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Abstract: The hierarchical structure design problem for multi-agent consensus is investigated for optimizing the group
cooperation performance. The possibility of finding a hierarchical structure with better performance for multi-agent con-
sensus under given physical topology constraints is discussed. According to the convergence time index of consensus, the
hierarchical structure design problem is then converted into an optimization problem involving the Laplacian eigenvalues of
all subgraphs in the multi-layer hierarchical structure. A two-layer structure design algorithm is developed by transforming
a connected graph to some vertex-induced subgraphs and their interconnection graph. Based on this algorithm, a multi-layer
hierarchical structure design algorithm is derived for multi-agent consensus under given physical communication topology
constraints. Moreover, numerical simulations are provided to demonstrate that the consensus velocity can be improved
effectively by the developed hierarchical cooperation scheme.
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1 ÚÚÚóóó(Introduction)
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�Ý ~,�ÙÂñ�Ýþ.�e−λ2t,Ù¥λ2�+N

Ï&ÿÀ(�.Ê.dÝ
�12�A��[8],Ïd,
ïÄö�~^λ25�x+NÂñ��Ý.�âÝ
©
Û�Ä��n,?¿ü�ÿÀ(��.¼Ý
A��
�Ù>��m�3��'5. b�>�(©z[9]¥¡
�>=£Ç)�3�5�å, Stephen Boyd�[9]�O


�`�>�©Ù,(�XÚG�¦¯����;éu
lÑ��5XÚ,¦�?Ø
�¯�©Ùª�5²þ
¯K,ÏL·��>�©�5��zlÑ²þ��5
L§�S�Úê[10]. �>���Ù�'üº:gÌN
� ��3¼ê'X�,©z[11]�Ñ
��z��
`gÌN �©Ù.©z[12]3.Ê.dÝ
Ì`z
¯K�ïÄ¥,nÜ�Ä
>��Ú!:���N�
Ú��,ÏL ~λ2Úλmax�m��5¼��Ð�

gÌN��5U.þãó�©OÏL`z>�±9!
:��Ãã,5Uõ�kü�ÿÀ(��Ì©Ù.
Cc5,Äu4�(��õ�UNXÚÚ�ý�

ä�����®��'5ÚïÄ[13–16],Ì��ïÄó
����©�üa. 11a´���â�����I
�?¿��4�(�,XStephen L. Smith�[17]�é

Ì�Jl¯K�O
��òN�gÌN²þ©��

n2�f+!z�f+�¹n1�gÌN(N = n1 × n2)
�XÚ©�g´,¿�Ñ
XÚ�14�Ì�JlL
§¥Âñ�Ý�JpÇ�ëên1, n2�m�'X.
Shinji Hara��ïÄó�?�ÚòÙí2�Ù¦��
¯K¥[18]. þãïÄ�Y¥,���Ý�XÚ(�ë
ê�'Xïá3ÿÀ(�þ!©)�g�e,vk�
Ä�õ�UNXÚÿÀ(���å.
�X4���ïÄ�2�mÐ,,�aó�l�

½ÿÀ(��å�cJeÑu,ïÄ±Jp��5U
�8I�4�(��O¯KÚ����¯K[19–25].
�þãó�ØÓ�´,ùaïÄ´3®kÿÀ(�e,
Äu+N��5U�ÙÿÀ(��m�S3éX,�
â��8I�O½�EÜn�õ�4���(�. 4
���(��O��þ´ïÄ+NXÚ¥��Nu

Û�!±Û«�ª|^ù
�¼���Ø&E,¦�
�XÚ���5U��`z. X©z[19–20]JÑ

4���5�{,¿y²
ÏLé+NXÚ�©�ü
�ÿÀ(�?1·��4�©),�¦4����5
L§'IO�ü���5L§äk�¯�Âñ�Ý,
�´©¥"yäN�ÿÀ(�4�©)�{. �d,
©z[22–23]�â�N�éu+�ö(½J[+�
ö)�m��U�á´»òÙ©��4�(���A
�?þ,¿±d�Ä:?1+N����,¦��X
Ú�õ���ÿÀ(�¥y��«©u+�ö�)

