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Abstract: For the robust Kalman filtering of linear time-invariant systems with uncertain noise variances, the concept
of general and unified guaranteed-cost robustness of Kalman filtering is presented, and two classes of guaranteed cost
mini-max robust steady-state Kalman filters are presented by using the Lyapunov equation approach. One class is to find
the maximal perturbation region (robust region) of uncertain noise variances such that for all admissible perturbations in
this region the accuracy deviations are guaranteed to have zero as the maximal lower bound and the prescribed accuracy
deviation index as the minimal upper bound. The other class is to find the maximal lower bound and the minimal upper
bound of the accuracy deviations over the prescribed bounded perturbation region of noise variances. The problems are
converted into corresponding nonlinear and linear optimization problems by introducing the parameterized representation
of noise variances perturbations. They are solved by Lagrange multiplier method and linear programming (LP) approach,
respectively. A simulation example applied to tracking system validates the correctness and effectiveness of the proposed
method.
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1 5] (Introduction)

KalmanJ§ )32 M H T H A5 IR ER 5 S AL B
GPSFEAL HLAE A« B To AN T 4% S 40,
HEEARFRNB R RGBS HONE S T7 Z R O
0. AESERR R, BT R AL RSN A A
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)~ X ARG R RE S e Kalman i8N 28, (R RER ARG
Fff PR B RN FEE 22 1E TOUEL i A 3 L P9 180 (BN B R
TR Pl 22 1) B 1), S TR S R R S R
B2 A6, SCHR [8]/& T RIE I AE B w22 b5, ISR AN
JE W 7 22 I i KRB, AT V25 N A R AR
SR T, AR SCFR A S 1 2R OR 1 e & e Kalman g
PR [z, CURIANT E M T 22 A P shisk, =k
TEZI NI b W I8 0k 255 K 5l 22 1A e KT SR Al A
/N b G AE, ASSCRRH N 5 2 R PRV B B Kalman JiE
WAL, A L SCHRAROE . SRR [6-71000 T AN &
W 7 22 A T SR ANI, SRS PR IEN: B R 2
[P ER S WV EUE AR S HOAH E RS IR
AEE FE Kalman ) (] @i 2491 SB35 295 n) .

X T 7 AN 0 R 7S T 22 R G0 O R B Kal-
manjEE AR T, AR E TR

FEH T IRMERE SR — R R — RS, RO
LA FE I 22 oK R A/ 5, Sa iRk 7 B STk
R R RE SR TS T R PR

BT RIS B A )5 2 AT Lyapunov 5 £ 77
15, HEEE T Z RS T T R R RS
FeKalmanJ€ % #% I TH77%, B3 Al fE o LR ZE1
2K 5 B2 R 1 RE S HEKalman i 17 0] 851, T fy it
FlLagrange et A MR (LP) 777273 71 KA.

$& tH FH Lyapunov /7 F2 77 V2 00E B AR T BE B A 1, 7™
MAUERH TR ZE A K T AN B 5 BN T
SCHR [8] TGRS FIIE R 7V
2 o) $ H (Problem formulation)

7 RS AN B T T ZE AN 2RV B R 4t

z(t+1) = dx(t) + Tw(t),
y(t) = Ha(t) + (1),

For N B U TE], 2(t) € RONIRES, y(t) € RN
M. w(t) € R Kw(t) € R™ Mk N AU 75, &,
I, HNCHIIE 450 B

BRig 1 w(t)Mo(t) NESHE T AR F g,
HRFIAH 2 bR 25038 Q FIR, HAR 240
Ry BRI Z 5 WIAQFR, B

(D

Q<Q, R<R )
58 SURNH 2 e 5 7 ZE 4R AN R
AQ=Q—-Q, AR=R—-R. (3)
(2), AT
AQ <0, AR<O. (4)
Bi&2 MFEERSAQ > OMAR > 07 %
Hikh
AQ = iéai@, AR = Ji;l R, (5

s
0<€i<€§n7i:17'”7 ’
{0 P (©)

gej ge??j:la”' » 4,
Hif: Q, > OFIR, > 0, e Alem HikahZXuf 5.
FE 1 UQRRIHHAREN, A BOEIQ; > 0J9%
FBE, JLEB (i, o)X A G E AL, Hfhon R ON0. 2R, SRR,
> ONER (4, )X AT E N1, HAt oo R NOMIXT A BE. ik, A
ety RaI I e G e |
_ l
AQ = Q - Q = diag{617 Tt 7€l} = Z €iQi7
= ()
AR =R — R =diag{e1, - ,em} = . €¢;R;.

