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Sliding-mode extremum-seeking control for
all-electric active braking system in unmanned aerial vehicle

CHEN Xiao-lei†, LIN Hui, MA Dong-qi
(College of Automation, Northwestern Polytechnical University, Xi’an Shaanxi 710129, China)

Abstract: Given the online identification of the runway characteristics and the prior knowledge about the friction
model, the conventional active braking system is still unable to handle complicate runway conditions. To tackle this
problem, we propose a sliding-mode extremum-seeking controller for the all-electric active braking system in unmanned
aerial vehicle. For this controller, we develop a nonlinear state space model by considering nonlinearities and uncertainties
in electromechanical actuators, and then, this controller is simplified into a strict feedback linearization form, in which the
gradient of the friction coefficient is directly estimated by using a modified generalized Super-Twisting algorithm, and the
feedback linearization control law is employed to generate the reference braking pressure for the braking pedal to realize
the asymptotic tracking for the unknown optimal slip rate. The inverse control concept is adopted in the design of the
chatter-free sliding-mode controller to realize the tracking of the reference breaking pressure. By using Lyapunov theory,
we derive the asymptotic stability conditions for the control system, and determine the effects of the controller parameters
upon the system. Hardware-in-the-loop experimental results show that the proposed control approach is highly robust with
respect to the various runway surface conditions.

Key words: active braking systems; electromechanical actuator; extremum-seeking control; generalized super-twisting
algorithms; sliding-mode control; backstepping control
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[3],
,

, ,
.

,
, .

ABS ,
, .

, (slip ratio)
. ,

(friction coeffi-
cient) , ,

.
, ,

[4] [5] [6] .
,

. , ,
[7], .

,
, ,

. ,
, ,

, .
, ,

. [7–10]
,

, , .
,

, ,
, .

, (extremum seeking control,
ESC)

, ,
ESC[11] ESC[12]

ESC[13] , [14] [15]

[16] ,
[11–12, 17–18], [15],
[19] . ,

, [20] [21] [22]

. ESC ,
,

, ,
. Dincmen [11]

,
, ,

,
. Zhang

[12] ,

, ,
. Oliveira [17]

,
. Nesic [18]

ESC , ESC ,
.

ESC ,
. , ,

. , ,
,

.

, , 3
, (gen-

eralized super-twisting, GST)
[17], . [18]

ESC , GST
, , ,

.
(chattering free full-order sliding mode)

[23] ,
. ,

.

2 (Model of braking
system for UAV)

,
, ,

, ,
, .

2.1 (Braking dynamics of UAV)
, ABS

,
[24]. , ,

,
, ,

,
, .

,
[25].

mAv̇x + FX + nFf = 0, (1)

: mA , vx , FX

, n , Ff

.

FL + Fn + nFz −mAg = 0, (2)

: FL , Fn , Fz , g
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.

Jwω̇ = FfR−Bwω − Tb, (3)

: Jw , ω , R
, Bw , Tb . FfR

, .
,

Tb, , Tb

PA:

Tb = μf · nf · PA · (rd + rs)/2 = KbPA. (4)

: μf , nf , rd

, rs , Kb .

2.2 / (Slip-friction models)
, Tb , vx >

Rω, λ [26]

λ = (vx −Rω)/vx. (5)

, 0 �
λ � 1, λ = 0 ,

, λ = 1 .
Ff,

,

μ = Ff/Fz. (6)

μ , , μ

, [27] :

μ(λ, vx) = ep1e−p2λλ(p3λ+p4)e−p5vx , (7)

pi(i = 1, · · · , 5)
, . , μ

vx , μ μmax λ,
μmax, μ λ

μ(λ) , . μ(λ)
/ , ,

Burckhardt LuGre Rill Dahl [28]

. μ−λ ,
, , ,

1 .

1 /
Fig. 1 Tire-runway friction model

μ(λ) ,

λ∗ μ = μmax. ,
. λ ,

μ , Ff v̇x ,
λ = λ∗ , λ > λ∗, Ff

, λ ,
, .
λ λ∗

, λ(t) λ∗ .
λ∗ ,

, .

(5)

λ̇ = −R

vx
ω̇ +

Rω

v2x
v̇x, (8)

(1)(3) v̇x ω̇, (8)

λ̇ = − 1

vx
(
R2

Jw
+

n(1− λ)

mA
)Fzμ+

BwRω

vxJw
− 1− λ

vx

FX

mA
+

KbR

vxJw
PA. (9)

2.3 (Model of EMA)
2 .

2

Fig. 2 Structure of EMA in braking system

(brushless DC motors, BLDCM)
,

.
, ,

, . ,
, .