¤ä½aqä/(�. ù
ó�¦+��
�½�ï
Ä?Ð,�¿vk£�©z[19–20]JÑ�`z¯K.
©z[24]JÑ
ÏLKÜe��ä¥�eZ�C!:
/¤þ��ä¥�!:�g�5�EÚ£ãõºÝ

�ä,�Ó�vk�Ñ¼�õ�4�(��äN�{.
3ù��µe,©z[25–26]lÿÀ(�4�©)��
{\Ã,ïÄ±`z��5U�8I�õ�UNõ�
ÿÀ(��O¯K.�ù�ó��éA�,E,�ä
ïÄ+��Ðm
aq�'uXÛuy4��ì(

��ïÄ,X©z[27]ÏLl�©E,�ä¥J�¤
k���X(�¡/��ì0,�E,�ä¥����
ëÏfã),¿±��ÍÜrÝ��IÅÚKÜ���
X/¤4��XÚ(�.
�©ÄuþãïÄó�,AO´©z[25]�Ä�

g´Ú©z[26]JÑ�V�ÿÀ�O�{,nÜ
õ
�UN��5¯K�õ�4�ÿÀ(��O���

µe,¿JÑ
äN��O�{. Ø©ÄkÄu��
5U�ÿÀ(��êëê�m�'é'X,ïáÿÀ
(�`z¯K�êÆ�.,T�.�£ã�õ�ÿÀ
(��êëê�Ï`¯K,=ÏLr�©ÿÀ(�¥
�Ï&>©��ØÓ�g�¤fã,¦�fã(��
'�L�+NÂñ�Ý��I�`,T��5�ê5
y¯K�¡Þ¦)´��NPJ¯K.�JpO��
Ç,�©ÏLé.Ê.dÝ
�'A��ÚA��þ
�©Û,�O
��ò?¿ëÏã©)�eZ©lf
ã�V�ÿÀ(��O�{,ÏLéV�ÿÀ(��
O�{�48N^,?�Ú�Ñ
õ�4�ÿÀ(�
��O�{,��ÏLêi�ý�y
�{�k�5.

2 XXXÚÚÚ£££ããã���ýýý������£££ (System description
and preliminaries)
�©±Ä����IO��5�{�~ïÄ±`

z��5U�8I�4�ÿÀ(��O.�Ä�£ã
���5ÚëY5,Äké��XÚ9ÙÄ�5��
Xe£ã:
��õ�UNXÚ�ẋi = ui, i = 1, · · · , N ,Ù

¥: xi��UNi�G�, ui�Ù��Ñ\,d�UN
�âg�9Ï&�Ø�&E�E.��+N�ÿÀ(
��dÃ�Ï&ãG = (V, E)£ã, V�ë����
�UN!:8Ü, E���+N¥�Ï&ë>8Ü.ü
��UN�Ï&�Ø8�âd½Â�Ni = {j ∈
V|(i, j) ∈ E} .
d©z[1, 20],IO���5�{/X

ui =
∑

j∈Ni

aij(xj(t)− xi(t)), (1)

Ù¥�pÏ&��UNiÚj�m�K�Xê5��

aij = 1 . ½Âx = col(xi, · · · , xN),K+NÄåÆ�
§�£ã�

ẋ = −Lx(t), (2)

Ù¥L(G) = [lij]�Ï&ÿÀ(�G�.Ê.dÝ
,
§�z��é����÷v: e(i, j) ∈ E ,Klij =
−aij ,ÄKlij = 0;L�é�����Ó�1��é

�����Ú�K�lii =
∑

j∈Ni

aij .

