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Trajectory planning and tracking controller design for

a planar quadrotor unmanned aerial vehicle transportation system

LIANG Xiao, FANG Yong-chun†, SUN Ning
(Institute of Robotics and Automatic Information System, Nankai University, Tianjin 300350, China;

Tianjin Key Laboratory of Intelligent Robotics, Nankai University, Tianjin 300350, China)

Abstract: For a quadrotor unmanned aerial vehicle (UAV) transportation system, it is necessary to keep the payload
swing within an appropriate range in the flight course, and the residual swing should vanish when the UAV reaches the
destination. To meet these requirements, we propose a novel method of trajectory planning and tracking control for the
quadrotor UAV transportation system. In this method the nonlinear coupling behavior between the planar motion and the
load swing of the quadrotor UAV is first determined; and then, we derive a simple expression for each segmented accelera-
tion trajectory along two planar coordinates in the phase plane. Because of their simplicities, these segmented trajectories
are easy to be applied to design a backstepping-based nonlinear tracking controller for obtaining an efficient transportation
course while satisfying the physical constraints on velocity and acceleration of the UAV. The stability of the closed-loop
system is proved by using Lyapunov techniques, which ensures that the tracking error exponentially converges to zero.
Simulation results show the feasibility and effectiveness of the proposed approach in achieving the desired performance
indices while providing robustness against external disturbances.
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2 (Problem statement)
1

. ,
,

[23]:

mÿ = −f sinφ, (1)

mz̈ = −mg + f cosφ, (2)

Jφ̈ = M, (3)

mlθ̈ = f sin(φ− θ), (4)

: y(t), z(t)
, φ(t) y

, m, J
, f(t)

, M(t) , θ(t)
, l .

1
Fig. 1 Schematic diagram for the planar quadrotor UAV

transportation system

,
:

1 ,
φ(t) −π/2 < φ(t) < π/2.

2 ,
θ(t) −π/2 < θ(t) < π/2.

3 , ,
,

z̈(t) > −g.
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4 .

ÿ(t), z̈(t)
θ(t) , ,
(1)–(2) (4)

lθ̈ + (z̈ + g) sin θ = −ÿ cos θ. (5)

, ,
10◦ , sin θ ≈ θ, cos θ ≈ 1(

),
(5)

θ̈ + (
ω2
n

g
z̈ + ω2

n)θ = −ω2
n

g
ÿ, (6)

ωn =
√
g/l. ,

, ,
, :

1 tf
(pdy, pdz)

T ∈ R
2,

y(t) = pdy, z(t) = pdz, ∀ t � tf .

,
, (pdy, pdz)

T.

2

, ,

|ẏ(t)| �vyub, |ÿ(t)| � aub, (7)

|ż(t)| �vzub, |z̈(t)| � bub, (8)

vyub, vzub, aub, bub ∈ R
+

.

3 , ,
,

|θ(t)| � θub, (9)

θub ∈ R
+ .

4

, ,

y(t) = pdy , θ(t) = 0, ∀ t � tf .

,
ÿ(t) = a, z̈(t) = b, , (6)

θ̈ + (
ω2
n

g
b+ ω2

n)θ = −ω2
n

g
a, (10)

3 b > −g, (10) ,

θ(t) =[θ(0) +
a

b+ g
] cos(ωt)+

θ̇(0)

ω
sin(ωt)− a

b+ g
, (11)

: ω = ωn

√
b/g + 1, θ(0), θ̇(0)

.

θ̇(t) = −[θ(0) +
a

b+ g
]ω sin(ωt) + θ̇(0) cos(ωt).

(12)

, Θ̇(t):

Θ̇(t) =
θ̇(t)

ω
,

(11)–(12),

[θ(t) +
a

b+ g
]2 + Θ̇2(t) =

[θ(0) +
a

b+ g
]2 +Θ2(0). (13)

, :

θ(0) = 0, θ̇(0) = 0,

(13)

[θ(t) +
a

b+ g
]2 + Θ̇2(t) = (

a

b+ g
)2, (14)

θ(t) , Θ̇(t)

(−a/(b+ g), 0) ,

R =
a

b+ g
(15)

( 3 b > −g, ).

, a �= 0 ,
[θ(t), Θ̇(t)]

ω . , a = 0 , [θ(t),
Θ̇(t)] ,

.

1 2 ,

−π/2 < θ(t) < π/2,

; 10◦ ,

, .

2

, ,

, ,

.

3 [12–14, 23] 4 ,

,

,

.

3 (Trajectory
planning and tracking controller design)

[24],
, ,

,
.
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3.1 (Trajectory planning)

,
,

,
, ,

,
. ,

ω = ωn. (16)

,
, ,

,
.