, ,
, BLDCM

⎧⎪⎪⎨
⎪⎪⎩

Uc = Rmi+ Li̇+ Ea,

Jω̇m = Te − Tl −Bvωm,

Te = KTi, Ea = Keωm,

(10)

: Uc , Rm , L ,
i , Ea , J ,
ωm , Te , Tl ,
Bv , KT , Ke
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. EMA PA

PA = cb(xE − xb), (11)

: cb , xE , xb

. ,
, , xb = 0.

PA = 2πTl/L0, ẋE = L0ω/2π, (12)

L0 . (11)

ṖA = cbL0ωm/2π. (13)

2.4 (Whole model and con-
trol objective)

,
,

, .
, EMA ,

,
. (9)–(13) , [λ,

PA, ωm, i],⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ̇ = − 1

vx
(
R2

Jw
+

n(1− λ)

mA
)Fzμ+

BwRω

vxJw
−

1− λ

vx

FX

mA
+

KbR

vxJw
PA,

ṖA = cbL0ωm/2π,

ω̇m = − 1

J

L0

2π
PA − Bv

J
ωm +

KT

J
i+ d1,

i̇ = −Ke

L
ωm − Rm

L
i+

1

L
Uc + d2,

y = μ(λ).

(14)

: vx v̄x ,
v̇x. ,
[29], v̄x � vx,

. v̇x (1) Ff,
, Fz (2) :

Fnb− nFza− nFfhc = 0. (15)

: b , a
, hc . Ff Fz

μ, y .⎧⎪⎨
⎪⎩

Ff = (−mAv̇x − FX)/n,

μ =
n(a+ b)Ff

bmAg − bFL − nFfhc
,

(16)

FX FL

FX =
1

2
CdρaSAv

2
x, FL =

1

2
CLρaSAv

2
x. (17)

: Cd , ρa , SA

, CL . , (14)
, . Uc ,

y , d1, d2 , .

: (14)
, λ(t) λ∗ ,

y ,
.

1 μ(λ) ,
, λ = λ∗ μ(λ) ,

cλ
∂2μ(λ)

∂λ2
� cλ, ∀λ ∈ [0, 1];

2 di(i = 1, 2) Lipschitz ,
ρi |ḋi| < ρi;

3 vx, ω,
PA, ωm i , v̇x .

3 (Controller design)
,

EMA EMA
, ,

.

3.1 (Slip ratio subsystem
design)

,
P ∗

A, λ(t) λ∗(t) . v̇x ,
(9)

λ̇ =
Rω

v2x
v̇x − R2Ff

vxJw
+

BwRω

vxJw
+

KbR

vxJw
PA. (18)

λd(t),

P ∗
A =

cvxJw(λd − λ)

KbR
− Jwωv̇x

Kbvx
+

RFf

Kb
− Bwω

Kb
+

vxJwλ̇d

KbR
, (19)

Ff (16) , v̇x , P ∗
A

μ(λ). c > 0, (19) ,

λ̇d − λ̇ = −c(λd − λ), (20)

λ(t) λd(t).
, λd(t) λ∗(t). GST
, GST ,

, [30].

λ̇d = εη, ε > 0, λd(0) > 0, p =
∂μ

∂λ
|λ=λ(t)

, :⎧⎪⎪⎨
⎪⎪⎩

˙̂y = −k1φ1(ŷ − y) + εηp̂,

˙̂p = −k2εηφ2(ŷ − y),

η = k3sat(p̂,M) + δ sin(ε�t).

(21)
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: y (16) , ŷ, p̂ y, p ;
ki(i = 1, 2, 3) M ; sat(p̂,M) ±M

; δ, � ,
. ỹ = ŷ − y, φ1(ỹ),

φ2(ỹ)⎧⎨
⎩

φ1(ỹ) = μ1|ỹ|1/2sgn ỹ + μ2ỹ,

φ2(ỹ) =
1

2
μ2
1sgn ỹ +

3

2
μ1μ2|ỹ|1/2sgn ỹ + μ2

2ỹ,

(22)

μ1, μ2 .

ESC ,
[11]

.

,
. ,

,
. ,

μ(λ) [11], (21) , η
:

η = [k3sat(p̂,M) + δ sin(ε�t)] e(−τs|δs|), (23)

: δs , τs .

3.2 EMA (Mechanical subsystem
design of EMA)

EMA ,
i∗, PA P ∗

A .
. i∗ EMA

, EMA
, ,

EMA .
, ,

, ,
,

. ,
, .