Jj=1

2 ASCHER R T 25 Eh SR T A
MEFEERETEZMIAQ=Q—-Q > 0MAR=R-
R > O] 73] F — L B (124 1E 58 SR80 75 LR QI R A AR
Fbr B M A Fow, WRG)FTR. HQF RAN Mk
i, 331 HRIE () EARIL T XA S HULF . X QFI RMAE
X AR — G T, T AR BRI B 1n) B A4 1 - 1E 2 A
AITAIREQ M R; . - 1E B B 7 S BRI A T3 A 18RO, 24
TLER NN, BMEIZICREINE), HItFE 0N, BWRE1ZIT
7B, IR R e, Ble; Rt RSN . 151
n, XF1 = 2, BUE s IE P i MR

10 11
Q1=[0 0}20,Q2=[1 1}20, (¥
MIFHAQ > O —FhSHULE RN
AQ =¢e1Q1 +¢e2Q2, €1 20, g2 > 0. 9

XFORFLPRMEFE T ZQRIS (1, )X AR AR, HQ 1
A TR AR Ees. Bley >0, e > 0, #HEN(9)iH
JEAQ = 0. VER, FINASCERAQ > 0, FIEARRIEFIEY:
IR HE 7 G A, Q) = ﬁ é] A TS,
CEARE NS AL, SRR H, TE s S H L RIER
G, ERRe; > 0,e5 >0, N THRIEAQ > OFAR >
0. BN CIEFRQ; MR, N IEE, HUEATHIAE fubr &ALt
R IEER.

BRiZ3 (@, H) NS, (@, QY?) NEEF
UL HAQ = QV2(QVA)T, LT NEES.

A B AR AER -3 T BT e B
e KalmanjEjk 8.

3 RiEfe & KalmanE P 2% (Guaranteed cost
robust Kalman filter)

MCHER KA N A JR RO ARy EAQ
R EIME FLARST RS8R T Ras i N7 ZKal-
manjEJ A A2

B(Ht) = Wa(t — 1)t — 1) + Ky(t),  (10)

K=XH'HYH" + R, (11)
P=[I,- KH|Y, (12)
v =[I, - KH|®, (13)
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Horp: wONRR R FREN, I, n < n A7 B, fR5F ik D; = i WS KR, KTWST. 23)
R 7277 M 329 FE Riccati T2 =0

)M R@23), THC(i=1,---,p), D;(j =1,

Y =¢¥ - YHY(HXH" + R)'HX|o" +
rQr*. (14)
(DA R10), T M BB 2 (1) = (1)~
(L) N
E(t)t) = Wit — 1|t — 1) — Ko(t) +
(I, — KH)T'w(t — 1), (15)
MM TR R AR ZE 77 BT /£ Lyapunov J7 12
P=wvpPyT + KRKT +
[I, - KHII'QI''[I, - KH]*. (16)
3 EaRaothH R ERQMRIMALW1) 7
PE RSE R Iy () 2 AN FTF 1, BRLMEE R(10) o, p A S e
757 2 QN R A GE (1) B S BRy (¢) 1035 Sy WL i 72
F|sZPrKalman i€ 28,
SI¥E 1 EfELyapunov /i e
P=vpPy" +U, (17)
H: PWRU AN x nfibE, HURNWFREE W AR E
Ko RE. U NCE)IE 2 H FE, W Lyapunov /5 F2 A ME—
FRIXTPR () IESE P
el b A (15) AT 15 31 S BRI R 2 5 B 2
Lyapunov /7 £
P=vpPy" + KRK" +
I, — KH|IQI'"[I, — KH])*. (18)
HH = (16) ik RX18),45AP =P — P,
H Lyapunov J7 £
AP = WAPYU" + KARK" +
[I, — KH|[TAQI''[I, — KH]T. (19)
o —fg 2
AP = S US([I, — KHITAQI™[I, — KH| +

s=0
KARK")W5T, (20)
¥R (GS)RN(19), AT1E

AP = Y &[S US(1, — KH)TQ,I""(I, -

i=1 s=0
KHY'0ST) 4 3 e[S 05K R K" 05T],
Jj=1 s=0 (21)
E X
Cr = S US(I, — KH)[Q.I'" (I, — KH) 05T,

s=0

(22)

