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Abstract: This paper investigates the event-triggered consensus of multi-agent systems (MASs) with time delay and
random packet dropout in data transmission. The event-triggered scheme is employed for broadcasting fewer necessary
data to the neighbor agents through communication networks only when its threshold is violated. Based on prior topology
information of the MASs, an approximate frequency comparison method is firstly proposed to choose the suitable one from
two typical event-triggers. For guaranteeing the asymptotical consensus of MASs as well as enhancing system robustness
against the communication drawbacks, a distributed Markov switching controller is designed. The sufficient delay depen-
dent stability conditions are obtained and the corresponding controller design methods are subsequently presented. With the
proposed strategy, it is shown that the amount of communication packages and the controller updates can be significantly
reduced without introducing any significant negative effect on the consensus. Finally, the effectiveness of the proposed

theoretical approach is validated through several numerical examples.
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1 Introduction

Multi-agent systems (MASs) are coupled team of
agents that exchange data through communication fa-
cility so as to solve problems which are beyond the in-
dividual capability. One of the fundamental characteris-
tics for MASs is known as the consensus and consensus
of MASs has found a variety of applications such as
formation control!, urban traffic®!, smart grid™, robot
system!*, missile guidance®®! and so on.

The objective of consensus for MASSs is to probe
feasible control protocol that enable the MASs to reach
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an agreement on certain interest'®’. To achieve the ob-
jective, the agents need to exchange their shared infor-
mation via communication networks. Although the net-
work brings convenience and effectiveness, however, a
significant negative effect is that the communication in-
duced drawbacks may degrade the control performance
or even deteriorate the system stability. These include
time-varying delays!’!, data packet dropouts®!, quanti-
zation deviation, exogenous disturbances!'%, switch-
ing topology!!'!), etc. To reduce the negative effect of
the communication defections so as to improve the con-

Supported by Key Project of Science and Technology Commission of Shanghai Municipality (14JC1402200, 15JC1401900), National Key Scientific
Instrument and Equipment Development Project (2012YQ15008703), National Science Foundation of China (61473182) and Shanghai Rising-Star

Program (13QA1401600).



CUI Yan-liang et al.: Event-triggered consensus of multi-agent systems with data

No. 9

transmission delays and random packet dropouts 1209

sensus performance, such communication constraints
should be properly considered in the design of consen-
sus. For simplicity, only data transmission time-delay
and packet dropout are considered in this paper.

In reality, not only the communication network
is limited but also the energy resource and computa-
tion capability of the agent are inevitably constrained.
Therefore, a better consensus strategy should consider
saving the limited communication capacity and energy
supply. To fulfil the above objectives, a possible solu-
tion is known as the event-triggered control. With the
event-triggered scheme, the control tasks are only trig-
gered by the occurrence of an event instead at a fixed
sampling period. Due to reduced data transmissions and
control task executions, the event-triggered control en-
ables cost saving and communication reduction.

Recently, some event-triggered consensus schemes
for MASs are reported. For example, an event-triggered
consensus control for MASs with combinational mea-
surements is investigated in [12]. A disturbance per-
turbed event-triggered mean square consensus is ana-
lyzed in [13]. In [14], an event-triggered control scheme
for MASs with stochastic nonlinearities is discussed. In
the aforementioned literatures!!>'4), the event-triggers
can be summarized as e’ (kT)(Iy ® ®)e(kT) =
0x(kT)(In @ @)x(kT), where x(kT) and e(kT) de-
note the state and the error, respectively; d and & are pa-
rameters of event-trigger; Iy denotes an identity matrix.
Apparently, the topology information is not involved in
the above-mentioned literatures.

Different from the above-mentioned results, some
articles focus on topology relevant event-triggered con-
sensus, wherein the proposed event-trigger can be sim-
plified as €T (kT)(Iy @ ®)e(kT) = ox(kT)(L @
®)x(kT), where L is the Laplacian matrix. For exam-
ple, an asymptotical event-triggered consensus issue for
single integrator MASs is introduced in [15]. Two ob-
server based event-triggered consensus are compared in
[16]. Considering transmission time-delay, an asymp-
totical event-based consensus is proposed in [17], and
a co-design event-triggered consensus is investigated in
[18].

The above-mentioned event-triggers are all capa-
ble of reducing the communication burden and achiev-
ing the consensus of MASs. However, such event-
triggers are employed without further justifications and
explanations. A number of questions are yet to be an-
swered, for example, which one will be suitable for
given MASs? Is there any intrinsic relationship or dif-
ference between these schemes? Note that the event-
trigger performance will be inevitably influenced by the
controller and the MASs, therefore, it is difficult or even
impossible to quantitatively assess the dynamic behav-
ior of the event-triggers regardless of the controller and

the MASs. Therefore, if one can establish a compara-
ble relationship among them and a triggering behavior
evaluation method, it may allow a reference point for
designing the event-triggered consensus schemes.

Motivated by the above discussions, this paper fur-
ther investigates the event-triggered asymptotical con-
sensus control for MASs with data transmission time-
delay and packet dropout. The contributions of this
work are listed as follows: i) A feasible approximate
selection criteria is given for choosing a more appro-
priate event-trigger. ii) A unified distributed consensus
controller is proposed and the consensus is conveniently
simplified to an equivalent asymptotical stability prob-
lem of a time-delayed Markov switching system.