,
[31], . z1 =

PA − P ∗
A, ż1 = ṖA − Ṗ ∗

A,

s1 = z̈1 + c12sgn ż1|ż1|α12 + c11sgn z1|z1|α11 ,

(24)

: c12, c11 , α11 = α12/(2− α12) , α12 ∈
(1− εα, 1), εα ∈ (0, 1). ,
s1 = 0, z1 ,

, [23].

i∗

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i∗ =
2πJ

cbL0KT
(i∗eq + i∗sw),

i∗eq =
cbL0

2π
(
1

J

L0

2π
PA +

Bv

J
ωm) + P̈ ∗

A−
c12 sgn ż1|ż1|α12 − c11 sgnz1|z1|α11 ,

i̇∗sw + T1i
∗
sw = υ1,

υ1=− (kd1
+ kT1

+ η1) sgns1 − κ1s1,

(25)

:
2πJi∗eq
cbL0KT

,
2πJi∗sw
cbL0KT

,

i∗sw(0) = 0, T1, η1 . (25) i∗sw :

i∗sw(t) = (i∗sw(t0)− υ1/T1)e
t−t0 + υ1/T1, (26)

i∗sw υ1 , i∗sw
υ1 , . (14)(25)

(24),

s1 =
cbL0

2π
(− 1

J

L0

2π
PA − Bv

J
ωm)−

P̈ ∗
A +

cbL0

2π
d1 + (i∗eq + i∗sw) +

c12 sgn ż1|ż1|α12 + c11 sgn z1|z1|α11 =

cbL0

2π
d1 + i∗sw. (27)

Lyapunov

Vp =
1

2
s21. (28)

(28) , (25)(27)

V̇p = s1(
cbL0ḋ1
2π

+ υ1 − T1i
∗
sw) =

(
cbL0ḋ1
2π

− kd1
|s1|)− (T1i

∗
sws1 + kT1

|s1|)−
η1|s1| − κ1s

2
1. (29)

kd1
> cbL0ρ1/2π , kT1

� T1 |i∗sw(t)|, κ1 > 0,

V̇p � −κ1s
2
1 − η1 |s1| < 0, |s1| �= 0. (30)

(30)
[23], ,

z1(0) �= 0 z1 = 0.

(25) , i∗,
, ,

, P ∗
A .

[32] P̈ ∗
A,

, t � t0 ,
.

3.3 EMA (Electrical subsystem
design of EMA)

,
, ,
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,
, .

, i

i∗. z2 = i− i∗,

s2 = ż2 + c2 sgn z2|z2|α2 , (31)

: c2 , 0 < α2 < 1. Uc⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Uc = L(Uceq + Ucsw),

Uceq=
Ke

L
ωm+

Rm

L
i+ i̇∗−c2sgn z2|z2|α2 ,

U̇csw + T2Ucsw = υ2,

υ2=− (kd2
+ kT2

+ η2) sgns2 − κ2s2.

(32)

: LUceq , LUcsw ,
Ucsw(0) = 0, T2, η2 . Uc

, .
,

3 .

3

Fig. 3 ESC with sliding mode for UAV braking systems

3.4 (Stability analysis)
:

1 y = h(x)

|∂
2h(λ)

∂x2
| � cp, ∀x ∈ R x∗, ẋ = u,

u , x0 = x(0), (33)
GST ,

x(t) x∗ [17].⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̂y = −k1φ1(ỹ) + up̂,

˙̂p = −k2uφ2(ỹ),

u = k3sat(p̂,M) + δ sin(�t),

φ1(ỹ) = μ1|ỹ|1/2 sgn ỹ + μ2ỹ,

φ2(ỹ)=
1

2
μ2
1 sgn ỹ+

3

2
μ1μ2|ỹ|1/2 sgn ỹ+μ2

2ỹ,

(33)

: k1, k2, M , k3 > δ/M , μ1 � 0, μ2

.

1 (14)
, (19) – (22) ,

(25) , (32) ,
1–3,

, si , ESC ,
, λ(t) λ∗(t) .

, 1 ,
(21) λ(t) λ∗(t).

,
p̃ = p̂− p, (21)

˙̃y = −k1φ1(ỹ(t)) + εη(t)p̃(t),

˙̃p = −k2εη(t)φ2(ỹ(t)) + d(t).
(34)

: d(t) = −ṗ(t), 1 (21) ,
|d(t)| � cλε(k3M + δ) = b. Lyapunov

Vλ(t, ζ) = ζ(t)
T
P (t)ζ(t), (35)

ζ(t) = [φ1(ỹ(t)) p̃(t)]
T, P (t) = PT(t) ∈ R

2×2

Lyapunov :⎧⎪⎪⎨
⎪⎪⎩

Ṗ (t) +AT(t)P (t) + P (t)A(t) = −Q(t),

A(t) =

[
−k1 εη(t)

−k2εη(t) 0

]
.