<o, q) AT B A 40 Lyapunov /7 2
C; =vC¥" + (I, - KH)[Q,I'" (I, — KH)",
(24)
D; =¥D¥" + KR;K". 25)
A % A2 3K R Lyapunov /7 F2 2K (24) M :(25). H
Qi >0, R; >0, /]

(I, - KH)[Q,I'* (I, — KH)* >0,
{KRjKT > 0. (26)
BRI X (24)-(25) S FH 51 B2 L, W] 75
C;>0,D,;>0. 27)
X b A HUE s 5
¢, =trC; 20, dj =trD; >0, (28)
HfrgtrfonmibeRng. T menf
trAP = _ijleici + i;l e;d;. (29)
i= i=

HE(16)(18)-(19), AU T ERECKS F:
trP = J(K,Q,R),trP = J(K,Q,R), (30)
trAP = trP — trP = J(K,AQ,AR), (1)

Frtr PoNskPrKalmanii€ i 8 10 5L PRkt 2, Mitr PAYSE
o Y08 U5 4 1) B RG REE R ARG BEUOL X BLFRtr P—
tr PRy S ok B 5 B A 2 0] ol 22, TRTPRRS P O
ZEalfmE B G AR w2 MERE R AL

EX 1 XA M 7 R G, A AFEA
S W T E R BIAQRA RN — ML sl 2™ (AQ,
AR), AR T 238 b 0 E PUah, AN 8 RS FE
i 226 B KT SR/ /s 5L TR SEBrKalman i
Bets HA TRVERE BRI, TP ANIE N BRI

AR AN E MR 75 7 22 R Gt tH PSR IR PE e B i
Kalman &% 7] 71

)RR 1 S RANI g W P 5 22 R B ORI EN A,
TRAEJLHU BN A B FITA B VE RO AN E SR 50, FH R 2R
Gt S B UE IO 52 15 MR G 82 AR RS Al 22 A B30 K 3
%, e EFRTENWERR(r > 0).

IR 2 T TUE SR T ZE 0 S EhI,
TRBESBIRA B B VFDUSD T A R R I8 5L bR
A T2 5 S0 A 1) s 22 () B K T SR/ B 5
3.1 F1ERIEAEEFEKalman JEB 19 & (The first

class of guaranteed cost robust Kalman filters)

I et 1 AT E S R A 5 1 O % BE & i Kalman
PE WA R XS T 40 E HORS B A 22 48 A > 0, 13X
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(5) A= (6) FT AN E TRBh BT AL 2 () e KRBy
0" = Q"(AQ,AR) =
{(AQ,AR): 0 < AQ < AQ™,
0 < AR < AR™}, (32)
Homg sy 2= i KB
AQ™ = il emQ., AR™ = il "R, (33)
e P

HAG)VH, LrQ™ = Q — AQ™, R™ = R — AR™.
DRIk, SRR i 22 J7 B /2 Lyapunov /5 72
P™ = wp™wT + KRK" +
I, - KHITQ™T'"[I, - KH]*. (34)

i 216y Z RG34 H StrAP™ = trP — trP™, 7]
&

trAP™ = J(K, AQ™, AR™) =

J(K,Q,R) — J(K,Q", R™). (35)
H130(32)~(33), FREAMENIRL2™ (AQ, AR) M T
FRERS IR 2, BT

028 ={(e1, -+ ep,er, -+ eg)0 < gy e
O<ej<e}“,Z':l,"-,p,jzl,--',q}-
(36)
AT IR S 7 1
0<eg <™ 0<e; <e™,
i=1,---,p,j=1,.,q
HIAAR T,
I =€V - g)el ey 37

HR(29), W% tr A PR RSN SHe e, LR
B, EAER IR LR B ED TR (-
em et em) R, PRI AR TAE AT R4
PEATRAR A 9L R A

P q
doEle 4+ Y edy = (38)
i=1 j=1

ﬁﬂ%;ﬁj‘ﬂ:@ = Zoﬂjg‘j = jOa ?%E@'Jcio:()ﬁdjozo; )I_I\IJ
eioBke; N T M T ZE AN N ARLIR IS S
Kbt > 01d; > 0.