The remainder of the paper is organized as follows:
Section 2 introduces some fundamental notations and
preliminaries. Section 3 gives the problem formulation.
The main results are presented in Section 4. Simula-
tion examples are illustrated in Section 5. Conclusion
remarks are provided in Section 6.

2 Notations and preliminaries

The following notations are given which will be
used throughout the literature. Let R and N denote the
real numbers and the integer numbers, respectively. R"
is the n-dimensional Euclidean space and R™**"2 is the
set of n; X my real matrices. The superscript “T”
denotes the matrix transposition, the sign “®” repre-
sents the matrix Kronecker product, the script “*” de-
notes the corresponding transposed matrix item. I €
R™*™ denotes a n-dimensional unit matrix and Iy =
diag{I,I,--- I} denotesa (N -n)x (N -n) diagonal

———

N

N
matrix. I, = (0,0,---,7,0,---,0)T denotes a N—
—
p
dimensional column vector with p-th element as I ,
and I,, = I, — I,. 1y = (1,1,---,1)" and On =
——

N

(0,0,---, O)T denote the /N-dimensional column vec-
——
N

tor with all elements being either 1 or 0, respectively.
The information exchanged between N agents can
be conveniently captured by a non-weighted direction
graph ¥ = (¥ ,&,4/) of order N, where ¥ =
{1,2,--- N, N € N} isthe setof nodes, & C ¥ x ¥
is the set of edges and &7 = (a;;) € RV*N i, j € ¥
is the adjacency matrix. An directed edge (i,j) € &
if agent ¢ can obtain the information from agent j,
and a;; = 1if (i,j) € &, otherwise, a;; = 0.
The set of neighbors of node 7 is denoted by N; =
{j € 7|(i,j) € &}. The nonsymmetrical Lapla-
cian matrix L associated with %Nand ¢ is defined as
L = (L;j) € R"*"™ where l;; = > a;;, Vi = j, other-

Jj=1
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wise, l;; = —a;;.
The following assumption will be used in the paper.
Assumption A1 The matrix pair of (A, B) is sta-
bilizable.

3 Problem formulation

Consider a typical distributed MASs which is con-
sisted by /N homogeneous agents, each agent dynamics
is described as!!*-20!

%;(t) = Az;(t) + Bu,(t),

where i = 1,2,--- N, A € R"*" and B € R"*™
are constant matrices; z;(t) € R™ and w;(t) € R™ are
the state and the control input of agent 7, respectively;
x;(0) € R™ is the initial condition.

The objective is to design an event-trigger and
a controller such that the MASs achieve consensus
as[21-221

lim (x;(t) — x;(t)) =0
t—o0
for any initial condition x;(0), where 7,5 = 1,2,
-, N.

For achieving the objective while reducing commu-
nication burden, an event-triggered decentralized coop-
erative control scheme is designed with the framework
shown in Fig.1.

:x](g]l_T)’J EN1
| zom |
x(giT)
xj(ng)’,]eNl

Fig. 1 Control strategy for agent &

In Fig.1, we assume that the sensor is time-driven
while the controller and the actuator are event-driven.
The sensor sends its sampled data at each sampling pe-
riod of T to the event-trigger. Afterwards, the sampled
data is authorized to be broadcasted to the zero order
holder (ZOH) and neighbor agents by the event-trigger
when its threshold is violated. The ZOH is employed
to storage the latest received information. Accordingly,
the controller calculates the control signal and sends it
to the actuator. Finally, the actuator performs control
action then completes the close-looped control.

Priori to the problem formulation, an event-
triggered frequency evaluation method is proposed first,
which will help to choose more appropriate one from
two typical event-triggers.

3.1 Two comparable event-triggers

Let g'T denotes the ['" data broadcasting time of
agent 7, the objective of event-trigger design is to de-

termine the next broadcasting time instant of gi“T by
designing an appropriate event-triggered function. Gen-
erally, the event-triggered function is related to the lo-
cal measurement error and/or neighbors information.
A considerable issue is that each agent inevitably re-
ceives asynchronous neighbor information as :Uj(gé.T )
j € N;, where gg.T denotes the I*" broadcasting time
instant of agent j. Such time unaligned information
will introduce obstacles both in theoretical analysis and
practical implementation. To overcome such defection,
a ZOH is employed as shown in Fig.1. In this case,
one can find that such asynchronous information can be
synchronized, namely, x;(g;T) — 2;(g.T).
Accordingly, define

Xi(g!T + hT) = 2,(¢'T + h,T) — (9!
Yi(giT) = 3 ai(2i(giT) — z;(giT)),

JEN;

),

where h; denotes the broadcasting interval, it satisfies
h; = arg {Ilil(l)(hi > gt — gl), hy € N. The above-
1>

?

introduced event-triggers are described as
X (g\T + hT) &.X,(¢;T + hT) >

b1 (x] (¢;T)P12:(g;T)), (1)
XiT(géT + hT) ¢2Xi(9§T +hT) >
5 (YN (g;T)P2Yi(giT)), )

where 05, and @, are thresholds need to be determined,
k = 1,2. The structure of (1) is shown as the solid line
in Fig.1, while the structure of (2) is illustrated as both
of the solid and dash line in Fig.1.

