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Nonlinear fault tolerant control design for
quadrotor unmanned aerial vehicle attitude system

HAO Wei, XIAN Bin†
(Tianjin Key Laboratory of Process Measurement and Control, Institute of Robotics and Autonomous System,

School of Electrical Engineering and Automation, Tianjin University, Tianjin 300072, China)

Abstract: This paper is devoted to deal with the attitude control of the quadrotor unmanned aerial vehicle (UAV) with
partial loss of effectiveness of its actuators. After analyzing the dynamic characteristics of the quadrotor UAV, we add the
actuator failures to the system model in the form of multiplicative factor to obtain the dynamic model of quadrotor UAV
with actuator failures. Then we develop a new nonlinear fault tolerant control (FTC) method based on the adaptive sliding
mode control in the case of both unknown external perturbations and actuator failures. The asymptotical stability of the
proposed controller is proved based on Lyapunov method. The real-time flight tests are implemented on the quadrotor UAV
testbed and the results show that the proposed controller has achieved good robustness with respect to unknown external
disturbances and partial loss of effectiveness of quadrotor UAV actuators.
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(Attitude dynamics model of qua-

drotor UAV under actuator fault)
,

, {I}
{B}, {I} NED ,

, {B} NED( )

, , 1 . 1
, {xI , yI , zI} {xB, yB, zB}

{I} {B} , f1,
f2, f3, f4 .

1

Fig. 1 Schematic diagram of quadrotor UAV

( )
, [12],

M(η)η̈ + C(η, η̇)η̇ + τd = ΨT(η)Λτ , (1)

(1) : η = [φ(t) θ(t) ψ(t)]T

∈ R
3×1 .

Ψ(η)=

⎡
⎢⎣1 0 − sinφ

0 cosφ cos θ sinφ

0 − sinφ cos θ cosφ

⎤
⎥⎦ ∈R

3×3

. Ψ(η) , θ �= ±π/2.
M(η)=ΨT(η)JΨ(η)∈R

3×3 , J
. M(η) ,

m1 ‖ξ‖2 � ξTMξ � m2 ‖ξ‖2 , ∀ξ ∈ R
3, (2)

m1 m2 . C(η, η̇) = ΨT(η)J ·
Ψ̇(η) + ΨT(η)sk(Ψ(η)η̇)JΨ(η)∈R

3×3

, sk(Ψ(η)η̇) Ψ(η)η̇

. M(η) C(η, η̇) .
Λ = diag{λ1, λ2, λ3} ∈ R

3×3, 0 < λi � 1,
. λi �=1 , i . τd

= [τd1 τd2 τd3]
T ∈ R

3×1, τd1, τd2, τd3
. τ =[τ1 τ2 τ3]

T

∈ R
3×1, τ1, τ2, τ3

.

1 ‖τd‖ � δ1, ‖τ̇d‖ � δ2, δ1, δ2
.

, (1) M−1(η),
M,C, Ψ M(η), C(η, η̇), Ψ(η),

η̈ =M−1ΨTΛτ −M−1τd −M−1Cη̇. (3)

(3)
. τd Λ

τ η
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ηd = [φd(t) θd(t) ψd(t)]
T.

3 (Fault tolerant controller
design)

3.1 (Model of tracking error)
,

e = η − ηd, (4)

: e = [e1 e2 e3]
T ∈ R

3×1, e1, e2, e3
. (6)

ė = η̇ − η̇d, (5)

ë = η̈ − η̈d. (6)

s

s = ė+ εe, (7)

: s = [s1 s2 s3]
T ∈ R

3×1, s1, s2, s3
, ε

. (7) , (3)
,

ṡ = M−1ΨTΛτ −M−1τd −
(M−1Cη̇ + η̈d − εė). (8)

3.2 (Controller design)
τ

τ = Λ̂−1(ΨT)−1M([−k11
√
|s1|sgn s1

−k12
√
|s2|sgn s2 − k13

√
|s3|sgn s3]T +

v + (M−1Cη̇ + η̈d − εė)), (9)

v Λ :

v̇ = −1

2
[k21sgn s1 k22sgn s2 k23sgn s3]

T, (10)

˙̂
Λ = αΓΨ(M−1)T[sgn s1 sgn s2 sgn s3]

TτT.

(11)

(9)–(11) , k1i, k2i, α, β, ρi, γi ,
k2i = α/β + ρi, Γ = diag{γ1, γ2, γ3}, Λ̂ Λ

, sgn .

(9) (8),

ṡ=M−1ΨTΛ̃τ − [k11

√
|s1|sgn s1

k12

√
|s2|sgn s2 k13

√
|s3|sgn s3]T+σ, (12)

:

Λ̃ = Λ− Λ̂, (13)

σ = v −M−1τd = [σ1 σ2 σ3]
T. (14)

(12) M−1ΨTΛ̃τ =[μ1 μ2 μ3]
T, (14)

σ̇ = −1

2
[k21sgn s1 k22sgn s2 k23sgn s3]

T + ξ.

(15)

ξ = −Ṁ−1τd −M−1τ̇d = [ξ1 ξ2 ξ3]
T.

