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Abstract: This paper studies distributed quantization estimation and optimal bit allocation problems of a random vector

parameter given a total bit rate. Different from the existing literature generally assumed that each sensor quantization bit

rate is given rather than optimal bit allocation in researching the corresponding problem, this paper will combine the design

of the optimal quantizer, the optimal estimator algorithm and the optimal bit allocation problem under a given total bit. For

a vector state scalar observation of an observation model, we first give the optimal estimator and its error covariance matrix

in form based on the quantitative observation with the existing literature, and then to get a conclusion that the asymptotic

optimal quantizer of each sensor is actual the famous Lloyd-max quantizer, and that the asymptotic optimal quantitative

level of each sensor is proportional to the signal-to-noise ratio (SNR), at the same time, we introduce a suboptimal method

of solving the non-negative integer bit rate. Considering when the number of sensors is larger, the original optimal esti-

mator algorithm computational complexity is very big, we design a asymptotic equivalence iterative quantization estimator

algorithm, which can greatly reduce the calculation burden, and can apply to the network environment with some delay or

packet loss, so this method can also enhance the robustness of the algorithm. Simulation results show that our designed

method can achieve a significant amount of the estimation MSE reduction when compared with the uniform allocation

scheme in which each sensor quantizes its observation with the identical bit.
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2 (Problem formulation)
N ,

, θ

, θ ∈ R
p×1,

(fusion center),

θ ,

1 .

1

Fig. 1 Distributed quantization estimation scheme

n

xn = hθ + vn, n = 1, 2, · · · , N, (1)

: h ∈ R
1×p, {vn}Nn=1

. , θ ∼
N (0, Cθ), Cθ ∈ R

p×p, vn ∼ N (0, σ2
n),

xn ∼ N (0, hCθh
T + σ2

n).

.

:

,

{xn}Nn=1 , X := [x1, x2, · · · ,
xN ]

T, V := [v1, v2, · · · , vN ]T, (1)

X = Hθ + V, (2)

: H = [hT, · · · , hT]T, H ∈ R
N×p. CX =

HCθH
T + diag{σ2

1, · · · , σ2
N}, (2) X ∼

N (0, CX).

[15] X θ

(minimum mean square error, MMSE)

θ̂ = GX, (3)

Ĉθ = Cθ −GHCθ, (4)

G = CθH
TC−1

X .

,

,
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, .

: qn n ,

qn � 0, qn ∈ Z. n R
(n)
i :=

[τ
(n)
i , τ

(n)
i+1), {τ (n)

i }2qni=0 n ,

τ
(n)
0 = −∞, τ

(n)
2qn = ∞.

xn :

bn = i, iff xn ∈ R
(n)
i , (5)

i ∈ {0, 1, · · · , 2qn − 1} ,

2 . ,

.

2

Fig. 2 Quantizater structure

:

(MSE),

B, B = I , I = [i1, i2, · · · , iN ]T, in
bn , B = I θ

[16–17](QMMSE)

θ̄ = GE{X|B = I}, (6)

C̄θ = Ĉθ +Gvar(X|B = I)GT, (7)

var(X|B = I) p(X|B = I)

.

(MSE) ,

MSE := tr{EB(C̄θ)}, (8)

B .

,

.

: ,

, Q .

,

,

, θ

, ,

:

min MSE,

s.t.
N∑

n=1

qn = Q, qn � 0, qn ∈ Z. (9)

1 (5) ,

(6) B = I θ

, ,

, QMMSE .

3 (Main results)

QMMSE ,

,

, QMMSE

.

(9), .

3.1 (Asymptotically

optimal quantizer of each sensor)
,

σ2
1�σ2

2� · · ·�σ2
N , n (signal-noise

ratio, SNR)

γn :=

√
hCθhT + σ2

n

σ2
n

,

γ1 � γ2 � · · · � γN .

1
Lloyd-max .

(8) MSE ,

MSE = tr{Ĉθ}+ tr{GEB[var(X|B = I)]GT} =

tr{Ĉθ}+ tr{GMGT}, (10)

M . ,

, ,

[16–18], M

M = diag{m1,m2, · · · ,mN}, (11)

mn xn , mn = E{[xn − E(xn|
bn)]

2}.

CX = HCθH
T + diag{σ2

1, σ
2
2, · · · , σ2

N},

CX =

⎛
⎜⎜⎝
hCθh

T + σ2
1 · · · hCθh

T

...
...

...

hCθh
T · · · hCθh

T + σ2
N

⎞
⎟⎟⎠ . (12)

ϕ=
N∑

n=1

1

σ2
n

, ψ=
N∏

n=1

σ2
n, CX :

|CX | =

∣∣∣∣∣∣∣∣
hCθh

T + σ2
1 · · · hCθh

T

...
...

...

hCθh
T · · · hCθh

T + σ2
N

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣

hCθh
T + σ2

1 hCθh
T · · · hCθh

T

−σ2
1 σ2

2 · · · 0
...

...
...

...