Remark 1 From (1) and (2), one can easily conclude
that there always exist a finite number of broadcasting time in-
tervals within any time period. It ensures that Zeno phenomena
is excluded>>24!,

Remark 2
of event-triggers are designed as topology relevant parameters,

In similar researches“s’lg], the thresholds

ie., 01 = diag{d11,---,d1n}. By this method, the parameter
conservativeness can be reduced. However, the later obtained
result will be a nonlinear matrix inequality (NLMI) which is
almost impossible to be decoupled. To design the controller,
these parameters have to given as a prior. In addition, as far as
the complex topology is concerned, it will induce the practical
obstacles because recognizing all of the specific agents and set-
ting their correct parameters will be a time-consuming task or
even unrealistic. Therefore, we suggest the topology irrelevant
event-trigger as in (1) and (2), although it sacrifices the conser-
vativeness, but the benefit is that the parameters can be feasibly
solved and the controller implementation becomes convenient.

Remark 3

pended with the absolute threshold. For example, the decen-

In some literatures, the event-trigger is ap-

tralized event-trigger is designed as §; < ozZT O;z; + nin [25],
where 7 is the given absolute threshold. In [26], the event-
trigger function is designed as f;(-) = d;]|e; (t)]| + b;]|€; (t) ]| —
0;, where the §; denote the given absolute threshold. In [27],
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the absolute event-trigger is designed as e;(t) < co + c1e”,

where cg,c1; and « are the absolute thresholds. Because
these absolute thresholds are employed, the event-triggered fre-
quency will be lower than (1) and (2) when the state trajec-
tories converge closer to the equilibrium point. However, the
consequence is that the obtained consensuses will be inevitably

bounded. For example, the ﬁnal consequence deviations are
Jm |z (8) — 28] < B in[25], lim fe@®)] < Ain

||LH\F60 i
A2(L)

performance is sacrificed for reducing the event-triggered fre-

[26] and r = n [27]. It indicates that the control

quency. Moreover, concerning with the different absolute con-
ditions, the event-triggered dynamic behavior will be changed
or even diverged. Therefore, to guarantee the non-bounded
consensus and without loss of generality, the absolute event-
triggers are not considered.

Neglecting the controller effect, if

T/l l T, !
01(z; (9;1)Przi(g;T)) > 62(Y; (9,1)P2Yi(9;T))

holds, one can see that (1) has the lower triggered fre-
quency than (2).

Define Z(t) = (2] (¢t) --- xN(¢))7T, calculate the
Euclide norm of the above inequality, one has

127 () (6: In@P1)Z(t)]] > (|27 (t)(62LT LP,)(t)]-
Because

[011n @ D1 =

tr2 (621y @ OTd,) = VN6, tr2 (BT D)),

|6, LTL @ &, =

tr2 (62LTL @ @Y B,) = Str2 (LT L)tr? (87 B,),
and define
X1 =V N(Sltr% (@?@1),
X2 = 0otr? (LT L)tr2 (B1d,),
if such that y; > X2 holds, then (1) probably has
the lower event-triggered frequency than (2) for given
topology L.

As aforementioned, with different controllers, the
event-triggered frequency will be different. Without
loss of generality, we need to design a universal con-
trol strategy that can be used to cooperate with (1) or
(2) for achieving the consensus.

3.2 Data transmission time-delay

Firstly, to guarantee the desired consensus, a typical
distributed cooperative consensus law is chosen as

wlt) = —K 32 ayy (567 — (6T, @)

where K denotes the controller gain and i, j € 7.

The agents exchange their information via com-
munication networks, the inevitable data transmission
time-delay will affect the control performance. More-
over, the controller performs the calculation if all of the

necessary data are collected. It indicates that the con-
troller has to wait in a delayed duration until the last
necessary data is arrived. Let Tilj denotes the transmis-
sion time-delay of [-th data that is originated from j and
received by 1, it is assumed that

0 < 7 = max(7};), 4)

where i,j € {1,2,--- N} andl = 1,2, -- -, then the
control updating interval sector is described as [g!T +
7, g™ T 4 7) and it can be divided as

1y

g7+ 7,95 T+7) =" U

k=g!

i

kT +7,(k+1)T+T).

Define the disagreement vector as e;(kT) =
2;(kT) — x;(g\T), the augment vectors as Z;(t) =
x1(t) — x;(t), e(kT) = e(kT) — e;(kT), E; =

(lN—lv_IN—l)v E, = (O]rl\}fl?_[]r{f 1)T7 l’(t) =
(xrlr(t)v T 7x%71(t))T’ e(t) = (6?(1&),‘ ’ ’6% 1(t))T7
Z(t)=(Z5 (1), -, Ty_1(t))" and &(t) = (&5 (¢), -

en_1(t)T, (3) is changed as
u;(t) = —K 2::1 a;j(x;(kT) — z;(kT) —

e;(kKT) + e;(KT)).
Therefore, we have the close-looped system as

() = (Ino1 ® A) Z(t) —
(L ® BK) (z(kT) — e(kT)),

where L = E\LE, € RV"DXN=D and ¢ € [kT +

7, (k 4+ 1)T + 7). The initial condition of Z(t) is sup-
plemented as Z(0) = W¥(0), where § € [-T —,t],
W(to) = j(tO) = (*’Z’rlf(to)a"' 7'%']1:1—1(t0))T7 W() :
[to — T — 7,to] — RW=D*" denotes an appropriate
absolutely continuous function defined in Banach space
and it satisfies

]| =

max
ae[t()*T*T,t(]]

[ZOI+([ ()] ds)*.