3.1.1 (Horizontal direction
trajectory planning)

ÿ(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

amax, 0 � t � ta1,

0, ta1 < t � ta1 + ta2,

−amax, ta1 + ta2 < t � 2ta1 + ta2,

0, t > 2ta1 + ta2,

(17)

: ta1, ta2 ( )
, amax ( )

. , :
pdy , ta1, ta2 amax,

.

(16)–(17), ,
[θ(t), Θ̇(t)] , ωn

, T = 2π/ωn ,
, ta1 = T . ,

(ta1, ta1 + ta2] , [θ(t), Θ̇(t)] ,
, ,

.
, T , .

,
θmax = 2amax/g, (9)

θmax =
2amax

g
� θub.

(7),

amax � amub = min{aub,
gθub
2

},
amub ∈ R

+ .
vymax = amaxT ,

vymax � amubT .

pdy = vymax(T + ta2),

ta2 =
pdy

vymax

− T. (18)

ta2 � 0, vymax � pdy/T , (7)
vymax � min{vyub, pdy/T, amubT}.
,

,

vymax = min{vyub, pdy
T

, amubT}.
(18) ta2, T1 = 2ta1 + ta2 ,

pdy.

3.1.2 (Vertical direction trajec-
tory planning)

1 ,
2 . a = 0,

.
,

z̈(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, 0 � t � T1,

bmax, T1 < t � T1 + tb1,

0, T1 + tb1 < t � T1 + tb1 + tb2,

−bmax, T1 + tb1 + tb2 < t � T1 + T2,

0, t > T1 + T2,

(19)

: tb1, tb2 ( )
, bmax ( )

, T2 = 2tb1 + tb2. 1–4, ,
bmax = bub, (8),

vzmax = min{vzub,
√
bmaxpdz},

tb1 =
vzmax

bmax

, tb2 =
pdz − bmaxt

2
b1

vzmax

,

T2 , pdz.

,
,

, ,
tf = T1 + T2 , T1, T2

, .

3.2 (Tracking controller design)

,
,

, ,
, ,

, .

3.2.1 (Control law design)

,
φ1(t) = φ(t), φ2(t) = φ̇1(t).

, ,
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, (1)(2) (3)
:

mÿ = −f sinφ1 + d1, (20)

mz̈ = −mg + f cosφ1 + d2, (21)

φ̇1 = φ2, (22)

Jφ̇2 = M, (23)

d1(t), d2(t) ,

sup{|d1(t)|} � d̄1, sup{|d2(t)|} � d̄2, (24)

d̄1, d̄2 .

y, z

ey = y − yd, (25)

ez = z − zd, (26)

yd(t), zd(t) ,
, :

yd(t), ẏd(t), ÿd(t) ∈ L∞, (27)

zd(t), żd(t), z̈d(t) ∈ L∞. (28)

, ,

ry = ėy + αyey, (29)

rz = ėz + αzez, (30)

αy, αz ∈ R
+ .

1 (20)(25)(29), [25]

mṙy = −f sinφ1d − eφ1
f cosφ∗

1 −
mÿd +mαyėy + d1, (31)

: φ∗
1 φ∗

1 = μφ1 + (1− μ)φ1d, 0 < μ < 1.
f sinφ1d , eφ1

(t)

eφ1
= φ1 − φ1d, (32)

, f sinφ1d

f sinφ1d = kyry −mÿd +mαyėy + sgn ryd̄1,

(33)

: ky ∈ R
+, sgn s :

sgn s =

⎧⎪⎨
⎪⎩

1, s > 0,

0, s = 0,

−1, s < 0.

(34)

(33) (31), ṙy(t)

mṙy = −kyry − eφ1
f cosφ∗

1 + d1 − (sgn ry)d̄1.

(35)

2 1 , (21)(26)(30)
mṙz(t) ,

f cosφ1d

f cosφ1d =− kzrz +mg +mz̈d −mαzėz−
sgn rzd̄2, (36)

kz ∈ R
+ , (36) mṙz(t)

, ṙz(t)

mṙz = −kzrz − eφ1
f sinφ�

1 + d2 − (sgn rz)d̄2,

(37)

, φ�
1 = ηφ1 + (1− η)φ1d, 0 < η < 1.

(33) (36), f(t) φ1d(t)

:

f =
√
(f sinφ1d)2 + (f cosφ1d)2, (38)

φ1d = arctan(f sinφ1d/f cosφ1d). (39)

3 (32) ,
(22) , ėφ1

(t)

:

ėφ1
= eφ2

+ φ2d − φ̇1d,

: φ2d(t) ,
eφ2

(t)

eφ2
= φ2 − φ2d. (40)

φ2d(t)

φ2d = φ̇1d − k1eφ1
− (sgn eφ1

) · (|ryf |+ |rzf |),
(41)

k1 ∈ R
+, φ̇1d (39)

. (41) ėφ1
(t)

ėφ1
= −k1eφ1

− sgn eφ1
· (|ryf |+ |rzf |) + eφ2

.