−σ2
1 0 · · · σ2

N

∣∣∣∣∣∣∣∣∣∣
=

(hCθh
T + σ2

1)σ
2
2 · · ·σ2

N + hCθh
Tσ2

1σ
2
3 · · ·

σ2
N + · · ·+ hCθh

Tσ2
1σ

2
2 · · ·σ2

N−1 =

ψ(hCθh
Tϕ+ 1). (13)
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CX

C−1
X =

1

|CX |×⎛
⎜⎜⎜⎜⎝

M11 −M21 · · · (−1)1+NMN1

−M12 M22 · · · (−1)2+NMN2

...
...

...
...

(−1)N+1M1N (−1)N+2M2N · · · MNN

⎞
⎟⎟⎟⎟⎠ ,

(14)

Mij CX i j ,

(13)

Mii =
ψ

σ2
i

[hCθh
T(ϕ− 1

σ2
i

) + 1],

Mij = (−1)i+j−1hCθh
Tψ

σ2
i σ

2
j

, i �= j. (15)

(14) (15)

HTC−1
X =

1

hCθhTϕ+ 1
[
hT

σ2
1

,
hT

σ2
2

, · · · , h
T

σ2
N

] (16)

G =
1

hCθhTϕ+ 1
[
Cθh

T

σ2
1

,
Cθh

T

σ2
2

, · · · , Cθh
T

σ2
N

],

(17)

,

tr{GMGT} =
hCθCθh

T

(hCθhTϕ+ 1)2

N∑
n=1

mn

σ4
n

. (18)

tr{Ĉθ} , (9)

min
N∑

n=1

mn

σ4
n

,

s.t.
N∑

n=1

qn = Q, qn � 0, qn ∈ Z. (19)

, (19), ,
N∑

n=1

mn

σ4
n

{mn}Nn=1,

Lloyd-max [5–6],

.

2 ,

, . 1 ,

, ,

Lloyd-max .

3.2 (Optimal quantiza-

tion bit rate allocation scheme)
1

Lloyd-max ,

.

2
{q∗n}Nn=1 :

2q
∗
i

2q
∗
j
=

γi
γj

, i, j = 1, 2, · · · , N, (20)

q∗n =
Q

N
+log2(

γn

(
N∏

k=1

γk)
1
N

), n = 1, 2, · · · , N, (21)

S
[19–20],

:

k, k ∈
{1, 2, · · · , N}, ,

1

2
γk → γk, (22)

2 ,

(22) , .

Lloyd-max ,

[6]

mn =
π
√
3

2
× hCθh

T + σ2
n

4qn
. (23)

(SNR),

min
N∑

n=1

mn

σ4
n

⇔ min
N∑

n=1

γ2
n

4qn
. (24)

Q , [21]

(20),

q∗n =
Q

N
+ log2(

γn

(
N∏

k=1

γk)
1
N

), (25)

: q∗n n , n = 1, 2, · · · ,
N .

(25) {q∗n}Nn=1 ,
[19–20]

, .

3 2

[19–20] , , [19–20]

, ,

, ,

, ,

, ,

.

3.3 QMMSE (QMMSE estimator al-

gorithm)
1 2

,
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QMMSE , QMMSE

, QMMSE

. ,

.

B1:n := [b1, b2, · · · , bn]T, n = 1, 2, · · · , S,

{
θ̄(n) := E{θ|B1:n},
C̄θ(n) := E{[θ − θ̄(n)][θ − θ̄(n)]T|B1:n}. (26)

φn(i) :=
τ
(n)
i − μ(n)

σxn

,

: μ(n)= hθ̄(n− 1), σ2
xn

= hC̄θ(n− 1)hT+σ2
n,

{bn = in}Sn=1 ,

αn =
1√
2π

e−φ2
n(in)/2 − e−φ2

n(in+1)/2

F [φn(in + 1)]− F [φn(in)]
, (27)

βn = α2
n − 1√

2π
×

φn(in)e
−φ2

n(in)/2 − φn(in + 1)e−φ2
n(in+1)/2

F [φn(in + 1)]− F [φn(in)]
,

(28)

F (x) :=
� x

−∞
N (x; 0, 1)dx.

1 θ ∈ R
p×1,

f(θ), BS = [b1, b2, · · · , bS],
f(θ|BS) = f(θ)× p(b1|θ)

p(b1)
× p(b2|b1, θ)

p(b2|b1) × · · · ×

p(bS|bS−1, · · · , b1, θ)
p(bS|bS−1, · · · , b1) . (29)

,

p(θ|BS) =
p(θ,BS)

p(BS)
,

(29). .

, .

3 QMMSE S

. S ,
[22], .

f(θ|B1:n−1) , f(θ|
B1:n−1) = N (θ; θ̄(n− 1), C̄θ(n− 1)),

QMMSE

(quasi-QMMSE), :

n = 1, 2, · · · , S,

θ̄(n) = θ̄(n− 1) +
αnC̄θ(n− 1)hT√
hC̄θ(n− 1)hT + σ2

n

, (30)

C̄θ(n) = C̄θ(n− 1)− βnC̄θ(n− 1)hThC̄θ(n− 1)

hC̄θ(n− 1)hT + σ2
n

,

(31)

: θ̄(0) := 0, C̄θ(0) := Cθ. ,

(30) (31)S , θ̄ =

θ̄(S), C̄θ = C̄θ(S).