3.3 Data packet dropouts

When data packet dropout event occurs, the agent
links can be regarded as temporal disconnection!?!.
In some similar researches!”*=%, such dynamic phe-
nomena is described as Markov processing. It is
worth to point out that although single data packet in-
cident is unpredictable, some helpful prior probabil-
ity knowledge can be acquired. Therefore, we model
the data packet dropouts as a state transform probabil-
ity partly unknown homogeneous Markov chain. Let
r(k) € S denotes the Markov chain, where S = (1, 2,

-+ ) denotes the finite set including s possible switch-
ing topologies. Let IT = (m;;), i,j € S denotes the
probability matrix and it satisfies

P{r(t +¢&) = jlr(t) =i} =

{Wijf"i_o(g)a Z#]v

L+ 7€ +0(E), i = J, ®)
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where P{-} is conditional probability, ¢ is the i*" sub-
system activation time and o(§) is the corresponding

o(£)

higher order infinitesimal to &, it satisfies ?m — =
—0

0. The transition probabilities in I/ are partly unknown,
M1 Ty - Mg

o1 Moo * + + Moy

for example I1 = , where 7 denotes

Ts1 771-32 e 7Trss
the unknown information.

Accordingly, L is substituted with I:J|c,:r(t)€ S
hence the general close-looped system is transformed
to a Markov switching system as

I(t) = (Ino1 @ A)z(t) —
(L, ® BK,)(z(kT) — e(kT)), (6)
where L, = B\ L,Eyandt € [kT +7, (k+1)T+71).

Synthesizing all the above factors, the objective of
the rest paper is to investigate a feasible design method
for event-trigger (1) or (2) with the controller (3) to
guarantee the close-looped system (6) achieving asymp-
totically stability under time-delays (4) and data packet
dropouts (5).

Remark 4 Because the state vector 1 (¢) can be cho-
sen from any agents, it can be concluded if lim Z(¢t) = 0
holds, the consensus of MASs is achieved. Ther&gie, the orig-
inal consensus issue is conveniently simplified to the equivalent
stability problem of (6).

4 Main result
Lemma 1 For any matrix R = RT > 0 € R™"

and invertible matrix P € R™*", the following inequal-
ity holds:

—(In®P)IN®R) ' (IN®P) < INQR—Ix®2P.

Proof When R is a positive symmetric matrix, the
following inequality naturally holds: ((Iy®@R)—(In®
P)(Ix @ R ((In®R) — (In® P)) = (In ®
P)IN®R) ' (IN®P)+(INn®R)—2(Ix®P) > 0,
then the proof for Lemma 1 is complete.

Define sets U" = U, U U], r € S, U] =
{ﬂ-rj’j € S}’ U = {ﬁ'rj|j € S} and 7 = Z Trbs

beUg
then we have the following conclusion.

Lemma 2 For r(t) (5), the following inequal-

ity holds: Z i P, Z 7 P,
c Ui otherw1se Tps = 1 -, V., C UL

i, where 7,.; =, V7,

Proof According to Markov property Z Ty =

=1
> w+ Y. Ty = 1,define P = > 7,4, P, then
beUy bET?, beUg
- _
we have <land )] 7rbr = 1. The ele-
1 —m veur, L — Ty

ments in set U], can be marked as (7,1, T2, -+ , 7)),

0 < ¢ < s, then the upper boundaries for un-
known element in set U, can be substituted as
(1-m,,1—my,---,1—m). Therefore, we have

~
s—k
Pr+(1-my) > P, = Zwm i, Where 7,; =
beUs, Jj=

iy i C Up, Ty = 1 —
Lemma 2 is complete.
Theorem 1 Given a positive scalar 0 < §; < 1,
if there exist the appropriate dimension symmetric ma-
trices P, = P* > 0,7 € 5,Q; = QT >0, R;=R}
> 0,7 = 1,2 and any appropriate dimension matnces

T, Tri C U The proof for

My, k= 1,2,--~ , 6, such that
Mi e 0 0 I g e 0 Thg --- Tho
% Tho Ihz Toa 0 The Io7 Ihg 0 0 0
* * f33 0 0 0 0 F38 0 0 0
x + % Iy 0 0 0 Iuig 0 0 O
* * k % F55 f56 0 0 0 0 0
¥« % % *x % Jgg 0O 0 0 O 0 <0
x % % % % %« Iv 0 0 0 0
x % % % % %« *x Igs 0 0 0
* * * * * * * * l:'gg 0 0
* * * * * * * * ke 0
* * * * * * k * * * ]_110’10
(7)

holds, then (6) achieve asymptotically consensus under
(1) and (3), where time-delays _satisfy (4), data packet
dropouts satisfy (5) and K, = K, P.'. Where:

