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Abstract: A morphing aircraft has different control objectives in different configurations. For the multi-objective-
control problem of the morphing aircraft, we propose a switching linear parameter varying (LPV) control method in which
the range of the sweep angle is divided into sub-regions according to the flight modes and design objectives. The solvability
condition of the problem with a given control performance indices is established, and a family of LPV controllers is designed
accordingly. The design is based on either the multiple parameter-dependent Lyapunov functions or the common parameter-
dependent Lyapunov function, which ensures the stability of the transition phase in the rapid morphing process under the
restrictions of the morphing mechanism. Simulation results show that the designed controller can guarantee the excellent
control performance of the morphing aircraft in its wide range of parameter values.
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2 LPV (LPV modeling of
morphing aircraft)

1 ,
χ 15◦ ∼ 60◦.

[4]:⎧⎪⎪⎨
⎪⎪⎩
α̇ =

1

mV
(−L− T sinα+mg cos γ + Flz),

q̇=− İy
Iy
q+

1

Iy
(−Sxg cos θ+MA+TZT+MIy).

(1)

: α , γ , q , θ
, m , V , g ,

Iy y , T ,
x , ZT , L MA

, :

⎧⎨
⎩
L = QSw(CL0 + CLαα+ CLδeδe),

MA=QSwcA(Cm0+Cmαα+Cmδeδe+Cmq

qcA
2V

).

(2)

: Q =
1

2
ρV 2, ρ , Sw

, cA , CL0

, CLα CLδe α δe , δe
, Cm0 , Cmα

, Cmδe ,
Cmq . FIz

MIy ,

⎧⎪⎪⎨
⎪⎪⎩
FIz = Sx(q̇ cosα− q2 sinα)+

2Ṡxq cosα+ S̈x sinα,

MIy = Sx(V̇ sinα+ V α̇ cosα− V q cosα).

(3)

,
(3) V V̇ = 0. Sx

x , ,
m1, (r1x, r1y, 0),

m2 (r2x, 0,

0),

Sx = 2m1r1x +m2r2x. (4)

(2)–(4) (1) Jacobian

[
α̇

q̇

]
=

[
a11 a12
a21 a22

][
Δα

Δq

]
+

[
b1
b2

]
Δδe, (5)

Δα,Δq Δδe
,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a11 =
Q0SwCLα + T0 cosα0 − S̈x cosα0

mV0

,

a12 = 1 +
2Ṡx cosα0

mV0

,

a21 =
Q0SwcACmα

Iy
,

a22=− İy+ṠxV0 cosα0

Iy
+
ρ0V0Swc

2
ACmq

4Iy
,

b1 = −Q0SwCLδe

mV0

, b2 =
Q0SwcACmδe

mV0

,

(6)

: Q0 =
1

2
ρ0V

2
0 , ρ0, V0

.
, 5◦ ,

CFD .
χ ,

.
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χ

:{
CL0=0.0042χ3−0.1374χ2−0.0516χ+0.2291,

CLα=−1.1264χ3−0.4351χ2+0.3816χ+4.5920,

(7)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Cm0=0.4239χ2−0.4462χ−0.0365,

Cmα=9.6542χ3−6.5395χ2−6.1887χ−1.5909,

Cmδe =−0.1624χ2−0.9376χ−0.7889,

Cmq=41.4537χ3−50.4868χ2−
9.7741χ−10.6730,

(8)

, , ρ = χ,
LPV :

ẋ = A(ρ)x+B(ρ)u, (9)

: x = (Δα Δq)T, u

Δδe.

1

Fig. 1 Variable sweep wing morphing aircraft

3 Lyapunov
LPV (Design of switching LPV
controller based on parameter-dependent
Lyapunov function)

LPV :⎡
⎢⎣ ẋz
y

⎤
⎥⎦=

⎡
⎢⎣ Ai(ρ) B1,i(ρ) B2,i(ρ)

C1,i(ρ)D11,i(ρ)D12,i(ρ)

C2,i(ρ)D21,i(ρ)D22,i(ρ)

⎤
⎥⎦
⎡
⎢⎣xω
u

⎤
⎥⎦ , ρ∈pi,

(10)

: x ∈ R
n , z ∈ R

nZ ,
ω ∈ R

nω , y ∈ R
ny ,

u ∈ R
nu , ρ

P ⊂ R
s , vk � ρ̇k �

vk, k = 1, 2, · · · , s. P

pi ∈ ZN, i ∈ ZN, ZN = {1, 2,
· · · , N}, pi ⊂ P

ZN⋃
i=1

pi = P ,

,
. LPV (10),

:[
ẋk

u

]
=

[
Ak,i(ρ,ρ̇) Bk,i(ρ)

Ck,i(ρ) Dk,i(ρ)

][
xk

y

]
, i∈ZN, (11)

xk ∈ R
nk .