4 (Stability analysis)
1 (12) ,

(9)–(10), (11),
.

lim
t→∞

e = 0. (16)

Lyapunov , [13],

z = [zT
1 zT

2 ]
T = [z11 z12 z13 z21 z22 z23]

T =

[
√
|s1|sgn s1

√
|s2|sgn s2

√
|s3|sgn s3 σ1 σ2 σ3]

T,

(17)

(17)⎧⎪⎪⎨
⎪⎪⎩
ż1i = − 1

2 ‖z1i‖(k1iz1i − z2i − μi),

ż2i = − 1

2 ‖z1i‖k2iz1i + ξi,

(18)

ξi

ξi =
ρi
2
sgn si =

ρi
2

z1i
‖z1i‖ , 0 < ρi � 2δ3i. (19)

δ3i . (19) (18)

ż = Az +B, (20)

:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− k11
2‖z11‖ 0 0

1

2‖z11‖ 0 0

0 − k12
2‖z12‖ 0 0

1

2‖z12‖ 0

0 0 − k13
2‖z13‖ 0 0

1

2‖z13‖
−k21 − ρ1

2‖z11‖ 0 0 0 0 0

0 −k22 − ρ2
2‖z12‖ 0 0 0 0

0 0 −k23 − ρ3
2‖z13‖ 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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B =
1

2

[
R 0

0 0

][
M−1ΨTΛ̃τ

0

]
,

R = diag{ 1

‖z11‖ ,
1

‖z12‖ ,
1

‖z13‖}.

Lyapunov

V = zTPz +
1

2
tr(Λ̃TΓ−1Λ̃), (21)

: tr(·) ,

P =

[
αI3×3 0

0 βI3×3

]
=

[
P11 0

0 P22

]
.

(21) , (20)

V̇ = −zTQz + 2BTPz − tr(Λ̃TΓ−1 ˙̂
Λ), (22)

:

Q = −(ATP + PA) =

[
Q11 Q12

Q12 Q22

]
,

Q11 =

⎡
⎢⎢⎢⎢⎢⎣

k11α

‖z11‖ 0 0

0
k12α

‖z12‖ 0

0 0
k13α

‖z13‖

⎤
⎥⎥⎥⎥⎥⎦ , Q22 =

⎡
⎢⎣0 0 0

0 0 0

0 0 0

⎤
⎥⎦ ,

Q12 =⎡
⎢⎢⎢⎢⎢⎢⎣

(k21−ρ1)β−α
2‖z11‖ 0 0

0
(k22−ρ2)β−α

2‖z12‖ 0

0 0
(k23−ρ3)β−α

2‖z13‖

⎤
⎥⎥⎥⎥⎥⎥⎦
.

Q 0, . , Q
. Q ,

zTQz = zT
1 Q11z1 + zT

2 Q12z1 + zT
1 Q12z2. (23)

Q ,{
k1iα > 0,

(k2i − ρi)β − α = 0.
(24)

(24) ⎧⎨
⎩
k1i > 0,

k2i =
α

β
+ ρi.

(25)

(25) (23)

zTQz = zT
1 Q11z1. (26)

(11) (26) (22)

V̇ = −zT
1 Q11z1 � −λmin{Q11} ‖z1‖2 , (27)

λmin{Q11} Q11 . (27)
, V ∈ L∞; (21) , z1 ∈ L∞, z2 ∈

L∞, Λ̃∈L∞; (18) , ż1∈L∞, ż2∈
L∞. Barbalat

lim
t→∞z1 = 0, (28)

, (7) (17)

lim
t→∞e = 0. (29)

.

5 (Experiments)
5.1 (Introduction of testbed)

,
.

PC/104 ,
MATLAB RTW xPC

, ,
0.2◦, 0.5◦.

500Hz.
[14].

5.2 (Attitude stabilization)
(9) ,

, Λ = diag{1, 1, 1}
. :

ε = diag{2.8, 2.8, 5},
J = diag{1.25, 1.25, 2.5},
Γ = diag{0.01, 0.01, 0.01}, α = 1,

k11 = 1.83, k12 = 1.83, k13 = 2,

k21 = 0.35, k22 = 0.38, k23 = 0.4.

2–4 .

2 :

Fig. 2 Attitude stabilization without fault: attitudes
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3 :

Fig. 3 Attitude stabilization without fault: control inputs

4 :

Fig. 4 Attitude stabilization without fault: motor speeds

2–4
. 2 ,
1◦,

0.5◦. 3 , 1 , 9N
( ), . 3
4

.

5.3 (Fault tolerant control)
,

Λ =

⎧⎪⎨
⎪⎩
diag{1, 1, 1}, t < 20 s,

diag{0.9, 1, 1}, 20 s � t < 50 s,

diag{0.9, 0.8, 1}, 50 s � t < 110 s,

t = 20 s t = 50 s
10% 20%. t = 79 s ,

, 5–8
.

5–8

. 20 s, 4◦

, , 0.5◦.
,

. 50 s,
12◦ 20◦ , 1.5◦.

79 s, ,
5◦ 4◦ ,

.

, 50 s , 45 s
55 s , 9 . 9

, 50 s ,
10% 20% ,

,
, ,

.

5 :

Fig. 5 Fault tolerant control: attitudes

6 :

Fig. 6 Fault tolerant control: control inputs
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7 :

Fig. 7 Fault tolerant control: motor speeds

8 :

Fig. 8 Fault tolerant control: adaptive parameters

9 : (45 s–55 s)

Fig. 9 Fault tolerant control: control inputs from 45 s to 55 s

:
.

,
20◦ ,

5◦.

6 (Conclusions)

,
,

. ,
,

.

:
,

.
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