Iy =1Ino ® (AP + PAY + Q1+ U, + U)),

Iy=—-L,®BK, +Iy_1® (_Ul + UQT),

INs=L,® (BK,), I'g =Iy_1 ® (P.A"),

Iy =1In®(1+T)U,,

Iy = \/a(INA ® P),

Fl,l() = \/a(IN—l X ps),

Do =In 1@ (U, — U} +Us+ U —

Us —Ul) + M\, ES By @ &4,

Iy =1In1® (U5 - Ug%

Doy =1Iy 1@ (-Us+U)),

Iy =LY ® (K'B"Y),

Iyg = In_ ® (1 +T)Us,

I =In1 @ T(Us + Us),
I3 =11 @ (Q2+Us + Uy ),
Iis = In_1 @ (TUs),
Dyy=1In_1®(—Q2—
Fg=1Iy1® (TU4);
[is=—In 1P+ N EYEy @ &y,
Io = L; ® (K. B"),
Tos =h*(In_1 @ (T +T)Ry + TRy)) —

2h(In_1 ®Pr),

Us—Uy),
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F77 = IN—l ® (—(T + T)Rl),
Iys = In_1 @ (=TRy), I'yg = —Iny_1 ® P,
Flo,lo =—In.1®P,, L, = E\L,E,.

Proof Whent € [kT + 7,(k + 1)T + 7), de-
fine 74(t) = t — kT, we have 74(t) € [r,7 + T),
7a(t) = 1,t # kT Therefore, (6) is transformed to

Q_T(t) = (INfl ® A)j(t) - (I’U b2y BKU)(:Z'(t -
o) — et — 7a(1)).

Letoc =r,r € S,whent € [KT+7, (k+1)T+7),

we define a Lyapunov functional as
Vi(t,2(t),z(t) =
zh(t )(IN | ®P)f(7f) +

Jj (t) IN 1 ®Q1)i‘( )d5+

ft JUn-1® Q2)T(s)ds +
0 t
ff TL+6
T et
o)
where P, = PT > 0, P, € RW-Ux(N=1) " ¢
S, Q; = Q?}OR:R]TZO,Qj,RjE
R(N 1)x(N-1) j _ 1 2.
Calculatlng the differential of V (¢,Z(t),Z(t))
along the trajectory of (6), we have
V(t7i'(t)7i'(t)) -
') (In-1 ® P)z(t) +

\,
'ﬂ

Y(In_1 @ Ry)Z(s)dfds +

IN 1 ®R2) ( )des,

Tt (In_1 @ Q1)Z(t) +
F7(t— T)(Iyy © Qu)E(t — T)
(t_T_T)<IN—1®Q2) (t—7-T)+

(T +T)z" (t)(In—1 ® R1)z(t) +
TjT(t)(INfl ® Rg)f(t) —

Lt_T_T 5T()(In_r ® Ry)i(s)ds —
L:T,T T (s)(In_1 ® Ry)z(s)ds.

For handling the latest two integral items, we add
the following zero items into the above equality:

22T () (In-r @ Uy) + 27 (t — 7a(t))(In—1 ® Uy)) -

(@) ~ alt = ma(t) - [ (s)ds)

2" (t — 7a(t))(In—1 @ Us) +
Tt —7—T)In_1 ®Uy)) -

@(t —7a(t)) ~a(t -7 -T)— [ "
2(z (t —1a(t))Un-_1 @ Us) +

2t —7)In-1® Us)) - )

(2t = 1) =2t =7a®) = [ i(s)ds),

t—1a(t)

t*’Td(t) .

z(s)ds),

where U, € RIN-Dx(N=1) '] —1 92 ... 6.
Define an augmented state as n(t = (zT(1),
2t (t—ma(t), 2" (t=7), 2" (t—7=T),e" (t—a(1)))",
then we have
V(t2(t),2(t) =
n (O (Ino @ (UL +Uy) +

INIn_ 1 ®(P.A+ATPAQ+U +UMNI, —
I'(L, ® B.BK,)I, + I (L, ® P.BK,)I5 —

IJ (L] ®KTBTPT)11—|—IT(LT®KTBTPT)I

I (In 1 @(=Us—Uy +Us+ U —Us—UJ ) I+
Iy (In 1®(U5 Ug )3+ (m+T) X Ry X0+
I(In 1 ® (—Us + UL+ TX Ry' Xy +

I (In 1@ (Qa+Us+Ug ) I3+T XS Ry X3+
If(Inoy @ (=Q2 — Uy — UN)) Lin(t) +

[1]

"Iy 1@ ((T+T)R +TRy))Z —

" e ReTds— [T a,ReTd
Jo @Rl — [ 7 BaRu@ids -

t—1 _ T
L_Td(t) &3 R, BT ds,

where
Ri=INn1®R", Ro=1Iy_1®R;",
X, =(UU;,0,07, X,=(0,U,0,U")T",
X3 = (07 U5T7 UGTvO)Tv
@ =" (t)(In-1 @ X1) + 27 (s)(In-1 ® Ry),
By =" (1) (In_1 @ Xo) + 27 (s)(In_1 @ Ry),
By =" () (In_1 @ X3) + 2" (s)(Iy_1 @ Ry)
and
E=Iy-1 ® A)Lin(t)— (L ® BEK,)(I,—I5)n(t).

