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Distributed power system state estimation using
finite-time average consensus protocol

CAI Yong-zhi, CHEN Hao-yong†, GUO Man-lan

(School of Electric Power, South China University of Technology, Guangzhou Guangdong 510640, China)

Abstract: With the wide-area measurement system based on phasor measurement unit in the maturity of the technology

and application, using WAMS measurements can realize the linear power system state estimation. In this paper, we propose

a fully-distributed state estimation algorithm based on WAMS. First, the multi-area constrained weighted least squares

estimation model is established by Lagrange Multiplier Method. Then, by introducing the finite-time average consensus

protocol into the multi-area constrained weighted least squares estimation model, the distributed state estimation algorithm

without abnormal measurements is presented. Moreover, by considering the presence of abnormal measurements, we

deduce a modified algorithm according to the geometric meaning of the least squares estimate. After eliminating abnormal

measurements in each sub-region, the modified algorithm can converge to the centralized estimate without changing the

information matrix, by executing the finite-time average consensus protocol several times. Finally, theoretical analysis and

experimental results prove the effectiveness of the algorithm.
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. [13] Richardson ,

.

, ,

. [12]

,

, .

220 kV WAMS[2],

,

. ,

. ,

,

. [12],

, ;

[10–11, 13], ,

, .

, .

2 (Finite-time

average consensus protocol)
(consensus protocol, CP)

,
[20–22].

(finite-time average consensus protocol, FTACP)

CP , ,

.

ACP, FTACP ,

, [15, 23].

,

G(v, ε) . 1

, ,

. G(v, ε) , ε

, i

Ωi = {j ∈ v| (i, j) ∈ ε} . (1)

G(v, ε) L = [lij ]

lij =

{
−1, j ∈ Ωi,

0, i �= j, j /∈ Ωi,
(2)

lii = −∑
j �=i

lij. (3)

1

Fig. 1 Simple undirected graph

[17–19, 24–25],

FTACP[14] ,

. Tk,

ā = (
D∏

k=1

Tk)a0, (4)

: a0 = [aT
1,0, · · · , aT

N,0]
T ; ā

= [āT
1 , · · · , āT

N ]
T ; ā1 = ā2 =

· · · = āN =
1

N

N∑
i=1

ai,0; D , N

.

L D(D � N − 1)

0 γ1, · · · , γD, [14]⎧⎨
⎩Tk = I − 1

γk
L,

k = 1, 2, · · · , D,
(5)

, i,

:

ai,k = ai,k−1 − 1

γk

∑
j∈Ωi

(ai,k−1 − aj,k−1), (6)

k = 1, 2, · · · , D. k = D, ai,D = ā.

3 (Model statement)
3.1 (System partition)
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Fig. 2 Four partition interconnected power system

, :

1)

, ,



8 : 1009

.

2)
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.

3) FTACP

, FTACP

,

,

,

.

3.2 (The model of multi-

area state estimation)
,

Vreal Vimag, x = [V T
real, V

T
imag]

T.

PMU

, [1]:

z = Ax+ e, (7)

e . W ,

min Jc =
1

2
(z −Ax)TW (z −Ax). (8)

, N

, . n x =

[xT
1 , · · · , xT

N ]
T, xi i .

3 , i

xi = [xT
i,int, x

T
i,bint, x

T
i,bext]

T :

1) i xi,int: i

;

2) i xi,bint: i

;

3) i xi,bext:

i .

j .

(8)

:⎧⎪⎨
⎪⎩

min J =
1

2

N∑
i=1

(zi −Aixi)
TWi(zi −Aixi),

s.t. Bx = 0,

(9)

: zi i ; Wi i ; B

4b× n , 1 −1,

; b .