éuþãÃ�ãG,Ù.Ê.dÝ
L�3N��
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KA��:

λ1(G) 6 λ2(G) 6 · · · 6 λN(G) = λmax(G),

Ù¥12�A��λ2(G)�¡�+NXÚ�êëÏÝ.
ïÄuy, λ2(G)����XÚ��5����15
ÚÂñ�Ý��5����':Äk,½Âδ(t) =

x(t)− 1
N

1T
Nx(0)1N�+NG�Ø��Ý,Ù¥1N�

�ê�N��1�þ. �â©z[1],3IO���5
�{(1)��^e,+NG�Ø��Ý±�ê�Ý 
~:

‖ δ(t) ‖2

‖ δ(0) ‖2

6 e−λ2t. (3)

�NXÚG�������m�CqL��
1

λ2(G)
ln
‖ δ(0) ‖2

ε
,Ù¥ε�ýk�Ñ�+NG�

Ø��Ý�#N �,§´��5�{(1)Ê���ä
OK.duεÚδ(0)��{(1)��Ã',Ïd,�ò

1
λ2(G)

��+N��5Âñ�m�ÿÝ.

�
Bu�¡�?Ø,ùpÚ^ã.Ê.dÝ

A���A��5�.

ÚÚÚnnn 1[28–29] òÃ�ãG�A��P�λ1 6 λ2

6 · · · 6 λN = λmax ,K
i) L(G)o´é¡���½Ý
;
ii) λ1 = 0;
iii) eG ∈ C(C�¤këÏã�8Ü),Kλ2 > 0,

=.Ê.dÝ
L(G)�0A���ê�1;ÄK
L(G)�0A��ê�uG¥ëÏfã�ê8;

iv) éu?¿�þ z = col(z1, z2, · · · , zN),÷v

zTLz =
∑

(i,j)∈E
aij(zj − zi)2.

éuÃ�ãG�.Ê.dÝ
L(G) ,ÙA�õ
�ªÚÌ©OL«�det (λI − L(G))Úσ(G) =
λ1(G), λ2(G), · · · , λmax(G). éu�ëÏã,äke
¡�A�:

ÚÚÚnnn 2 (©z[29]¥½n3.1) b��ëÏãG′d
s�©l�fãG1, G2, · · · , Gs|¤,=G′ = G1 ∪
G2 ∪ · · · ∪Gs�Gi ∩Gj = ∅, i 6= j,Kk

det (λI − L(G′)) =
s∏

k=1

det(λI − L(Gi)),

±9

σ(G′) = σ(G1) ∪ σ(G2) ∪ · · · ∪ σ(Gs).

3 444���©©©)))(((���999ÙÙÙ¢¢¢���µµµeee(The hierarchi-
cal decomposition structure and its imple-
mentation framework)

3.1 ������555 ¯̄̄KKK���444���(((���(The hierarchical
structure of consensus)
�©?Ø���5¯KäkëÏ�ÿÀ(�,Ù

õ�4�©)(�äke�A�[19, 25]: Ø
�p�,
4�(�z��¥�¹XeZ�©l�fã,z�f
ãÓ�3þ��¥�N����!:,¿ÏLþ��
fãu)'é;4�(���p����ëÏã¶
�$��¹+N¥�¤k�UN!:. ã1�4�|
�(��«¿ã.

ã 1 4�(�«¿ã

Fig. 1 A graph of hierarchical structure

Äuþã4�(����5���æ^g.�þ

��1L§[19, 25]: Äk,IO���5�{(1)3�$
�¥z�fãSÜ�UN�m�1,��$�¤kf
ã¥�UN�G�Ø��Ý�u�#N� ���,
T����5ö�(å,�{(1)þ£�12�,Ù¥�
z�fãm©#���5üzL§. ÏLù«�ª,
��5��ò3z��z�fãS?1,¿Øä�þ
í£,���þ��!:¢yG���.

3.2 ������555¯̄̄KKK444���(((������OOO���ïïï���(Modeling of
hierarchical structure design for consensus)
½Â+N��XÚ�ÔnÏ&�åÿÀ(��

G = (V, E) ∈ C. 3d(��åe,�Er�4�(

�Gi
j, j = 1, · · · , si, i = 1, · · · , r,Ù¥si�1i�¥

�fãê8,K1i(1 6 i 6 r)��fã�Gi
1, · · · ,

Gi
si ,�¦ù
fã�º:Ú>8Ü÷vXe�å:

(V i
1 ∪ · · · ∪ V i

si) ⊆ V, (E i
1 ∪ · · · ∪ E i

si) ⊆ E ,

AO/(V1
1 ∪ · · · ∪ V1

s1) = V, sr = 1.