, , , pi

[
ẋcl

z

]
=

[
Acl,σ(ρ,ρ̇) Bcl,σ(ρ)

Ccl,σ(ρ) Dcl,σ(ρ)

][
xcl

ω

]
, ρ ∈ pi, i ∈ ZN,

(12)

: xT
cl = [xT xT

k ] ∈ R
n+nk , σ

,
.

LPV (10)
(11),

,
σ LPV .

3.1 Lyapunov (Multiple para-
meter-dependent Lyapunov function approach)

,

{Xi(ρ)}i∈ZN
, Xi(ρ) pi

. (12) Lyapunov
Vi(xcl, ρ) = xT

clXi(ρ)xcl, LPV
Lyapunov

Vσ(xcl, ρ) = xcl
TXσ(ρ)xcl. (13)

Lyapunov LPV
, ,

Lyapunov
.

, Lyapunov
[14–15, 18].

,
, 2 ,

Sij Sji, Sij Sji

pi pj pj pi .
,

. σ 2(a).
2(a) , P (t0) ∈ pi, σ(t0) = i.

t > 0,

σ(t) =

{
i, P (t−) = i P (t) ∈ pi,

j, P (t−) = i P (t) ∈ Sij .
(14)

, P (t0) ∈ pj , σ(t0) = j. t > 0,

σ(t) =

{
i, P (t−) = j P (t) ∈ pj,

j, P (t−) = j P (t) ∈ Sji,
(15)

(12), Vi(xcl, ρ)

Vj(xcl, ρ) Lyapunov
. Sij , Lyapunov
Vi(xcl, ρ) > Vj(xcl, ρ), i j
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(12) Lyapunov ,
j

, .

(a)

(b)

2

Fig. 2 Switching logic

1 LPV (10)
P {pi}i∈ZN

,

NR,i(ρ) = ker([BT
2,i(ρ) D

T
12,i(ρ) 0]),

NS,i(ρ) = ker([CT
2,i(ρ) D

T
21,i(ρ) 0]),

ρ ∈ pi Ri(ρ)

Si(ρ), (i ∈ ZN) :

NT
R,i(ρ)

⎡
⎢⎣ πi(ρ) ∗ ∗
C1,i(ρ)Ri(ρ)−γiInz

∗
BT

1,i(ρ) 0 −γiInω

⎤
⎥⎦NR,i(ρ)(ρ)<0,

(16)

NT
s,i(ρ)

⎡
⎢⎣ κi(ρ) ∗ ∗
BT

1,i(ρ)Si(ρ)−γiInω
∗

C1,i(ρ) 0 −γiInz

⎤
⎥⎦Ns,i(ρ)(ρ)<0,

(17)[
Ri(ρ) I

I Si(ρ)

]
� 0, (18)

* ,

πi(ρ) =Ri(ρ)Ai(ρ)
T +Ai(ρ)Ri(ρ) +

s∑
k=1

{vk, vk}
∂Ri(ρ)

∂ρk
,

κi(ρ) =Ai(ρ)
TSi(ρ) + Si(ρ)Ai(ρ) +

s∑
k=1

{vk, vk}
∂Si(ρ)

∂ρk
,

ρ ∈ Sij :{
Ri(ρ) � Rj(ρ),

Si(ρ)−R−1
i (ρ) � Sj(ρ)−R−1

j (ρ),
(19)

LPV

‖z‖2<γ‖ω‖2, γ=max{γi}i∈ZN
.