B = [B1, · · · , BN ],

Bx =
N∑
i=1

Bixi = 0. (10)

3

Fig. 3 Two partition interconnected power system

4 (Distributed

least square estimation algorithm)
4.1 (The case without abnor-

mal measurements)
, (9)

{
x̃i = G−1

i AT
i Wizi,

Gi = AT
i WiAi,

(11)

⎧⎪⎪⎨
⎪⎪⎩
GB =

N∑
i=1

BiG
−1
i BT

i ,

λ = G−1
B (

N∑
i=1

Bix̃i),
(12)

{
di = G−1

i BT
i λ,

x̂i = x̃i − di,
(13)

x̂i i .

(11)–(13) , i,

(11) (13); (12) λ.

(12)⎧⎪⎪⎨
⎪⎪⎩
GB =

N∑
i=1

BiG
−1
i BT

i ,

λ = (
1

N
GB)

−1(
1

N

N∑
i=1

Bix̃i).

(14)

,
1

N
GB

1

N

N∑
i=1

Bix̃i, λ ,

. i Bi, B

i , i

ai,0 = BiG
−1
i BT

i , (15)

ai,0 = Bix̃i. (16)

(15)–(16), D (6)

1

N
GB

1

N

N∑
i=1

Bix̃i.

(
1

N
GB

):

1 1) : i ai,0 = BiG
−1
i BT

i ,

(6)
1

N
GB;
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2) i (11), x̃i Bix̃i,

ai,0 = Bix̃i;

3) (6), i
1

N

N∑
i=1

Bix̃i;

4) i λ, (13) x̂i.

4.2 (The case considering the

effects of abnormal measurements)
1 ,

. ,

( ),

1 i ,

Gi , 4b
1

N
GB .

,

.

,

:

1 (7),

,

x̂0 = (ATWA)−1ATWSz. (17)

x̂t = x̂0 + [I − (ATWA)−1ATWSA]x̂t−1 (18)

x̂m = (AT
mR

−1
m Am)

−1AT
mR

−1
m zm, (19)

: S , 0,

1; zm, Am Rm

.

1 .

, i .

1, 1 2) Si,

(5)

x̃i = G−1
i AT

i WiSizi, (20)

ai,0 = [Tapi, (BiΔx̃i,t)
T]T. i

Tapi = 1; , Tapi = 0.

(20) 1 , i Tapi

0, 0, 2.

2
1) i x̂i,0 = x̂i, x̂i 1 ;

2) t = 0, eend;

3) i x̃i,t = G−1
i AT

i WiSiAix̂i,t,

Bix̃i,t;

4) ai,0 = Bix̃i,t, (6), i

1

N

N∑
i=1

Bix̃i,t;

5) i λt, :{
di,t = G−1

i BT
i λt,

x̂i,t+1 = x̂i,0 + x̂i,t − (x̃i,t − di,t);

6) ei = max(|x̂i,t+1 − x̂i,t|);
7) ei,0 = ei, :{

ei,l = max
j∈Ωi

(ei,l−1, ej,l−1),

l = 1, 2, · · · , dG;
dG G(v, ε) ;

8) ei,dG
< eend, ; , t = t+ 1, 3).

, 2 ( tc ),

(4b×D + dG)×
tc, 4b× 4b×D,

, WAMS

, tc ,

, tc < 2b, dG �
D[16],

(4b×D + dG)× tc � (4b+ 1)×D × tc, (21)

(4b+ 1)× 2b×D < 4b× 4b×D, (22)

(4b×D + dG)× tc < 4b× 4b×D. (23)

.

5 (Simulation and analysis)
IEEE 118

, 7 4 .

PMU,

, 980.

σ = 0.008 ,

σ = 0.0005 . W
1

σ2
I .

, 5

:

a) ;

b) .

1 6 . : 6(a) 6(b)

5(a), 6(c) 6(d)

5(b),

= − .

6 , ,

.

, 1 5(a) 6 ,

5(b) 5 .

, 1 , .
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4

Fig. 4 The diagram of system partition

(a) (b)

5

Fig. 5 System communication topology

6 1

Fig. 6 Convergence results of Algorithm 1
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, [10]

7 . : 7(a) 7(b)

5(a), 7(c) 7(d) 5(b). ,

[10] ,

.