�âþ�!£ã���5¯K�4�¢�L§,
�±wÑ:�Jp�NXÚ��5�Âñ�Ý,ÙÄ
��¦´4�(�¥�¤kfã(Øü!:fã	,Ï
ü!:fãØ�3fãS���5ÂñL§)ÑU÷
vλ2(Gi

j) > λ2(G),Ù¥Gi
j�4�(�¥1i��1

j�fã. XJ
1

λ2(G)i
j

¿ 1
λ2(G)

,z�fã�Âñ

�m��uü�ÿÀ(�Ge���Âñ�m,K=
¦XÚ²Lõ�4���,��U'Ge��g��

�Ý¯.
ã2L«��+N�ÔnÏ&�åÿÀ(�,Ù

¥λ2(G) = 0.5505. yòG�ï�ã3¤«�V�4
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�(�,Ù¥ã3(b)L«4�(��11�,�¹
3
�fãG1

1, G
1
2, G

1
3,÷vλ2(G1

j)=3 > λ2(G), j =1,

· · · , 3. ã3(a)L«4�(��12�,÷vλ2(G2
1)=

3 > λ2(G).

ã 2 9��N�ÔnÏ&�åÿÀ(�
Fig. 2 The physical communication constraint topology

of 9 agents

(a) 12�G2
1

(b) 11�G1
1, G1

2, G1
3

ã 3 Äuã2�¤�V�4�(�(Ù¥çÚ!:=ë�
11����5��,�Ú!:Uì4���
©Oë�ü���L§)

Fig. 3 The two-layer hierarchical structure based on Fig. 2
(The black nodes perform consensus cooperation
on the first layer, while the grey nodes take part in
consensus cooperation on both layers according
to the hierarchical cooperation scheme)

ã2¤«õ�UNXÚ��N��5Âñ�mÿ

Ý�tp =
1

0.5505
≈ 1.82. ���'�,ã3¤«�A

4�XÚ�11�Âñ�mÿÝ�t1 =max{ 1
λ2(G1

j)
,

j = 1, · · · , 3} =
1
3

,1 2�Âñ�mÿÝ� t2 =
1

λ2(G2
1)

=
1
3

,K4����o�m��u�©ü�

���mt = t1 + t2 ≈ 0.67 < tp.

P4�(�¥1i�¤kfã(Øü!:fã	)
12�A�������λi

2,=

λi
2 = min{λ2(Gi

j), j = 1, 2, · · · , si}, (4)

KÙ�ê
1
λi

2

Cq�x
T��Âñ�m,��r�

4�+N��5Âñ�o�mÿÝ�
r∑

i=1

1
λi

2

.

Ïd,±`z��5��5U�8I�4�ÿÀ
(��O�£ã�:�XÚ��NÿÀ(��å�
G = (V, E) ∈ C,ÄuVÚE�Eõ�4�ÿÀ(�
Gi

j, j = 1, · · · , si, i = 1, · · · , r,¦�

min
r∑

i=1

1
λi

2

,

s.t.
r∑

i=1

1
λi

2

<
1
λ2

.
(5)

T¯K´��õ�ÿÀ(��êëê�Ï`¯K,
Ù¥�9�õ�(�¥z�fã�.Ê.dÝ


12�A��,I�(½�©ÿÀ(��z^>Ñy
3õ�(�¥�=��±9=�fã¥,T¯Käk
E,���5�ê5y�A�,´��NPJ¯K.

555 1 �,þ¡ã2Úã3¤«�~fL²,¦)(5)�

Ñ�`z¯K�±��Ün�4�(�,\¯�N��5Â

ñ��Ý,�éu?¿ÿÀ(�G,¿ØU�y¯K(5)�½

k�1). ~X,
r'é�ÿÀ(�¥z��N®U¼�

Ù¦¤k�N�&E,Ù��5Âñ�I®���`,?�Ú

©)�4�(�ØU÷vª(5)¥��å^�,d�©)¯K

Ã).