[13] ,
pi , Xi(ρ)

(12)⎡
⎢⎣ ψi(ρ) Xi(ρ)Bcl,i(ρ) C

T
cl,i(ρ)

BT
cl,i(ρ)Xi(ρ) −γiI DT

cl,i(ρ)

Ccl,i(ρ) Dcl,i(ρ) −γiI

⎤
⎥⎦ < 0, (20)

ψi(ρ) = AT
cl,i(ρ, ρ̇)Xi(ρ) +Xi(ρ)Acl,i(ρ, ρ̇) +

∂Xi(ρ)

∂ρk
ρ̇, ρ ∈ pi , H∞

γi, ‖z‖2 <
γi‖ω‖2.

,
Lyapunov :

Xi(ρ) � Xj(ρ) i, j ∈ ZN i �= j. (21)

(12) i Lyapunov
,

Xi(ρ) =

[
Si(ρ) Ni(ρ)

NT
i (ρ) ?

]
,

X−1
i (ρ) =

[
Ri(ρ) Mi(ρ)

MT
i (ρ) ?

]
,

: Mi(ρ)N
T
i (ρ) = I −Ri(ρ)Si(ρ),

.
(20) (16)–(18) [19].

Xi(ρ) =

[
Si(ρ) R−1

i (ρ)− Si(ρ)

R−1
i (ρ)− Si(ρ) Si(ρ)−R−1

i (ρ)

]
,

Lyapunov

Xi(ρ)=

[
I −I
0 I

][
R−1

i (ρ) 0

0 Si(ρ)−R−1
i (ρ)

][
I 0

−I I

]
.

Sij

Lyapunov

Vi(xcl, ρ) = xT
clXi(ρ)xcl �

xT
clXj(ρ)xcl = Vj(xcl, ρ).

, ,
(19).

γ = max{γi}i∈ZN
, .

R−1
i (ρ) R−1

j (ρ) LMIs
. Sij Ri(ρ) ,

Ri(ρ) = Rj(ρ),
. (19){

Ri(ρ) =Rj(ρ),

Si(ρ) �Sj(ρ),
(22)

Ri(ρ) = Rj(ρ) LMIs
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−εI � Ri(ρ)−Rj(ρ) � εI, (23)

ε .

Ri(ρ)

Si(ρ) , [14] , :

Fi(ρ) =−(DT
12,i(ρ)D12,i(ρ))

−1 ·
[γiB

T
2,i(ρ)R

−1
i(ρ) +DT

12,i(ρ)C1,i(ρ)], (24)

Li(ρ) =−[−γiSi(ρ)
−1CT

2,i(ρ) +B1,i(ρ)D
T
21,i(ρ)] ·

(DT
12,i(ρ)D12,i(ρ))

−1, (25)

LPV
:

Ak,i(ρ) =−N−1
i (ρ){AT

i (ρ)− Si(ρ)
dRi(ρ)

dt
−

Ni(ρ)
dMT

i (ρ)

dt
+ Si(ρ)[Ai(ρ) +

B2,i(ρ)Fi(ρ) + Li(ρ)C2,i(ρ)]Ri(ρ) +

1

γi
Si(ρ)[B1,i(ρ)+Li(ρ)D21,i(ρ)]B

T
1,i(ρ)+

1

γi
CT

1,i(ρ)[C1,i(ρ) +

D12,i(ρ)Fi(ρ)]Ri(ρ)}M−T
i (ρ), (26)

Bk,i(ρ) =N−1
i (ρ)Si(ρ)Li(ρ), (27)

Ck,i(ρ) =Fi(ρ)Ri(ρ)M
−T
i (ρ), (28)

Dk,i(ρ) = 0. (29)

1 (16)–(17)
s∑

k=1

{vk, vk}
∂

∂ρk
.

{vk, vk} ,

2s .

3.2 Lyapunov (Common
parameter-dependent Lyapunov function app-
roach)

Sij Sji , ,
Lyapunov .

[15, 20] Lyapunov
.

, Lyapunov
, Lyapunov μ(> 1) ,

Lyapunov ,
1

τa
. ,

,
,
.

, Lyapunov ,
Lyapunov , LMIs
Lyapunov .

