller structure selection techniques in non-
ferrous metallurgy)

�ÄdG��m£ã�XÚ,§�/ª��©
�§(5)½�©�§(6),�O��ì=´ÀJ

u(t) = T (x(t), y(t), θ3)

½

u(k) = T (x(k), y(k), θ3)

¦�©�§(5)½�©�§(6)£ã�XÚ­½. ù
p: ��ì�±´G��"!ÑÑ�"!m���½
öÙ¦/ª; T (·)�±´�5½��5¼ê; θ3��

�ì�ëê�þ.

Ø(½5!�¢Ú��5´kÚ�7L§XÚ

¥ÊH�3�y�.e¡±A�;.���ì�O
�~5�ã��ì(��À�.

1) �5�"��.

�ÄXe�Ø(½�5XÚ:

ẋ(t) = (A + ∆A)x(t) + (B + ∆B)u(t)

½Ø(½�5�¢XÚ:

ẋ(t) = (A + ∆A)x(t) + (A1 + ∆A1)x(t−
τ(t)) + (B + ∆B)u(t),

x(t) = ϕ(t), t ∈ [−d2, 0], 0 6 d1 6 τ(t) 6 d2,

ùp:

[∆A,∆B,∆A1] = DF (t)[E1, E2, Ed],

FT(t)F (t) 6 I.

éuTXÚ,Ï~À��5�"��u(t) = Kx(t).

2) PID��.

�Ä�©�§(6)£ã���5XÚ,b½XÚ
�ë�Ñ\�yr(k),�±À�Xe���ì:

u(k) =

u(k − 1) + Kp[e(k)− e(k − 1)] +

Kie(k) + Kd[e(k)− 2e(k − 1) + e(k − 2)],

Ù¥e(k) = yr(k)− y(k).

3) ��ëêz.

�Ä�{õ ÀzL§ ®Ø�!6lf��

¢'éÄ��A�.

V
dx1(t)

dt
= Qx10 −Qx1(t− 2)−

k1U1(t)x1(t− 2) + αx2(t− 2),

V
dx2(t)

dt
= Qx20 −Qx2(t− 2)−

k2U2(t)x2(t− 2) + βx1(t− 2),

Ù¥: x1(t), x2(t)©OL«�AøÑ���lfÚ
6lfßÝ; x10, x20©OL«�Aø\���lf

Ú6lfßÝ; Q,V©OL«M�²þ6þÚNÈ;
U1, U2©OL«ë�Ø�!Ø6�A� ®þ.

�¦�AøÑ���!6lfßÝ�±3�½

�Y²¿¦ ®�V\þ��,��ìæ�©ã~
ê�(�,=��¼ê�ýk�½��:�©ã~
ê¼ê. ¢S)�¥,��±���(8���)� 
®�Ñþ���±Ï, ®��þÏ~�âz��
z��lfßÝ�N��g,Ïd��þU1ÚU2�

¼ê/ª©O�

U1 =
8∑

i=1
σi

1χ[i−1,i)(t), U2 =
8∑

i=1
σi

2χ[i−1,i)(t),

Ù¥χI(t)L««mI��«¼ê,½ÂXe:

χI(t) =

{
1, t ∈ I,

0, Ù¦.
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4.2.2 kkkÚÚÚ���777LLL§§§������ìììëëëêêê������½½½EEEâââ(Con-
troller parameter regulation techniques in
nonferrous metallurgy)

�O��ì��¦Ï~´�
¦XÚ�±­½

½��,«Q½8I.oäÊâÅ­½5nØ´^
5©ÛXÚ­½�~^�{,§�Ä��n´kÀ
J���½�oäÊâÅ�¼,,
¦�ëê¦T
�¼é�m��ê�K½.

�Äþã�Ø(½5�5XÚ,�EXe�o
äÊâÅ�¼:

V (xt) = xT(t)Px(t), P > 0.

3À��5��ì�¹e,Ùé�m��ê�

V̇ (xt) =

2xT(t)Pẋ(t) = · · · 6
xT(t)[PA+ATP +PBK+KTBTP +

εPDDTP +ε−1(E1+E2K)T(E1+E2K)]x(t).