4 444���ÿÿÿÀÀÀ(((������OOO���{{{ (A hierarchical
topology structure design algorithm)

4.1 VVV���ÿÿÿÀÀÀ(((������OOO���{{{(A two-layer topology
structure design algorithm)
�!?ØÄuG�¤k!:�ë�'X�E��

V�ÿÀ(�,Ù¥.��G�eZ:�Ñ©lfã

G1 = (V1, E1), · · · , Gs = (Vs, Es),12��.�fã
�éuG�'éÿÀ'X.
ë�ª(5),l`z.���5Âñ�m��Ý�

Ä,)öÏ"��z¤kfãG1, · · · , Gs���"A

����ê(z�fã���5Âñ�mÿÝ,ü!:
fãØ	)����,T8IäN�

minλ∗2,

s.t. λ∗2 =min{λ2(Gi), i=1, · · · , s} > λ2(G).
(6)

.��:�ÑfãG1, · · · , Gs��O�ÏL�ØG

�,
ë>¼�. �âÚn15�iii),�Ã�ëÏã
G ∈ CÏLíØeZ^>E0/¤G′(ds�©l�f

ãG1, · · · , Gs�¤G′ = G− E0)�, G′¥ëÏfã�

ê8�uL(G′)�0A��ê,=

λ1(G′) = · · · = λs(G′) = 0, λs+1(G′) > 0.
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?�Ú�âÚn2,¤kfãG1, · · · , Gs�A��

Ñ�¹3ãG′�A��8Ü¥. Ïd
min{λ2(Gi), i = 1, · · · , s} =

min{λi(G′) > 0} = λs+1(G′).

¯K(6)=z�:`z�íØ�>8E0,¦¤¼�
�#ãG′�.Ê.dÝ
1s + 1�A��¦þ�.




max
G′=G−E0

λs+1(G′),

s.t. λs+1(G′) > λ2(G),
λ1(G′) = · · · = λs(G′) = 0.

(7)

555 2 �â©z[29],íØã�>�,Ù.Ê.dÝ


A��ØO,#ãG′�λ2Ø�U'�ãG�λ2�,�#ã

G′�λ3, λ4 · · ·�±�u�ãG�λ2. AO�íØã�>��

�ã©)�s�fã�,z�ëÏfã�λ23#ãG′¥��
®´λs+1,k�U÷vª(7)��å^�.d	,éu©)¥Ñ

y,�fã�ü!:(=T!:�3Õá?\þ�)��¹e,

ÙØ�3��5Âñ�¯K,�Ã�A�λ2,§ØÑy3ª

(5)��å¥,�3ª(7)��å¥�±���N.

�
¦8Ü {λk(G′), 1 6 k 6 s}¥����
λs(G′)�� 0�, λs+1(G′)¦�U�,3í>Úå
λs(G′)~��½þ�cJe,A¦λs+1(G′)�~�þ
¦þ�,Ïd��Ä±eãOKéGí>µ

OOOKKK 1 �éuíØÙ¦>,AíØ��A��

λs+1Úλs~�þ'�
∆λs+1

∆λs

���>.

UþãOK,�±^Án�{5¼�÷v^��
íØ>,�ùò��4��O�þ. �d,ríØãG

¥,^>(i, j) ∈ Ew¤´éT>���aij > 0Øä
~����0�L§,/Ïu(¯Ý©Û��{5*
	�f=
>����±¦þã'���.
éuãG,Ù.Ê.dÝ
�L,b½ãG¥,^

>��~�
��4���µ,�A�.Ê.dÝ

C�L = L− µLI ,Ù¥LI = [lIij]´��é¡���
½Ý
,Ù��÷v: e>(i, j)��~�
µ,KlIij =

−1,ÄKlIij = 0;é����lIkk = −
N∑

h=1

lIkh .

