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Trajectory planning and tracking controller design for
a planar quadrotor unmanned aerial vehicle transportation system
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Abstract: For a quadrotor unmanned aerial vehicle (UAV) transportation system, it is necessary to keep the payload
swing within an appropriate range in the flight course, and the residual swing should vanish when the UAV reaches the
destination. To meet these requirements, we propose a novel method of trajectory planning and tracking control for the
quadrotor UAV transportation system. In this method the nonlinear coupling behavior between the planar motion and the
load swing of the quadrotor UAV is first determined; and then, we derive a simple expression for each segmented accelera-
tion trajectory along two planar coordinates in the phase plane. Because of their simplicities, these segmented trajectories
are easy to be applied to design a backstepping-based nonlinear tracking controller for obtaining an efficient transportation
course while satisfying the physical constraints on velocity and acceleration of the UAV. The stability of the closed-loop
system is proved by using Lyapunov techniques, which ensures that the tracking error exponentially converges to zero.
Simulation results show the feasibility and effectiveness of the proposed approach in achieving the desired performance
indices while providing robustness against external disturbances.
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Fig. 1 Schematic diagram for the planar quadrotor UAV

transportation system
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fESE bRz ik B, N A I, — MR i
LRFEFFEL0YE 2 N, Rl Msin 6 ~ 0, cos 0 ~ 1(A& XL
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Hrbw, = /g/l. BILAT W, B3R M B2 3 /AT
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ﬁl:'jvyub) Vzubs Qub bub € R+§}%Uﬂ%%%4\iﬂﬂrﬂim
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3.1 BRI (Trajectory planning)
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tory planning)
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max UZ max
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3.2.1 ¥ (Control law design)
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HIFEPARZE RN
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T, = €, + e, (30)
Hrhay, a, € RTFERIERIES.
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5
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miq + moyéy + dy, (31)
Hor: @7 2 ¢F = oy + (1 — p)dra, HO < pp < 1,
[ singq NREERIE, FENRZEE Te,, (1) 8 XN
€y, = ¢1 — P14, (32)
TEIE, Wit S E f singq N

fsingq = kyry — miyjq + moyé, +sgn rycfl,

(33)
Horp: eBitaik, € RY, £ E#8isgn s 7€ LUTH:
1, s>0,
sgns =40, s=0, (34)
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BARGEHRARE), W7y (¢) BRI
mry = —kyry — €y, f cos¢] + di — (sgn ry)czl.
(35)
F2w FFEUPEEL, X (21)(26)(30)E /afF 2
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(37

E, ¢ = né1 + (1 —n)¢ra, PO <np < 1.1

K(33) 5K (36), &I E TR R f () Fldyq(t) HFIFRIE
Amln

F=(Fsinga)? + (feosdua)?,  (39)

$1a = arctan(f singa/f cosgia). (39)

F34 @)W b 5k T i E R &, IF K
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T
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Wi E M (t) N
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3T T HEVE 5 SO @s)sR S @) Frgl A
K152 X ey, eq, . F5(43) RN Eq, () FITFIRN FRFE
Fis A
é¢2 = _k2e¢2 — €¢, - (44)
3.2.2 Rt #r(Stability analysis)
EIR 1 IRERIE SIS KO L9 ] 5(33)(36)(41)

(43)Re PRk VY JiE 2 7o N AT 38 147 B, 3 L R R R
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V = imri -+ erg —+ 5631 —+ 5652. (45) Wy = 2.2136 rad/s, T = 2.8385 S, ta1 = 2.8385 S,

xp b3k T 1R 2, JF R 3 (35)(37)(42) 5 H(44)
(VACIEES
V= —k‘yri —k,r? — k‘le‘?,l - k2eq2>2 + 1+ P2,

(46)
e
p1 = —ey, Ty fcosp] — ey, 7, f sing] —
eq,5gn €, - ([ryfl+ Ir2f1), (47)
P2 = Tydy — Tysgnrydy + 1r,dy — 7,580 7,ds.
(48)

H| cospi| < 1, |singi| < 1, ATLMFE] 1 (¢) < 0; H
KON o (t) < 0, JEIETHHE AT LA E]
V< — k:yri — k2 — kleq%l — ]f2€$2 <
min{ky, k,, k1, ko }
m 1
max{;, 5}

L5 TR, x = [y 72 €0, €, DI T 15 2 006 LL 3K
o7 Nl ST =R A 2R 1k E AR M, B T
[ry v, ) TR B ST, MR 2 A5 T R JL I ] S 4L
ey &y e, & |TWIRERSLT[0000]". XK ARG
WA 45 5 A F4 B AURI i 0 3 2 QRS
(28), PRI A- Pl A\ R 1 5.