(42)

4 (40)(23) ėφ2
(t)

ėφ2
= M/J − φ̇2d,

M(t)

M = J(−k2eφ2
+ φ̇2d − eφ1

), (43)

k2 ∈ R
+, 1 eφ2

0,
2 φ̇2d, (41) ,
3 (45) (42)

eφ1
eφ2

. (43) ėφ2
(t)

ėφ2
= −k2eφ2

− eφ1
. (44)

3.2.2 (Stability analysis)

1 (33)(36)(41)
(43) ,
[ey ėy ez ėz]

T [0 0 0 0]T.
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V =
1

2
mr2y +

1

2
mr2z +

1

2
e2φ1

+
1

2
e2φ2

. (45)

, (35)(37)(42) (44)

V̇ = −kyr
2
y − kzr

2
z − k1e

2
φ1
− k2e

2
φ2
+ ϕ1 + ϕ2,

(46)

:

ϕ1 = −eφ1
ryf cosφ∗

1 − eφ1
rzf sinφ�

1 −
eφ1

sgn eφ1
· (|ryf |+ |rzf |), (47)

ϕ2 = ryd1 − rysgn ryd̄1 + rzd2 − rzsgn rzd̄2.

(48)

| cosφ∗
1| � 1, | sinφ∗

1| � 1, ϕ1(t) � 0;
(24) ϕ2(t) � 0,

V̇ �− kyr
2
y − kzr

2
z − k1e

2
φ1
− k2e

2
φ2

�

− min{ky, kz, k1, k2}
max{m

2
,
1

2
}

V. (49)

, χ = [ry rz eφ1
eφ2

]T

. ,
[ry rz]

T ,
[ey ėy ez ėz]

T [0 0 0 0]T.
, (27)

(28), .

4 ,

, ,

.

, ,

,

.

4 (Simulation results and
analysis)

,
(5) , ,

.

4.1 (Simulation results for
trajectory planning)

,
:

m = 2kg, J = 0.02 kg ·m2, l = 2m,

θub = 5◦, pdy = pdz = 4m, vyub = 0.6m/s,

vzub = 0.4m/s, aub = bub = 0.2m/s2,

y(0) = 0m, z(0) = 3m, g = 9.8 kg ·m/s2.

:

ωn = 2.2136 rad/s, T = 2.8385 s, ta1 = 2.8385 s,

ta2 = 4.2076 s, tb1 = 2.000 s, tb2 = 0.5000 s,

amax = bmax = 0.2000m/s2.

2 . 2
: pdy = 4m, pdz = 4m,

(5) ,

. , t = 9.8845 s ,
, ; t = 14.3845 s ,

,

(pdy, pdz)
T.

2
Fig. 2 Planned trajectory of the quadrotor UAV and

the payload swing angle

4.2 (Simulation results for
the tracking controller)

4.2.1 (Simulation results
under no external disturbances)

,
:

m = 5kg, J = 0.03 kg ·m2, l = 2m, θub = 3◦,

pdy = 3m, pdz = 6m, vyub = 0.4m/s,

vzub = 0.5m/s, aub = bub = 0.5m/s2,

y(0) = 0m, z(0) = 4m, g = 9.8 kg ·m/s2.

ωn = 2.2136 rad/s, T = 2.8385 s, ta1 = 2.8385 s,

ta2 = 4.6615 s, tb1 = 1.000 s, tb2 = 3.0000 s,
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amax = 0.1409m/s2, bmax = 0.5000m/s2.

,
. φ(0) = 0 rad, φ̇(0) =

0 rad/s, ẏ(0) = ż(0) = 0m/s. ,
:

αy = 20, αz = 1, ky = 50,

kz = 20, k1 = 40, k2 = 50.

3–4 . 3
,

, ,
,

. 4
. t = 10.3385 s

, ,
. ,

,
. 3–4 , ,

.

3
Fig. 3 The trajectory and velocity of the quadrotor UAV under

no external disturbances

4
Fig. 4 The payload swing angle and the control input under no

external disturbances

4.2.2 (Simulation results
in the presence of external disturbances)

t = 0 ∼ 20 s

,

d1(t) = 3 sin(4πt)N, d2(t) = 1 cos(4πt)N,

: d̄1 = 3, d̄2 = 1.
, 5 – 6 .

,
,

, ,
. t = 20 s ,

. .

5
Fig. 5 The trajectory and velocity of the quadrotor UAV in

the presence of external disturbances
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6
Fig. 6 The payload swing angle and the control input in

the presence of external disturbances

5 (Conclusions)

,

. ,
,
, ,

, . ,
,
.

, :
/

. , ,
,

. ,
.
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