, ,

:

i) 5(a), a=3, b=0.26, r1=0.5, r2=0;

ii) 5(b), a=0.9, b=0.4, r1=0.5, r2=0.

[10],

. 7 , 1, [10]

,

. , [10]

, .

7 [10]

Fig. 7 Convergence results of the algorithm of Ref.[10]

5(b), ,

,

7 . 8 2 ,

, 10 38 .

8 ,

=

| − |
eend 0.0001.

8 2

Fig. 8 Convergence results of Algorithm 2
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8 , 2 tc = 3,

b = 23, tc < 2b, (23) , 2

. 1 2

. 1 , tc

, . , WAMS

, , 2

tc .

1 2

Table 1 Convergence results of algorithm 2 in other

abnormal measurements cases

tc

21 0 21 5

0 35 35 9

21 28 49 11

25 70 95 11

70 105 175 12

6 (Conclusions)

,

, ,

, .

,

, .

, ,

; ,

.

(References):

[1] LI Qiang, ZHOU Jingyang, YU Erkeng, et al. Power system linear s-

tate estimation based on phasor measurement [J]. Automation of Elec-

tric Power Systems, 2005, 29(18): 24 – 28.

( , , , .

[J]. , 2005, 29(18): 24 – 28.)

[2] DUAN Gang, YAN Yaqin, XIE Xiaodong, et al. Development status

quo and tendency of wide area phasor measuring technology [J]. Au-

tomation of Electric Power Systems, 2015, 39(1): 73 – 80.

( , , , . [J].

, 2015, 39 (1): 73 – 80.)

[3] MA Pingchuan, SHEN Chen, CHEN Ying, et al. Distributed s-

tate estimation based on the pseudo-measurement coordination vari-

ables [J]. Proceeding of the CSEE, 2014, 34(19): 3170 – 3177.

( , , , .

[J]. , 2014, 39(19): 3170 – 3177.)
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(Appendix)

, W = I . (17)

, x̂0

(Sz −Ax)TA = 0 (A1)

. A ∈ R
m×n, m > n. A=[a1, · · · , an], ai A

. A , (A1) x = x̂0 ,

Sz −Ax a1, · · · , an n . ,

(19) x̂m

(Sz − SAx)TA = 0 (A2)

. x̂m (A2),

Ax̂m = Ax̂0 + (A(ATA)−1AT)(Ax̂m − SAx̂m), (A3)

Ax̂0 = (A(ATA)−1AT)SAx̂m = (A(ATA)−1AT)Sz.

(A4)

m = 3, n = 1, �1 A = [a1] 1 ,

S

S =

⎡
⎢⎣
s1

s2

s3

⎤
⎥⎦ =

⎡
⎢⎣
0

1

1

⎤
⎥⎦ .

A1 .

A1 1

Fig. A1 The geometric relation of Theorem 1

:
−→
od Ax̂m;

−→
ob SAx̂m; −→oc Sz ;

−→
od0

Ax̂0;
−→
bd Ax̂m − SAx̂m;

−→
d0d

−→
bd �1

; A(ATA)−1AT ;
−→
bc

−→
ob

−→
od .

(17) x̂0 , t = 1 , (18)

x̂1 ,

Ax̂1=Ax̂0+(A(ATA)−1AT)(Ax̂0−SAx̂0)=
−→
od0 +

−−→
d0d1.

(A5)

d0d
−−→
b0d0=Ax̂0 − SAx̂0 �1 ;

, x̂t Ax̂t =
−→
od0+

−−→
d0dt;

−−→
d0dt

−−−−−−→
bt−1dt−1 = Ax̂t−1−

SAx̂t−1 �1 . (18),
−−→
btdt

−→
bd,

−→
bd = lim

t→∞
−−→
btdt, x̂m = lim

t→∞ x̂t.

, W

W =

⎡
⎢⎢⎣
w1

. . .

wm

⎤
⎥⎥⎦ .

Aw =
√
WA,

zw =
√
Wz,

,
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