�¦V (xt) 6 0,�±4

[PA+ATP +PBK+KTBTP +εPDDTP +

ε−1(E1+E2K)T(E1+E2K)] < 0.

ÏLSchur complement��,þãØ�ª�du
[
PA+ATP +PBK+KTBTP +εPDDTP ∗

E1+E2K −εI

]
< 0.

ù´���15`z¯K,�J8c�Ø�3¦)
T¯K�k��{. þãØ�ª�!mü>©O¦
±©¬é�Ý
diag{P−1, I},k
[
AP−1+P−1AT+BKP−1+P−1KTBT+εDDT ∗

E1P
−1+E2KP−1 −εI

]
<0.

Ú\�'tµCþ, X = P−1, W = KP−1,��
��Xe��5Ý
Ø�ª(LMI):[

AX+XAT+BW +WTBT+εDDT ∗
E1X+E2W −εI

]
< 0.

þ¡��15`z¯K®k¤Ù�^���±¦

),�ÏL¦)T`z¯K,�±��K = WX−1.

�ÄþãJ��PID��,'~!È©!�©ë
êKp,Ki,Kd�¼��±ÏL¦)e�`z¯K:

arg min
1
N

N∑
k=1

[yr(k)− y(k)]2.

©z[8]æ^�´G�=£�{.

�u��ëêz,�Ä���ì�©ã~ê(
�,�`��¯KKC�����55y¯K,�
��Ì�σi

1, σ
i
2KÏL¦)éA���55y¯K

¼�,©z[11]æ^�´S��g5y{.

4.3 lll���ÛÛÛ`̀̀zzzÀÀÀ���wwwkkkÚÚÚ���777LLL§§§������ììì(((���

ÀÀÀJJJÚÚÚëëëêêê���½½½EEEâââ (Controller structure
selection and parameter regulation techniques
of nonferrous metallurgical processes on the
perspective of global optimization)
éuþã�Ø(½�5(�¢)XÚ,Ï~ÀJ�

´�5�"��,�l�Û`z�À�þ,ù«(
�Ø�½´�`�,Ï�ù=´�«²�ÀJ,�
�½~�¢,ülnØþw,À�

u(t) = K1x(t) + K2(x− τ)

���ì(���}Ø�.,	,3��ìëê¦
�þ,�±uy,ÏLÚ\tµCþ�����5
Ý
Ø�ª��5���5Ý
Ø�ª��1)�

m��,$���,
éØ��3��"OÃK,=
�5��5Ý
Ø�ª�Uk),²LÚ\tµC
þ�C¤��5Ý
Ø�ªÃ),l
lý¡`²
d¦)�5Ý
Ø�ª����"OÃØ´�Û�

`�.

éuPID��,l�Û`z��Ýw,��¡,3
��ì(�þ, PID����3�«ØÓ�/ª,'
X �ªÚOþª�,éu¢S¯K,=«/ª�
`�I��¢S�Ju�;,��¡,3¦�PIDë
ê�,��þ�Ø�OK¼ê´d²�À��,é
uäN�¯K,�3���Z�OK¼ê,d	3
¦�PIDëêþ,��±ÀJÙ¦�Û`z�{.

�u��ëê{�{,l�Û`z��Ýþw,
3��ì(�þw,À�©ã~ê����m��
:�´����?Ø�¯K,©z[11]æ���©
�m¶��{ØU�´�«�`�(�,©ã~ê
�/ª�ØU`´�«�`�/ª,ù
Ñ´³²
�À��. ,	3¦���Ì��,æ^S��g
5y{¦)��55y¯K,�Ã{�yUé��
Û�`���Ì�.