(36)

: a1I ≺ P (t) ≺ a2I , 0 < a1 < a2, Q(t) � a3I ,
a3 > 0. (35) , [17] 1 :

V̇λ � −(a3μ2 − 2a21)‖ζ‖2 −
(
1

2
a2μ

2
1 − 4a2b) ‖ζ‖+ a21b

2, (37)

a21 = a2 − a1. μ2 > 2a21/a3

. V̇λ(t, ζ) � 0, ‖ζ‖ � Γ (b):

Γ (b)=
1

2β
[

√
(0.5a2μ2

1−4a2b)
2
+4βa21b2 −

(0.5a2μ
2
1 − 4a2b)], (38)

β=a3μ2−2a21. lim
t→∞

sup||ζ||�√
a2/a1 ·

Γ (b). |p̃| � ‖ζ‖ (21) , ε0 > 0,
Tε0 < ∞, :

|p| �
√
a2/a1Γ (b) + δ/k3 + ε0, ∀t � Tε0 , (39)

sgn η(t) = sgn p(t) . Dε0 , b = {x :
|p| � √

a2/a1Γ (b)+δ/k3+ε0} Nε0,b=[minDε0,b,

maxDε0,b]\Dε0,b, , λd(t)

∈ Dε0,b, ∀t � Tε0 , λd(t) t � Tε0

Nε0,b. ε b , ε1 b1, λd ∈ Nε1,b1

,

(λd − λ∗)p(λd − λ∗) � −C(λd − λ∗)2, (40)

C > 0, Hessian . λ̃ = λd − λ∗,
(39)–(40) t � Tε1

|λ̃(t)|�C−1[
√
a2/a1Γ (b)+(δ/k3+ε0)], (41)
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(40) , Nε0,b

λ∗(t) , Nε0,b ,
ε ,

.

, (32)

s2 = d2 + Ucsw. (42)

(42)

ṡ2 = ḋ2 + υ2 − T2Ucsw =

ḋ2 − (kd2
+ kT2

+ η2)sgn s2 − κ2s2 − T2Ucsw.

(43)

Lyapunov

V = Vλ + Vp + 0.5s22, (44)

(44)

V̇ = V̇λ + V̇p + s2ṡ2 �
V̇λ − κ1s

2
1 − η1|s1| −

(T2Ucsw + kT2
|s2|)+(ḋ2s2 − kd2

|s2|)−
η2|s2| − κ2s

2
2. (45)

kd2
> ρ2, kT2

� T2 |Ucsw(t)|, κ2 > 0.

V̇ � V̇λ − κ1s
2
1 − κ2s

2
2 − η1 |s1| − η2 |s2| � V̇λ.

(46)

(37) , .

4 HIL (HIL experiment verification)
4.1 HIL (Harware-in-the loop test bench)

,
HIL

,
,

, , .
,

, HIL ,
,

. , HIL
ABS , [33–34]

,
. HIL 4 .

HIL ,
ABS , EMA,

. ,

, LabWindows
. , Simulink

, , ABS
, ,

. ,
, .

4 HIL

Fig. 4 Structure of HIL test bench

4.2 (Experimental results)
EMA 1 :

1 EMA
Table 1 Typical parameters of UAV and EMA

mA 5000 kg

n 2
Jw 0.95 kg ·m2

R 0.3 m

Bw 0.01 N ·m/rad

Kb 3.7× 10−4

a 2.424 m

b 4.527 m

hc 1.878 m

Cd 0.1027 N · s2/m2

ρa 1.2092 kg/m3

SA 31 m2

CL 0.359 N · s2/m2

Rm 1.0 Ω

L 1.2 × 10−3 H

J 6.38× 10−4 kg ·m2

Bv 0.02 N ·m/rad

KT 0.4 N ·m/A

Ke 0.6 V · rad/s
L0 0.008 m

cb 5.0 × 106 N/m

,
.

,
di , .

ESC : k1=5, k2=25, k3=0.3,M=

10, δ=0.01, �=3, μ1=0.5, μ2=5, λd(0)=0.1, c=

5. : c12=7, c11=10, c2=5, α12=α2=

9/16, α11=9/23, : T1 =
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0.01, T2 = 0.002, kd1
= kd2

= 4, kT1
+ η1 = kT2

+

η2 = 3.
, μ(λ) [12]:

μ(λ) = 2μmaxλ
∗λ/(λ∗2 + λ2). (47)

λ∗ = 0.25, μmax = 0.8.
vx(0) = 72m/s, ω(0) = 240 rad/s,

λ(0) = 0. λd(0) = 0.1, 5 .

5

Fig. 5 Experimental results on dry asphalt runway

5 , GTS ŷ y,
λd λ∗,

, λ λ∗ . (14) ,
vx , KbR/vxJw

, (19) . vx
,

UAV.

,
,

, ,
. λ∗ = 0.15, μmax = 0.25,

6 .

6

Fig. 6 Experimental results on icy runway

,
,

. PID
, 7 .
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7 PBM

Fig. 7 Experimental results of PBM control on icy runway

,
, .

, .

5 (Conclusions)

,
,

, :

1) ,
GST ,

,
,
. HIL ,

,
;

2) ,
,

, ;

3) Lyapunov ,
,

,
.
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