A4 BRI B, BT U A S AT R
77 T B AR DG, DRI MG AN TR 228 AT 3L, |
AR WA ) Ry n g . AR R ) 2 BT
B, ASCGe M TE T RAT SRS AL, b Nl v g
13 BIPR G A, AR SO B 2] 4% BT AT 58 sont i)
HULHIEREE.

4 1 BE 4 B 5 4 Hr(Simulation results and
analysis)

T 2, AR PR PR I AR A R I8 B A A
RSN, 15 2RI, SRI5 5l EA Tooh i+
PRI 0155 100, R FH 400 B2 A 320 SRl k4 ) s 1 ER R
RER.

4.1 B B R i B 45 F(Simulation results for
trajectory planning)

FEBAT I BN, RGESH SRR TN ITH]
SRR AN T

m =2kg, J=0.02kg-m?, [ = 2m,

V. (49)

Hub = 5o,pdy = Pz = 4m, Vyub = O.Gm/s,
Vpup = 0.4Mm/S, Ay, = by, = 0.2m/s?,

y(0) = 0m, z(0) = 3m,g = 9.8kg - m/s>.

t.o = 4.20765s, t,; = 2.000s, t,, = 0.5000s,
Omax = bmax = 0.2000 m/s2.

RS R nE2FR. B2 B4 RnIURE TN AT
R ERALE: pay = 4m, pg, = 4m, LERIRML
) RAT SR A S H(S) PrfF M EEE A, A2
TRAT RSN LAY JOE AN L) LSS SR BRI 4
FFk. v W, 76t = 9.8845 i, KAT 28 FIA K F J5 1]
HAnOr &, b5 ek R 5 5h; £t = 14.3845 sh,
KATERIE B R E T M) H bl B, RIAR ST AR
HAE DR R E N AT AR B3 2 H An i &
(pdy,sz)T-

I I~
= 2F P i
= I .
=) I B . .
0 5 10 15 20 25
t/s
T T TT TT T
& A40r--mm ey o
E\ 35_ I I | -
= Z
® 3.0 . 1L !
0 5 10 15 20 25
t/s
—_ 2 I T I !I T T
e B 1 1 1 7
= o0 j /\'
= ! ! !
> —2\/| L i ! . ]
0 5 10 15 20 25
t/s

2 Pl Te N AT s s 5 8 Ay
Fig. 2 Planned trajectory of the quadrotor UAV and
the payload swing angle

4.2 PR 881 B 45 $(Simulation results for

the tracking controller)

42.1 LA FRTIEG E 45 B (Simulation results

under no external disturbances)
PR IA ST TR R 7 V5 ()i e, BB IR IR

G IRE TN ATEIIRIRES I T

m=5kg, J=0.03kg-m?, | =2m, O, = 3°,

Pay = 3m, pg, = 6m, vy, = 0.4m/s,

Vg = 0.5m/8, @y, = by, = 0.5m/s?

y(0) = 0m, 2(0) =4m, g = 9.8kg - m/s”.
2R

wy = 2.2136rad/s, T = 2.8385s, t,; = 2.8385s,
tao = 4.6615s, ty,; = 1.000s, t,, = 3.0000s,
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Fig. 3 The trajectory and velocity of the quadrotor UAV under

no external disturbances
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Fig. 4 The payload swing angle and the control input under no
external disturbances

4.2.2 H AN FET Y45 B 45 R (Simulation results
in the presence of external disturbances)
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Fig. 5 The trajectory and velocity of the quadrotor UAV in

the presence of external disturbances
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5 45 (Conclusions)
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