éuÀ½
,^>��¹,=LI(½�, L=L−
µLI�w�´L'uµ�¼ê,ÙA��λk(L)�´µ

�¼ê. ^λk(L)3µ = 0?����VÐm5%C
§,��

λk(L(µ)) ≈ λk(L(0)) + µ
dλk(L(µ))

dµ
|µ=0 . (8)

ò.Ê.dÝ
L = L− µLI'uÙA��λk�ü

 mA��þP�υk,Kλk�£ã�e�¼ê:

λk = υT
k λkυk = υT

k Lυk = υT
k (L− µLI)υk. (9)

�âª(9), λk(L)éuµ�FÝ�

dλk

dµ
=

dυT
k

dµ
(L− µLI)υk − υT

k LIυk +

υT
k (L− µLI)

dυk

dµ
.

5¿�L− µLI´¢é¡Ý
,Kk

dυT
k

dµ
(L− µLI)υk + υT

k (L− µLI)
dυk

dµ
=

2
dυT

k

dµ
(L− µLI)υk = 2

dυT
k

dµ
λkυk =

2λk

dυT
k υk

dµ
= 0,

Ïd
dλk(L(µ))

dµ
|µ=0= −υT

k (L)LIυk(L), (10)

Ù¥υk(L)´�Auλk(L)�ü mA��þ. Ü¿
ª(8)Úª(10),Kλk(L(µ))�CqL��

λk(L(µ)) = λk(L)− µυT
k (L)LIυk(L). (11)

�âü�`z©)¯K�8I(7)ÚOK1,ùp

òÀJ��z
‖ ∆λs+1 ‖
‖ ∆λs ‖ =

λs+1(L)− λs+1(L(µ))
λs(L)− λs(L(µ))

�>,¿òÙ�~�µ. dª(11)T¯K=�

min
LI

υT
s+1(L)LIυs+1(L)
υT

s (L)LIυs(L)
. (12)

�âÚn15�iv),ª(12)�?�Úz�

min
(i,j)

{(υs+1,i(L)− υs+1,j(L))2

(υs,i(L)− υs,j(L))2
, (i, j) ∈ E}, (13)

Ù¥υx,h(L)L«�þυx(L)�1h�©þ.

�â±þ©Û,�ÏL¦
(υs+1,i(L)−υs+1,j(L))2

(υs,i(L)− υs,j(L))2

��z,é�¦
||∆λs+1||
||∆λs|| ���>,±µ�Ú�,�f

T>��Xê,��#�.Ê.dÝ
L. UþãL§
ØäS�,��λs(L) = 0,K�AÝ
L¥¤k�"
�¤éA�>�¤k�UN!:ò�¤�ã�s�©

lfãG1, · · · , Gs.
3�ãÏLí>C�s�©lfã�,ÏLéz�

fãGi, i = 1, · · · , sÀ�Ù¥��!:�+�ö(é
ü!:fã=�T!:),òs�fãJ[z�s�!

:,Ï�®�íØ�>E0�´fãG1, · · · , Gs3�©

ãG¥�p'é�Ý�,§��¤
ùs�J[!:

�'é>. ù�,�34�(��12�½Â'éã
Gintercon,§d�ÑfãG1, · · · , Gs¤éA�J[!

:±9ù
J[!:�'é>¤|¤,Xã4¤«.
Gintercon´��ëÏã,�â`z¯K��¦,Ùλ2A

�u�ãG�λ2,�÷vª(5)��å^�.