Ïd,l�Û`z�À�5w,��ì(��À
�´õ�z�,�±´�5½��5;��ìëê
��½KI�ÏL�Û`z�{5¼�,¦þ;�
Ï�«Ø�dC��5���ì�O��Å5.
555 7 kÚ�7L§ï�Ú��¯Kþ´kÀJ(

�(�.(�½��ì(�),2(½(�ëê(�.ëê½�
�ìëê),,
,§��±Ú�¤�aêÆ`z¯K.'X`
z��¯K,§�±w¤´Xe��aV�`z¯K:

min
θ3∈ΘT (·)

J1(x(t), u(t)), min
T (·)∈TU

J2(x(t), u(t)),

s.t. ẋ(t) = g(t, x(t), u(t), θ1),

y(t) = h(t, x(t), u(t), θ2),

u(t) = T (x(t), y(t), θ3),
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Ù¥: J1(·)�5U�I�¼, J2(·)�Uþ�¼, TU���ì
(��8Ü, ΘT (·)���ìëê�8Ü.Uþ�¼�Ú\´

�
�yXÚ­½5,´¢yÙ¦5U�I�cJ.�±w

Ñ,3Ta`z¯K¥,11�`zCþθ3´�6u12�`

z¯K�. aq/,ÏL±þ�E,L§ï�¯K��±w¤

´�aV�`z¯K.±�{õ ÀzØ�!6L§ ®V

\þ�`z��¯K�~,éAØ�!Ø6� ®V\þ

U1(t), U2(t)(��À�Äk��yXÚ­½��U5,3d

cJe,2�ÄÀ½(�e��ìëê�`z�½¯K.du

 ®Ø�!6�AÄåÆ�§¥,��þÚG�þ�3¦È

'X,�ü�ÄåÆ�§�3'éCþ,E¤T��¯KéA

�`z¯Kkér��à5,l
¦k�/���Û�`)

C��©(J.��¢S�1��{´�Ñ½£Ø12��g

þ�`z¯K,ò��ì(��`zC¤��³²�À�¯

K,¦+Ã{�y��ì(�´�Û�`�,�é¦)÷v�

å^�Ú¦5U�I�����ìëê5`,�5
é��

�B,�U÷v¢S�I�.

5 (((ååå���(Conclusions)
3kÚ�7L§¥,ï�´��âïÄé�Å

n9Ñ\ÑÑêâ,ïáé�Ñ\!ÑÑ'X�ê
Æ�.;��´��âXÚé��.�A�,�O
Ü·���ì,¦XÚ�±­½½��,«8I;
`z´��âA½8I��¦,ïá`z�.¿æ
^`z�{¦)T�.�L§. l,«§Ýþ5ù,
ï�Ú��¯KÑ�±=z�`z¯K,ÏL`z
�{5¦). 'Xï�¯K,ï�L§Ï~´dü
Ü©|¤: ÀJ�.(�Ú�O�.ëê. ï��
�¦Ò´Ïé��Ü·��.(�ÚéA�.ë

ê,¦T�.�ÑÑÚ¢Só�L§ÑÑ�¬Ü.
3ùp,�.(�Ú�.ëê�±w¤ /́2Â`

zCþ0,=�(½þ;�.ÑÑÚ¢SÑÑ�¬Ü
�±w¤ /́2Â8I¼ê0,=A½8I��¦.
��¯K�´Xd,��ì��O�düÜ©|
¤µ��ì(��ÀJÚ��ìëê�¦�. ��
��¦Ò´¦���Ü·���ì,�)��ì(
�ÚéA��ìëê,¦XÚ�±­½½��,«
8I.Ó�/,��ì(�ÚéA��ìëê�±
w¤/2Â`zCþ0,XÚ�±­½½��,«
8I�±w¤ /́2Â8I¼ê0. ±þ©Û`²,
�ª�XÚ�.½��ìI�ÏL`z�{¦)`

z¯K5¼�.

l�Û`z�À�5w,òkÚ�7L§ï�
Ú��¯K=C�`z¯K¿¦)´���¹õ�

�g�E,¯K,z��g���`�Ã{�y�
Û�`,Ï����g�f¯K�U�3'éÍÜ.

,��¡,¢Só§I¦�  ØI��Û�`,
é�,��1)BU÷v¢SI�.�´Ï�Xd,
kÚ�7L§ï�!���`z�{«a�ÑØ¡,
¦�T+�ïÄ¥y�,�M�ª³.
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