Lyapunov .
,

. :

2 LPV (10),
P {pi}i∈ZN

, pi
γi R(ρ), S(ρ)

pi ⊂ P :

NT
R,i(ρ)

⎡
⎢⎣ πi(ρ) ∗ ∗
C1,i(ρ)R(ρ)−γiInz

∗
BT

1,i(ρ) 0 −γiInω

⎤
⎥⎦NR,i(ρ)(ρ)<0,

(30)

NT
s,i(ρ)

⎡
⎢⎣ κi(ρ) ∗ ∗
BT

1,i(ρ)S(ρ)−γiInω
∗

C1,i(ρ) 0 −γiInz

⎤
⎥⎦Ns,i(ρ)(ρ)<0,

(31)[
R(ρ) I

I S(ρ)

]
� 0, (32)

:

πi(ρ) = R(ρ)Ai(ρ)
T +Ai(ρ)R(ρ) +

s∑
k=1

{vk, vk}
∂R(ρ)

∂ρk
,

κi(ρ) = Ai(ρ)
TS(ρ) + S(ρ)Ai(ρ) +

s∑
k=1

{vk, vk}
∂S(ρ)

∂ρk
,

NR,i(ρ) = ker([BT
2,i(ρ) D

T
12,i(ρ) 0]),

NS,i(ρ) = ker([C2,i(ρ) D21,i(ρ) 0]),

, H∞

‖z‖2 < γ‖z‖2, γ = max{γi}i∈ZN
.

[21].
R(ρ) S(ρ) ,

Lyapunov
LPV Aki(ρ), Bki(ρ),

Cki(ρ), Dki(ρ).

4 (Simulation results)
LPV

. m = 25 kg,
h = 1000 m, ρ = 1.0555 kg/m3, V

= 25 m/s.
3 , 3
LPV .

,
3 ,

LPV .
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, [22–24]
,

H∞ ,
. LPV

3 , P (ρ)

LPV , α q

,

Wideal =
αideal

αcmd

=
144

s2 + 19.2s+ 144
,

αideal α α− αideal

, .
2 n αcmd.

αp zp.
H∞ . 3

, MATLAB
, .

2 LMIs , 3

P (ρ) (5) .

, ,

.

3

Fig. 3 Weighted interconnection of morphing aircraft

CFD , ,
,

;
,

.
, , p1 : 15

◦ � χ � 35◦;
p2 : 25

◦ � χ � 50◦; p3 : 40◦ � χ � 60◦.
Lyapunov , p1 : 15◦

� χ � 30◦; p2 : 30◦ � χ � 45◦; p3 : 45◦ � χ �
60◦. ,

;
,

. 3
3 :

Wp1
=

16s+ 80

10s+ 1
, Wp2

=
18s+ 90

s+ 1
,

Wp3
=

20s+ 100

0.1s+ 1

. 3
80, 90 100,

1.25%, 1.11% 1%, 3
,

, . K1(ρ), K2(ρ)

K3(ρ) LPV ,
,

.
Wact

Wact =

⎡
⎢⎣−20 20

1 0

−20 20

⎤
⎥⎦ .

Wa

Wa = diag{0.1, 0.2}.
50(◦)/s.

pi(i ∈ ZN),
Lyapunov .

Lyapunov , pi
Lypunov Xi(ρ) ,

Ri(ρ) = Ri0 + ρRi1, Si(ρ) = Si0 + ρSi1,

: ρ = χ , Rij Sij

(j = 0, 1) .
Lyapunov , Lyapunov

X(ρ) :

R(ρ) = R0 + ρR1, S(ρ) = S0 + ρS1,

Rj Sj(j = 0, 1) . 3
,

,
,

, LPV
. 1 2 γ = max{γi}i∈ZN

,
,

29.8985 79.6034.
4 5

.
,

. ,
S1�2 = 35◦ S2�3 = 50◦;
S3�2 = 40◦ S2�1 = 25◦(

). ,
4(a),

, σ
. 4(b)

, 4(c) .
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(a)

(b)

(c)

4

Fig. 4 Response curves based on hysteresis

Lyapunov ,
.

S1 = 30◦ S2 = 45◦,
5(a),

5(b) 5(c).
4(a) 5(a), ,

,
, ,

,
,

, .
[13]

, ,

τa � lnμ

λ0

, μ(> 1)

Lyapunov , λ0 Lyapunov

,
1

τa
,

. μ , Lyapunov λ0

, ,
.

(a)

(b)

(c)

5 Lyapunov

Fig. 5 Response curves based on common Lyapunov

5 (Conclusions)
LPV

,
,

LPV ,
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Lyapunov Lyapunov
. LPV

,
LMIs MATLAB .

,
.

.
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