(a) G
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(b) G′ = G1 ∪G2

(c) Gintercon

ã 4 �©ãG:�ÑfãG′Ú'éãGintercon

Fig. 4 The original graph G, the induced subgraphs G′ and
the interconnection graph Gintercon

|^ù�Ä�g�,V�ÿÀ(��O�{��
ÑXe:
VVV���(((������OOO���{{{Ad(G ∈ C, s):
G ∈ C: �©Ã�ëÏã. s: Ï"¼��:�Ñ

fãê8.
Step 1 L = L(G);
Step 2 While λs(L) > 0 do

�é:

arg min
(i,j)

{(υs+1,i(L)− υs+1,j(L))2

(υs,i(L)− υs,j(L))2
, (i, j)

∈ E},
�Temp = L−µLI ,Ù¥: lIij = lIji = −1,

lIii = lIjj = 1;
�L = Temp;

End while;
Step 3 ÄuLÀJ·��fã+�ö!:,/¤

8ÜVLeader;
Step 4 If Gintercon ∈ C�

1
λs+1(G′)

+
1

λ2(Gintercon)
<

1
λ2(G)

,

`z�V�ÿÀ(��{G′, Gintercon}.
End

4.2 444���ÿÿÿÀÀÀ(((������OOO���{{{ (A hierarchical
topology structure design algorithm)
éu�½�ÿÀ(��åG = (V, E) ∈ C,�±

48N^þ!�V�ÿÀ(��O�{Ad(G, s),�
�õ�4��(�.
eýk�½4�ÿÀ(�11��Ï"fãê8

�s1,�1Ad(G, s1),XJ�3)K¼�
����
�V�(�{G1

1 ∪ · · · ∪G1
s1 = G′, G1,intercon},Ù¥:

11��G1
1 ∪ · · · ∪G1

s1 = G′,12�=�¹��fã
G2

1 = G1,intercon. d�,e��©)L§Ê�,V�ÿ
À(��O�¤,ÄK,UXþ�L§�é12�G2

1

= G1,intercon�1Ad(G1,intercon, s2)(�½s2),¿3)
�3�òÙO����`z�ü�(�ã:  u
1 2� �G2

1 ∪ · · · ∪G2
s2Ú   u 1 3� � ' é

ãG2,intercon. ù � L § ò � � ? 1,� �

Ad(Gr−1,intercon, sr)Ã ).d �,4 � ( � / ¤,
Gr−1,intercon�Ù�p�. ã5�þã4�©)L§�
��{ü«¿ã.

ã 5 4�ÿÀ�OÄ�L§��²«~
Fig. 5 An example to illustrate the basic course of hierarchical topology design

lþ¡�£ã�±w�: 4�ÿÀ(��O�
�þ´é�� u�c(��p��ëÏã�1V

�ÿÀ(��O�{Ad(Gi−1,intercon, si)¿�äÙ
)´Ä�3�48L§,ù�L§��?1,��
éu�c�p�ëÏã�V�ÿÀ(��O�{Ã

).¤±,4�©)�o�êr�k34�©)��

�L§(å�âU(½.
555 3 þ¡£ã¥zgN^V�(��O�{

Ad(Gi−1,intercon, si)�,.�fã�ê8siÑýk�½,

Ï~�¹esi¿ØUýk��,�
�y¦)���5,34

�ÿÀ(��O¥z�g�V�(��OÑH{
sil2�

|V(Gi−1,intercon)|�¤k�U��,ùp|V(Gi−1,intercon)|
L«ãGi−1,intercon¥!:ê8.

�âþã�Og�,e¡�Ñ¦)`z¯K(5)
9�A4�ÿÀ(���O�{AH(G ∈ C),Ù¥
PMÚSM©OP¹�{�1L§¥��`5U�I
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ÚéA���4�(�; Si−1
t L«�{�1L§¥

,��i�(�, P i−1
t ´���éA�5U�I.

444���(((������OOO���{{{AH(G ∈ C):
Step 1 Ð©z

PM =
1

λ2(G)
;

G0,intercon = G;

P 0
t =

1
λ2(G)

;

S0
t = G;

i = 1;
Step 2 �148f§S:
[PM, SM] = B(i, Gi−1,intercon, PM, P i−1

t , Si−1
t );

48f§S:
[PM, SM] = B(i, Gi−1,intercon, PM, P i−1

t , Si−1
t )

For Si = 2, · · · , | V(Gi−1,intercon) | −1 do
�1V�(��O�{Ad(Gi−1,intercon, si)
If (Ad(Gi−1,intercon, si)k))

P i
t = P i−1

t − 1
λ2(Gi−1,intercon)