1 ,

{bn}Sn=1 θ ,

b1 θ , b2
,

, QMMSE

.

.

n , f(θ|B1:n−1)

,

f(θ|B1:n−1) = N [θ; θ̄(n− 1), C̄θ(n− 1)], (32)

xn ∼ N(μ(n), σ2
xn
). [16],

θ̄(n) = θ̄(n− 1) + g(n)×
[E(xn|B1:n−1, bn = in)− μ(n)] , (33)

C̄θ(n) =

C̄θ(n− 1)− g(n)hC̄θ(n− 1)+

g(n)var(xn|B1:n−1, bn = in)g
T(n), (34)

g(n) =
C̄θ(n− 1)hT

σ2
xn

.

E{xn|B1:n−1, bn = in} =� τ
(n)
in+1

τ
(n)
in

xnN [xn;μ(n), σ
2
xn
]dxn

� τ
(n)
in+1

τ
(n)
in

N [xn;μ(n), σ
2
xn
]dxn

=

μ(n) +
σxn√
2π

e−φ2
n(in)/2 − e−φ2

n(in+1)/2

F [φn(in + 1)]− F [φn(in)]
=

μ(n) + σxn
αn. (35)

(33),

θ̄(n) = θ̄(n− 1) +
αnC̄θ(n− 1)hT√
hC̄θ(n− 1)hT + σ2

n

. (36)

(30) .

,

var{xn|B1:n−1, bn = in} =

E{x2
n|B1:n−1, bn = in} − E2{xn|B1:n−1, bn = in} =

E{x2
n|B1:n−1, bn = in} − [μ(n) + σxn

αn]
2. (37)
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E{x2
n|B1:n−1, bn = in} =� τ

(n)
in+1

τ
(n)
in

x2
nN [xn;μ(n), σ

2
xn
]dxn

� τ
(n)
in+1

τ
(n)
in

N [xn;μ(n), σ2
xn
]dxn

=

σ2
xn√
2π

φn(in)e
−φ2

n(in)/2 − φn(in + 1)e−φ2
n(in+1)/2

F [φn(in + 1)]− F [φn(in)]
+

σ2
xn

+ 2μ(n)σxn
αn + μ2(n), (38)

var{xn|B1:n−1, bn = in} =

σ2
xn
[

1√
2π

Δ

F [φn(in + 1)]− F [φn(in)]
− α2

n + 1] =

σ2
xn
(1− βn), (39)

Δ = φn(in)e
−φ2

n(in)/2 −φn(in +1)e−φ2
n(in+1)/2.

(34),

C̄θ(n) = C̄θ(n− 1)− βnC̄θ(n− 1)hThC̄θ(n− 1)

hC̄θ(n− 1)hT + σ2
n

,

(40)

(31).

1, (30)–(31)S ,

θ̄ = θ̄(S), C̄θ = C̄θ(S). .

4 3 quasi-QMMSE ,

[23–25] , Q , ,

QMMSE . ,

, ,

,

θ , ,

θ , .

5 ,

,

xn = hnθ + vn, n = 1, 2, · · · , N, (41)

: θ ∼ N (0, σ2
θ), {hn}Nn=1 , vn ∼

N (0, σ2
n), (41)

x′n = θ + v′n, (42)

: x′n =
xn
hn

, v′n =
vn
hn

, x′n,

γ′n =
hn

√
h2nσ

2
θ + σ2

n

σ2
n

,

2 3

.

4 (Simulation research)
MATLAB

. ,

N = 10, θ ∼ N (0, I2), h = [1, 1],

1 .

1

, qn = 0 n . 1

, ,

.

1

Table 1 Optimal bit allocation

σ2
n γn Q(5) Q(10) Q(20) Q(30) Q(40) Q(50)

0.26 5.7820 2 3 5 6 7 8

0.37 4.1608 2 3 4 5 6 7

0.62 2.6107 1 2 3 4 5 6

1.24 1.4516 0 1 3 4 5 6

2.68 0.8072 0 1 2 3 4 5

3.76 0.6383 0 0 1 2 3 4

5.53 0.4962 0 0 1 2 3 4

8.41 0.3836 0 0 1 2 3 4

12.52 0.3044 0 0 0 1 2 3

15.27 0.2721 0 0 0 1 2 3

3 ,

3 ,

, , ;

, ,

,

, .

3 , h = [1, 1]

Fig. 3 Signal-to-noise ratio varies with respect to the noise

variance, where h = [1, 1]

4 quasi-QMMSE

MSE MSE (MMSE

MSE), , Q < N ,

Q . 4

MSE 5000

, 4 ,

, , MSE

.
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4 MSE

Fig. 4 MSE comparation of estimations

5 (Conclusions)

,

QMMSE ,

Lloyd-max ,

(SNR) ,

,

. , QMMSE

QMMSE (quasi-QMM

SE), QMMSE , ,

,

. , ,

;

, ,

.
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