YIS SAF(38) K, A AkIn J,,, i Lagrange 50,
5| N Lagrange 361~ \ (5 Bl pR 2

P q
F=InJ,+Ar—3 ele;— > edy) =
i=1 j=1

e

q p
Ine+ > Ine™ + A(r— > ele; +
e Z

1 Jj= =1

end,). (39)

K2

M=

1

<.
Il

] A S5 AT LR KA F IR E . 53 B F KT e,
e MK FHONZ, ARG AN

et =r/(p+qci,i=1,--,p,
6;11 :T/(p+Q)d]’ j = ]-a , 4,
Hrbe;, d; Q28 T H.

EE 1 XTHAEEEE T ENRSA), R
W1-3[21FF, SzhrKalmanJ€ I 25 (10) 2 (R M fE &
HeKalmanJigisas, RIS T UE KRS B w2 F8 brr > 0,
F7AE HH 40 1 1 F(36) 45 Hi 1) B K S B3
R, BB A RS S5 (e, -
e eq), FHISLERIAR FEE i 2235 2

0<trP —trP <, 41)

Horp Z R o SRS FE R ZEtr P — tr PR T A
B/ A, FRSEBRKalmanii€ 5 #5(10) A 56 1 2R 0R T A
& FeKalmanJE 3 2%, FEAR0(32) R 20(33) B i ik (14 e
5 ZERENIRO™ (AQ, AR)Ek X (36)45 H I Z H
PNk Q0 R

IE XHMEER (AQ,AR) € 2™, 1 (4) KT K]
faEtE, M9 AT #E L, RIfRAP > 0, B

(40)

75177617

P> P. (42)
X (42) BUE R IE 5, 5] H
0 < trP — trP. (43)

RIS 2= A T A% lLAQ = 0,AR = 0, (0, 0)
c O™ XFRA9YN 51 #1, 5| HHAP = 0; k5| H
trAP = trP — trP = 0. [0 & Ak B R 22 1 B K
A FE b, H IR, RAAERE R B o — A
T >0, WXHMEEM(AQ,AR) € 2™, F

trAP > pu > 0. (44)
FEAQ = 0, AR =0, #}(0,0) € 2™, NIF
u < trAP = 0. (45)

B, K455 REDMHET &, T = Z R 2 1%
NI
H7(29)(35) 1 (38), A5
J(K,AQ™, AR™) =
J(K,Q,R) — J(K,Q™,R"™) =

trP — trP™ = trAP™ = r. (46)
(32), AMEEMI(AQ, AR) € 2™ (AQ,AR),
AQ < AQ™, AR < AR™. (47)

Hi(16) 2K (34), HLAP™ = P — PmA[f%
AP™ = WAP™UT + KAR™K" +
[I, — KHITAQ™I'™[I, — KH]",
(48)
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Hf: AR =R—R™, AQ™ =Q — Q™, EXA =
AP™ — AP, #H 3 48) ¥k % 3 (19), A 4 Lyapunov
Jits
A=UAV" + K(AR™ — AR)K" +
(I, — KH|I(AQ™ — AQ)I'™[I, — KH]*.
(49)
HE(47)(49) K5I B, IA3A > 0, E 6T AU R
EHA
trAP < trAP™. (50)
13X (46)F13X(50), AI1E
J(K,AQ,AR) < J(K,AQ™,AR™) =r. (51)

i G5 @D R 2 A SF XKLL BAQ =
AQ™, AR = AR™, N(AQ™, AR™) € 2™, #tifih
R@46) HJ(K,AQ, AR) = r. FMIFH S AE V% v ik B
rifE MR RN EA. ERE
A4 @), SEhREE P
trP —r < trP < trP. (52)

BN > 0B tr PIE LT tr Py HIU(52) % & i B tr PIY)
/N B Rt P, SRR SOt P — v RESRIETE H, @AY
FANMAERO < trP — tr P, KEFRtrP — tr PHIIRK F A=
BEtrP < trP, HirPAH/D ES e P.