It is easy to find that the last three integral items are
less than O naturally According to Lemma 2, we have
(I ® Z T P)) L < IF(Inoy @ (PP + (1 —

1

Jj=
7)) >, P.))I;. With the well-known Schur comple-

bEUT,
ment, one has V (¢, Z(t), z(t)) < n* (¢)I'n(t), where
F p—

Int Ino. 0 0 Ius Iie [iz O IThg --- 1o

x Ibo Iog Ioy 0 Ibe Io7 Is 0 O O

x x I33 0 0 0 O I 0 O 0

« % % Iy 0 0 0 Iis 0 0 0

* % x *x 0 Iss 0 O O O 0

x x x x x Igg 0 0 0 O 0 R

* % % % x *x Ivz 0 0 O 0

* % % *x * * x Jgg 0 O 0

* % % x *k *k % *x Jog 0 0

* * * * * * * * ke 0

* * * * * * ok * * >+ Ilg10

3)
I'i=In1®(PBA+A"P,+ Qi+ U, +U),
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I'y=—L,® BK, + Iy, ® (U, + Uy),

I's =L, ®BK,, I'¢ = In_1 ® AP,

Iz =1In1 @ (1 +T)Ui,

I'g = \/ﬂ(INq ® Pp),

I = \/ﬂ(INq ® Py),

Dyp=Iy_1® (~Uy — Uy +Us+UJ —Us—Uy),

Ly = Iy 1 @ (Us = Uy ),

Iy =1y ®(-Us + U}),

Ig=—L! ® (K'B"), I'y=Iy_1 @ (T + T)Us,

Iy = In_1 @T(Us + Us),

I3 :IN—1®(Q2+U6+U(;F)7

Ig=1Iy1® (TUG)

Dy=1Iy1®(—Q—Us—UY),

ig=1In1® (TU4) Iig =L @ (K'B"),

I =In 1@ (t+T)Ry +TRy) — In_1 ® 2P,

I'ip =In_1 @ (—(7+T)Ry),

I'ss = In_1 ® (—T'Ry),
Iy = —In_1 @ P, Ip10=—In-1®P,.

According to Lemma 1, we have —Iy_; ® ((7 +

T)R\+TRy)) ' < In1@P 7 (In1@((7+T)R1+

TRy))In_1 @ Pt =21y, @ P71

Define
J1 :diag{IN_l(X)P;l, ,IN_1 ®Pr71}7
5
z]2 = diag{IN,l X Pr_l, cee 7IN71 (] Pr_l},

2+s

J=diag{J1,(In-1 @ (1 + T)R1+TR,)) ™", J2},
and performing congruence transformations to (8) by J.
Define: P, = P7', P, = P.PP.,i = 1,2,-
Q] = PQJPY,R = PR;P,j = 1,2, Mk =
P.M.P., k=1,2,--- .6, K, = K,P,, then the non-
linear matrix 1nequa11ty I' < 0 can be conveniently
transformed to an equivalent linear matrix inequality
Gee., V(t,z(t), z(t)) < ¥ (t)JTTJIn(t)).

When ¢t € [kT + 7,(k + 1)T + 7), the event-
triggered threshold is not violated, therefore, according
to (1) we have X' (¢!'T + hT)®, X;(¢'T + hT) <
612} (g'T) P12 (g!T), where XT(g'T + hT) =
e;(kT) and x;(g!T) = z;(kT). Then the above in-
equality is equivalent to

e (kT)(Iy ® §1)e(kT) <
From the definition of Z(¢) and é(t), one has
e'(KT)(In-1 ® @1)e(kT) =
eT(KT)(ETE, © I)e(kT) <
et (KT)(In @ @1)e(kT),

xT(kT)(51 ® &1)x(kT) =

TV (kT)(Ey6,Ey @ @1)z(KT),
where A\ = Anax(ETE1), Amax(+) is the maximum
eigenvalue function. Then the above inequality is equiv-

alent to
" (KT)(In-1 ® &1)e(kT) <

M2 (kT (Ey 61 Ey @ ®,)2(kT).

Therefore

V()=

V() —e"(kT)(In-1 ® D1)e(kT) +

e (kT)(In—1 ® D1)e(kT) <

0t ()T L In(t) — & (KT)(In-1 © P1)e(kT) +

A2 (kT)(Ey 8, Fy @ )7 (kT).
According to the Lyapunov stability theory, such that

WOt + GE)T (@*l £2> (2) <0

holds (i.e., (7)), where ©; = AEJ6,Fy ® &, and
O, = —Iy_1 @D, + E3 A\, E; @ Py, then the asymp-
totically stability of (6) is guaranteed. Therefore, the
desired consensus can be achieved.