+

1
λi

2

+
1

λ2(Gi,intercon)
;

Si
t = {(Si−1 \Gi−1,intercon),

(Gi
1, · · · , Gi

si), Gi,intercon};
i = i + 1;

If (si > 2)

[PM, SM] = B(i, Gi−1,intercon,, PM, P i−1
t , Si−1

t );

Else if (P i
t < PM)

PM = P i
t ;

SM = Si
t;

End
Else if (P i−1

t < PM)
PM = P i−1

t ;
SM = Si−1

t ;
End

End

555 4 �©±Ä����IO��5�{�~Ðm


±`z��5U�8I�4�ÿÀ(��OïÄ,¯¢þ,�

éÙ¦�ÿÀ`z¯K,��Uòõ�UN�����5U

`z8I=z�+NÿÀ(�.Ê.dÝ
�AA����

êÏ`¯K,Ñ�±/Ï�©�µeÚg´?1©ÛÚ¦),

Ïd,�©JÑ��'g´Ú�{Ø�u����5¯K�

5UÏ`,��±í2�Ù¦��¯KÚ���¸¥.

5 ���ýýý(Simulations)
�Äã6¤«�+NXÚü�ÿÀ(�G,b½

ã¥z^>��þ�1,Ù.Ê.dÝ
12�A�
��λ2(G) = 0.2258. 3Tü�ÿÀ(�e�1I

O���5�{(1),K�UN�G�ÅìÂñ��
��.ã7w«
�UN�G�3xÚy�Iþ�Ù

����m ��üzL§.

ã 6 XÚÿÀã
Fig. 6 The topology graph of the system

(a) �UN3x¶þ�G� �

(b) �UN3y¶þ�G� �

ã 7 ª(1)�^eã6¤«õ�UNXÚG� �
�üzL§

Fig. 7 The evolving course of state difference for
the multi-agent system shown in Fig. 6

steered by equation (1)

éã6�ü�ëÏÿÀ(��1�{AH,¼�

��3���`4�(�,Xã8¤«. Ù¥,z�
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fã�12�A��e.©O�: λ1
2 =1.3278, λ2

2

= 3, λ3
2 = 2. � � 4 � ( � � 5 U � I �

3∑
1

1
λi

2

= 1.5865,`u�©ü�ã�5U�I

1
λ2(G)

= 4.429,ù`²3#N�Ø���S,4�

(�e+NU�¯¼�G�Âñ. é'ã7Úã9�
�ý(J,3�#N� ���S,�©ü�ã�
��5ÂñL§IC20 s�m,34�(�e�
UNG���17 s�®Ä�Âñ.

(a) 13�

(b) 12�

(c) 11�

ã 8 éã6XÚ�1�{AH¼��4�ÿÀ(�

Fig. 8 The hierarchical structure obtained by executing
AlgorithmAH for system in Fig. 6

(a) �UN3x¶þ�G� �

(b) �UN3y¶þ�G� �

ã 9 é4�(�ã8�14���5�{�(J
Fig. 9 The convergence result of hierarchical consensus with

this hierarchical structure in Fig. 8

6 (((ØØØ(Conclusions)
�©�éõ�UNXÚ���5��,ïÄ


±Jp+N��5Âñ�Ý�8I�õ�4�ÿÀ

(��O¯K.Äk�é��5¯K�Âñ�m�
I,ò4�ÿÀ(��O=z���'uXÚ(�
A���`z¯K.ÏL©ÛT`z¯K,JÑ

��òëÏã`z©)�eZ:�ÑfãÚ§��

m'éã�V�ÿÀ(��O�{,¿ÄuT�{
�48N^�Ñ
õ�4�(��`z�O�{.
3÷v�UNÔnÏ&�å�cJe,¤�O�4
�(�r�5�+N��5L§UC�õ�g!�

5�+Nk|����5L§,k"\¯�NXÚ
���5ÂñL§. �©�ïÄ3�½§Ýþ�«

XÚ��N5U�Ùõ�4�|�(��m�'

X.
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