3.2 F2RRMAEE #EKalmanJE B i B (The seco-
nd class of guaranteed cost robust Kalman fil-
ters)

i) R 2 T 3 D P e B A IR 7K =B IR i) R AT R AL Oy
FLT ORI DA ) fa] B PRl ] REA k.

1€ T AN € e 75 7 Z2 B S ahigoy

H(36)2 i HIH LT, Hoel, el v SR i FE 1Y

WS LR, BN A 8% B, ik

(33) AT 13 AN E e 75 5 Z BN AQ™ K AR™, H =

(AFIAT E W 75 T Z P8 T N E. B A(G5)(32)-

(33)FI A3 HH S Y T AN 78 M 7 7 ZE A S Eh

o,

EI2 A THRHERA T ENRAO), £
W35 T, S hrKalmanjE 3 #5(10) 4 TR 1 e & 45
Kalmanj&j a4, BT H20(36) 45 I TE A E
Wk 7 77 75 Z BN PN N B B 3080, A LS bR
KRS tr P S ERAS RS tr P (R ZEtr AP = trP — trP
A/ S MK A%, Rl

0 <trP —trP < rp, (53)
Horpe B A
p q
Tm = Y. Eelc;+ Y. e;“dj, (54)
i=1 j=1

e Md; Hx0(28) € X.

e H3029), ATAHRE B mZE N
r=trP —trP = i g,¢i + i e;dj,  (55)
=1

i=1 j
TERrRIE TR AR Le, Fle, L LR AL /£C
FNTRE PRl 2m b, BRAE(SS), X2 (T H i 2k
PERUIRI ). 5 e 7E S AR b scRE L
WA (e, - em e, e ) AR R EE !,
Al G F AR LS B et AR S A

(617 Tty Epy €1yt eq);ﬁ‘o < €; < 8?17 0 < 6]» < e;‘n,
(54 L (55), T4
Tm — AP =
p q
Sai(e™ —g;) + > di(er —e;) = 0. (56)
i=1 j=1

i 51 H R G3) B EE2 N A S Rl e, = e,
e; = e, RIHL
AQ=AQ™, AR = AR™

AR (AQ™, AR™) € 2™, H:(54)—(55), Ar=trAP
= 7. B SRV 25 500 B, A K P A 2 6 P—
tr PHAE A

SHEE(AQ, AR) € 2™, H:04), 3%+ 20(19)
NS EL G AP > 0, 5] H (G A A
RO, BAQ = 0, AR = 0, % 30(19)M 1 51 #1,
AP = 0; Wi 5] HtrAP = 0. FIFH SIEZ: ATE
TR mZEtr P — tr PRI 7L

S RREE N, CREAS E R Kalman JE R 1R 2 A 1]
R IR ) . ] R T A KA B A 22 > 0, SRR 5 72
SRS, T [ 22 0 B e 75 T 22 SR sh I, SRAEZ I8
IR BN ZE oy 5 (RIS R 2P e 8 B 1 (30 e .

4 N T ERER & G4 B BT (Simulation

example applied to tracking system)
Bl1 FHRAA R RMBENL SIS E 5 2 5]
HFRIn, KB T, MU 355 BREE R 4t

s(t+1) = s(t) +Tps(t) + %Tgé(t), (57)

$(t+1) = 5(t) + Tos(t), (58)
§(t+1) = ps(t) + w(t), (59)
yi(t) = s(t) + vi(t), (60)
Ya(t) = $(t) 4 v2(t), (61)

Hor: Ty RFPEF I, s(t), $(¢)F15(t) 0 ml ~issh H
PRTERFERT 2T, M0 B S ERUIERE, pNhr S
By (2), 2 () 53 59 g S8 R AR B8 T B8 P L U5
S, w(t), v (8) My (8) 3 BINFRIE, T ESNQ, 02,
Ho 2, [ AHIG e 75