Theorem 2 Given a positive scalar 0 < d§, < 1,
if there exist the appropriate dimension symmetric ma-
trices P, = P > 0,7 € 5;Q; =Qf > 0. R; =
RT > 0, 7 = 1,2 and any appropriate dimension ma-

trlces M, k=1,2,--- 6, such that

Ni e 0 0 Iy e e 0 Tho --- Tho
% Ioo TogIoa 0 Ibg Ior Ios 0 0 0
x x I33 0 0 0 O Iz 0 O 0
* % % ITgg O 0 O Iug O 0 O
* ok ok % f55 Is6 0 0 0 O 0
* % % *x x Jgg 0O 0 0 O 0 <0
x % % % % x Ivz 0 0 O 0
x % % % % % x Igg 0 0 0
x k% k% x % x Iy O 0
* * * * * * ok * * -+ 0

% ES * * ES % ES ES * * FlO,lO

9
holds, then (6) achieve asymptotically consensus under

(2) and (3), where time-delay Eati_sfy (4), data packet
dropouts satisfy (5) and K, = K,P*. Where

fQQ:IN—1®(_UQ_U;+U3+UZ;I\_U5_
UL) + A\o.L ® @,
f55:—.[]v_1®¢+)\(52f/®¢,

the other parameters have been defined in Theorem 1.
Proof The proof for Theorem 2 is almost same
as the previous proof for Theorem 1, the only differ-
ence is that the event-trigger is changed to (2). Ac-
cording to (2), when t € [kT + 7,(k + 1)T
7), we have X[ (¢!T + hT)®,X;(¢'T + hT) <
8:Y: Y (giT)P,Y;(g!T), then the above inequality can
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be reformulated as
eT(kT)(Iy @ ®y)e(kT) <
" (kT)(6,L"L @ &5)x(kT).
The right part of the above inequality can be written as
2 (kT)(6,L @ ®y)x(kT) =
7T (KT)(5.L @ )7 (kT),
where L = ETLTLE,.
Then the above inequality is equivalent to
6" (kT)(In-1 ® D2)e(kT) <
AZT(KT) (6,1 @ ®5)7(kT).
Therefore, we have
V()=
V() =& (kT)(In-1 ® P2)e(kT) +
e (KT)(In_1 @ Py)e(kT) <
(@) JTCIn(t) — T (KT)(In_1 @ ®o)e(kT) +
ANET(KT) (5, L ® ®5)z(kT).
According to the Lyapunov stability theory, such that

oo (5) (22)(1) <

holds (i.e., (9)), where O, = )\52L ® &5 and O =
—In_1 ® Do+ Ao L @ Py, then the asymptotically sta-
bility of (6) is guaranteed, thus complete Theorem 2.

Remark 5 From (1) and (2), one can conclude that
with larger values for §; and J9, the event-triggered frequen-
cies will become lower. Theoretically, without corrupting the
consensus, there must exist tolerable upper boundaries of §;
and d2. Theorems 1 and 2 provide us a feasible method to ac-
quire such maximal values. Namely, given Lo, II, T and T,
set 01 = 0g + Ad or 69 = g + Ad, where 6y and A de-
note the initial value and the increasing step, respectively; the
critical maximum of §; and J9 can be connivently obtained by
iteratively solving (7) and (9).

Remark 6 Note that the topology is supposed to be a
directed graph, it is feasible for Theorems 1 and 2 to be ex-
tended to undirected circumstances. Generally, the connected
graph is a fundamental assumption in most similar researches.
However, in this work, such a condition is not strictly required.
It implies that occasional disconnected subgraphs can be tol-
erated by the proposed method. Namely, given some discon-
nected sub-graphs, if there exist feasible solution of (7) or (9),
the desired consensus still can be achieved.

S Numerical examples

In this section, Example 1 is firstly given to validate
the effectiveness of the proposed method. Afterwards,
Example 2 is used to compare with [18].

5.1 Example 1

The supposed 4 switching topologies are shown in
Fig. 2.

O—C o
a‘e

Fig. 2 Switching topologies

Figure 2(a) shows the initial connected graph, the
other three graphs are employed to simulate possible
data packet dropouts events. Fig.2(c) illustrates that
the agent 2 is disconnected from the topology, in this
case, the disconnected graph is introduced in the net-
work. The probability transition matrix /7 is assumed

05 7 7 7

065 72 7 0.1 . o
as 065 2 72 2 |’ where the notation “?
05 7 01 7

denotes the unknown information. Accordingly, we
choose one instant (i.e., 7(¢)) as shown in Fig. 3.

4

< 3

< 2

1

T
Fig. 3 Markov chain r(t)
) 05 0 0.2

Given A = 0 08 , B = (0.?)), set T =
0.02s and T' = 0.01 s, the state initial values are set
as 1(0) = (—0.5,—-0.5)T, 25(0) = (-1.5,-1.5)T,
z3(0) = (0.5,—1.5)T, 2,(0) = (1.5,1.0)T. Accord-

ing to Theorems 1 and 2, we have the calculation results
as listed in Tables 1 and 2, respectively.

Table 1 Calculation result

Theorem 1 Theorem 2

51 = 0.41 59 = 0.12

& 3.4140 O 4.7748 0.0001
0 3.4122 0.0001 4.7731

K1 (0.0010, 0.0017) (0.0015,0.0026)
Ko (0.0009,0.0015) (0.0014,0.0023)
K3 (0.0011,0.0018) (0.0014,0.0024)
K4  (0.0011,0.0018) (0.0004,0.0008)
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Table 2 Criterion value

X1 X2
Topology 1~ 3.9580  3.2407
Topology 2 3.9580 2.8065
Topology 3  3.9580 1.9845
Topology 4  3.9580 2.8065

From Table 2, we know that the event-trigger (1)
probably has lower triggering frequency than event-
trigger (2). To verify the effectiveness, we first em-
ploy the event-trigger (1), the agent trajectories and the
event-triggered time instants are shown in Figs. 4 and 5,
respectively.

From Fig. 4, one can see that all of the trajectories
are asymptotically attenuated, the curves converge to
the equilibrium point in a relatively fast speed. In addi-
tion, the curves show a good agreement with the target
consensus even some disconnect graphs are activated.
The proposed method shows good robustness against
the communication uncertainties.

Fig. 4 Agent trajectories

In Fig. 5, the vertical values are set as 1 only if the
event-triggered threshold is violated, or O if not. One
can clearly see that only a very small amount of data
samples are broadcasted, accordingly, the communica-
tion burden as well as the controller updates are signifi-
cantly reduced.

T T T T T T
5 |

—_

0 & & & & & o
5 10 15 20 25 30 35
Event-triggered time (7")
(a) Event-triggered time of Agent 1
T T T T T T
1¢9- i
0 & & & & & ° &

5 10 15 20 25 30 35

Event-triggered time (7")
(b) Event-triggered time of Agent 2

0 & & & & & &

10 15 20 25 30 35

W

Event-triggered time (7")
(c) Event-triggered time of Agent 3

0 & & & & & &

5 10 15 20 25 30 35

Event-triggered time (7")
(d) Event-triggered time of Agent 4

Fig. 5 Event-triggered time of the agents

The effectiveness of Theorem 1 is thus verified, now
we proceed to verify Theorem 2. After employing the
event-trigger (2) and by Theorem 2, the trajectory er-
rors in comparison with the corresponding former one
are illustrated in Fig. 6. The event-triggered time in-
stants of each agent are shown as Fig. 5.

Figure 6 shows the trajectory error between two
types of event-triggered consensus with the same val-
idation example. Notice that the magnitude is quite
small (107?), it indicates that the control performances
among them have little differences. Table 2 shows that
event-trigger (2) has lower triggering frequency than
event-trigger (1). From Fig.7, one can see that the
event-triggered frequencies of (2) (i.e. 26%, 40%, 26%,
29%) are higher than the former one indeed (i.e. 23%,
23%, 20%, 23%), thus validating the effectiveness of
the proposed methods.

—_

- -

0 & & & & &

5 10 15 20 25 30 35

Event-triggered time (7")
(a) Event-triggered time of Agent 1
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1 I T T T T T T ]
0 & & &
5 10 15 20 25 30 35
Event-triggered time (7")
(b) Event-triggered time of Agent 2
1 L T T T T T T ]
0 & & s & &
5 10 15 20 25 30 35
Event-triggered time (7")
(c) Event-triggered time of Agent 3
T T T T T T
19 i
Event-triggered time (7')
(a) Event-triggered time of Agent 1
0 & & & &

5 10 15 20 25 30 35

Event-triggered time (7')
(d) Event-triggered time of Agent 4

Fig. 7 Event-triggered time of the agents

5.2 Example 2

In [15,18], a similar consensus issue has been dis-
cussed with fixed topology (i.e., Fig. 2(a)). The event-
triggers advocated in [15,18] are the same with (2).
Because the results in [18] are superior than [15],
therefore, we only compare with [18] wherein A =

0 1 B . i
(0 —~ 0.4)’ B = (08,05)%, 7 = 0s, T = 0.06s,

{El(O) = (0,1.O)T, LUQ(O) = (05,15)T, ZE3(O) =
(—1.0,0)T and 2,(0) = (0.5, —0.5)T.

One can discover that by removing the rear part
of (7) or (9) from 9th row and 9th column to
the end, the rest part can handle the fixed topol-
ogy situation. According to Theorem 2, we have

5, = 0046, K = (0.2326,0.1407), &, =
452.3834  —180.0247\ \ taiectord
~180.0247  72.5753 ) '€ agent trajectones

and the triggered time instants are given in Figs. 8 and
9, respectively.

From Fig. 8, one can see that the trajectories fluc-
tuate in a short time period and the curves converge
to the equilibrium point quickly, the desired consensus
is achieved. Fig.9 illustrates the broadcasting instants
of each agent, one can see that the event-triggered fre-
quencies are reduced. The broadcasting ratios of agents
are, respectively, 60%, 58%, 33% and 33%. It is higher
than the ratios of [18], i.e., 9.8%, 7.8%, 6.6% and 9.0%.
However, it can be estimated from Fig. 8 that the con-
sensus is achieved in less than 3.6 s, which is lower than
over 15.0s in [18]. The proposed method thus shows a
quicker converge rate.

1 [olo] Q@Y

% 1% Ca0 300 40 50 60

Event-triggered time (7)
(b) Event-triggered time of Agent 2

0 10 20 30 40 50 60

Event-triggered time (T')
(c) Event-triggered time of Agent 3

Event-triggered time (7')
(d) Event-triggered time of Agent 4

Fig. 9 Event-triggered time of the agents
6 Conclusions

This paper investigates the event-triggered consen-
sus for MASs with communication constraints. An
approximate event-triggered evaluation method is pro-
posed which provides a reference for choosing the ap-
propriate one from two typical event-triggers. Accord-
ingly, a time-delay dependent Markov switching coop-
erative controller design method is developed. With the
proposed scheme, the communication burden and the
number of controller updates can be significantly re-
duced while the desired consensus of MASs can be pre-
served.
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