FINREEZ R (L) = [s(t), $(¢), 5(2)]T, W5 HI1Z%
IRERRG(ST)~(6 ) AR RIEAL (1), Horf:
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2 TR (64) PTHE I BRI O PRI e, =
1 T, 0.5T; 0 100 > 1T
s=lo1 1, |.r=o|, H= . 00334 < e, o = 0.9655, Hle, = 0.6131 < e,
00 p 1 010 e, = 0.0540 < e™ i}, FH(S) AT

(62)
y(t) = [y (1), ()], v(t) = [vi(t), va(t)]",
15 FLHEL
Ty =1, p=0.9, R = diag{0.81,0.36}, Q = 4,

1
Ql = 17R1 = 01 ) R2 = lo O] . (63)

00 01
T2 L P B 2R 4 A Y ) el R A A AR
HEEMZ AN S, oM T EAVESMS
T4 GPS BRI i R (16 Ko M e e 17181 2%
SR, E 3R SR U418 FAIE 5T b i) e B A AR
R B R p e 5 7 Z QR RN T CRI). W % &
WA R T E S . XS T TEE RS
TE AR AR Z A e BN LTI 51, HF @ s &R
AL IR . DRI R R AR SO T S AR B
EFEKalmanJER s AR IE IR IR, IR 3T 2R,
B E1 WEr =02 h@EEAINEISH
e™ = 0.0346, ™ = 0.6350, e™ = 0.0559. (64)
R (33) ATy E i KB A
AQ™ = 0.0346, AR™ = diag{0.6350,0.0559}.
(65)

GV H SRR LG RS FE A 22 48 b 2
trAP™ = J(K,AQ™,AR™) = 0.2.  (66)
KRRl TS B i Z5tr AP = J(K, AQ, AR)
FETMEHEEN(AQ, AR) € 2™ (AQ, AR)KI
R, HPFAR =0AR™, (0<6 < 1), 0 Nkr=
A SR, ARIFAREO AR™ VG N AL,

1 1AM R S Kalman g S 28K 4 R 22 tr A P
BEAQFIARMIAA(AR = SAR™)
Fig. 1 The changes of accuracy deviations trA P with respect

to AQ and AR for the first class of guaranteed cost
robust Kalman filter (AR = AR™ )

AQ = 0.0334, AR = diag{0.6131,0.0540}.
(67)
GEVTEAH R A RS B e 22 36 A2
trAP = J(K,AQ,AR) = 0.1931 < 0.2. (68)

WAQ =0, AR =0, A]ftrAP = 0. E 1 581F 730
@)L 0 < trAP < 0.2.

B2 WELHSH L =0.0782, " =
0.0431, ef* = 0.0539. H(36) AT KA HE s
H1 2 (54) AT 15 75 10 & P o 4 b A 2 A 22 0w K AE N
m = 0.2190.

B4 T S22 il R TG B i 25 b A PS5 R g
EME(AQ, AR) € 2™ (AQ, AR)ZIFMI KB R,
HHAR=0AR™, (0 <8 <1). B 20T 512 ik B
T8 BRI T ERe, = 0.0701, 520=0.8966, R
e, = 0.0386, e, = 0.0483HF, AH N ) 4% JE£ fhi 22 {5
trAP = 0.1968 < ry,. 24i&He, =0, =0, fle, =0,
ey = O, AT THRE BE 22 Atr AP = 0. Hitkrl i,
X TP AN S e S T ZE S B R G6) T R
ZXVFIR BN, AR LI S5 bR B tr P55 FE RS P tr P 1Y) (i
%, AtrAP = trP — tt PHE/D 5, = 0.2490 &
KRR, EREGE T (53T,

0.2190 e

K 2 225 R REEFE Kalman iy S5 0 FE i 25 tr A PRE
AQFIARMZEIL(AR = SAR™)
Fig. 2 The changes of accuracy deviations trA P with respect
to AQ and AR for the second class of guaranteed cost

robust Kalman filter (AR = §AR™)

5 4Z5i8(Conclusions)
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