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Finite time control design for re-entry hypersonic vehicle with
disturbance observer
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Abstract: The finite time attitude tracking control problem is investigated based on disturbance observer for the reentry

hypersonic vehicles with bounded external disturbances and model uncertainties. Firstly, the attitude model is divided into

a two-loop structure based on the multiple time scale technique, and then terminal sliding mode controllers are designed for

each loop. Secondly, disturbance observer is designed to estimate external disturbances and uncertainties, and the chattering

caused by the big controller parameters of the sliding mode control can be eliminated. Stability is presented on the basis

of Lyapunov analysis. Finally, simulation is carried out to demonstrate the effectiveness of the proposed controller for the

6-DOF reentry model.
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[10–13], [14–19].

,

,

: 1) ,

,

; 2) ,

,

; 3) Lyapunov

, ; 4) ,

, X–33 6 ,

.

2 (Reentry

model of hypersonic vehicle)

,

,

. ,

,

, :

α̇ = −[r sinα+ p cosα] tanβ + q+

sinμ

cosβ
[−φ̇ sinχ sin γ + χ̇ cos γ−

cosμ

cosβ
[γ̇ − φ̇ cosχ− (Ω + θ̇) cosφ sinχ]+

(Ω + θ̇)(cosχ cosφ sin γ − sinφ cos γ), (1)

β̇ = −r cosα+ p sinα+ sinμ[γ̇ − φ̇ cosχ+

(Ω + θ̇) cosφ sinχ] + cosμ[χ̇ cos γ−
φ̇ sinχ sin γ − sinφ cos γ)]−
(Ω + θ̇) cosφ cosχ sin γ, (2)

μ̇ = −q sinβ − p cosα cosβ + α̇ sinβ−
χ̇ sin γ − r sinα cosβ − φ̇ sinχ cos γ+

(Ω + θ̇)[sinφ sin γ + cosφ cosχ cos γ], (3)

ṗ =
Izz(Mx +Mz)

IxxIzz − I2xz
+

(Ixx − Iyy + Izz) Ixz
IxxIzz − I2xz

pq+

(Iyy − Izz) Izz − I2xz
IxxIzz − I2xz

qr, (4)

q̇ =
My

Iyy
+

Izz − Ixx
Iyy

pr +
Ixz
Iyy

(
r2 − p2

)
, (5)

ṙ =
IxzMx

IxxIzz − I2xz
+

IxxMz

IxxIzz − I2xz
+

(Ixx − Iyy) Ixx + I2xz
IxxIzz − I2xz

pq+

(Iyy − Ixx − Izz)Ixz
IxxIzz − I2xz

qr, (6)

α, β, μ 3 :

, p, q, r 3 :

.

φ, θ, v, χ, γ

, Mx, My, Mz

; Iij(i = x, y, z; j = x, y,

z) .

2.1 (Control-oriented model)
(1)–(6) ,

, ,

,

, .

,

; , ,

0 , sinβ ≈ 0, cosβ ≈ 1, tanβ ≈
0. ,

(4)–(6) :⎧⎪⎪⎨
⎪⎪⎩
α̇ = q − [r sinα+ p cosα] tanβ +Δd1,

β̇ = −r cosα+ p sinα+Δd2,

μ̇ = −[r sinα+ p cosα] cosβ − q sinβ +Δd3.

(7)

ΔdM = [d21 d22 d23]
T ,

ΔD2 = I−1(ΔdM −ΦΔIω −ΔIω̇). (8)

,

(4)–(6) (7) :⎧⎨
⎩Θ̇ = Rω +ΔD1,

ω̇ = f(ω) + I−1M +ΔD2,
(9)

:

f(ω) = I−1ΦIω, Θ = [α β σ]T, ω = [p q r]T

, M =

[Mx My Mz]
T , ΔD1 =

[Δd1 Δd2 Δd3]
T, ΔI

, R, I ,

Φ

R =

⎡
⎢⎣− cosα tanβ 1 − sinα tanβ

sinα 0 − cosα

− cosα cosβ − sinβ − sinα cosβ

⎤
⎥⎦ ,

I=

⎡
⎢⎣ Ixx −Ixy −Ixz
−Ixy Iyy −Iyz
−Ixz −Iyz Izz

⎤
⎥⎦ , Φ=

⎡
⎢⎣ 0 −r q

r 0 −p
−q p 0

⎤
⎥⎦ .

, , ,

α, β, μ .
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3 (Terminal sliding mo-

de control design)
,

, (9)

( ) ( ),

,

. ,

(9) ,
[7].

1 η1,

‖ΔD1‖ � η1.

2 η2,

‖ΔD2‖ � η2.

3.1 (Attitude angle loop

control design)
,

;

, ,

;

. ,

.

3.1.1 (Attitude angle loop

observer design)
[20]

, ,

.

(9) ΔD1 :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̂
Θ = Rω +ΔD̂1 + λ13(Θ − Θ̂),

Δ
˙̂
D1 = z12 + λ12(Θ − Θ̂),

ż12 = z13 + λ11(Θ − Θ̂),

ż13 = λ10(Θ − Θ̂).

(10)

λ10, λ11, λ12, λ13,

e
(4)
1 + λ13e

(3)
1 + λ12e

(2)
1 + λ11e

(1)
1 + λ10 = 0

Hurwitz , e1
[20], :

‖e1‖ � ε1, (11)

: e1 = (e11, e12, e13)
T, ε1 > 0 .

,

.

3.1.2 (Attitude

angle loop terminal sliding mode controller

design)
: 1 ,

,

,

; 2 , ,

.

eΘ = Θ −Θc, (12)

Θc .

(12), :

sΘ = eΘ +
� t

0
(K11eΘ +K12e

q1/p1

Θ )dt, (13)

: p1, q1 , q1 < p1 < 2q1, K11, K12 > 0

.

(13) ,

ṡΘ = ėΘ +K11eΘ +K12e
q1/p1

Θ =

Θ̇ − Θ̇c +K11eΘ +K12e
q1/p1

Θ =

Rω +ΔD1 − Θ̇c +K11eΘ +K12e
q1/p1

Θ .

(14)

,
[18]

ṡΘ = −KΘsgn sΘ, (15)

KΘ = diag {kΘ1, kΘ2, kΘ3
} > 0.

eω Tω

, (14)–(15), :

ωc = R−1(Θ̇c −K11eΘ −K12e
q1/p1

Θ −
KΘsgn sΘ −ΔD̂1). (16)

(16) (14),

ṡΘ = −KΘsgn sΘ + e1, (17)

eω = ω − ωc

.

3.2 (Attitude angular

rate loop control design)

, (12), (19)

eω .

(14), (23)

ėω = f(ω) + I−1M +ΔD2 − ω̇c. (18)

,

ΔD2,

.
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3.2.1 (Attitude angu-

lar rate loop observer design)
ΔD2 ΔD̂2, ΔD̂2

ΔD2 , :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̂ω = f(ω) + I−1M +ΔD̂2 − ω̇c + λ23(ω − ω̂),

Δ
˙̂
D2 = z22 + λ22(ω − ω̂),

ż22 = z23 + λ21(ω − ω̂),

ż23 = λ20(ω − ω̂).

(19)

e2 = ΔD2 −ΔD̂2, λ20,

λ21, λ22, λ23, e
(4)
2 + λ23e

(3)
2 + λ22e

(2)
2 + λ21e

(1)
2 +

λ20 = 0 Hurwitz , e2
[20], :

‖e2‖ � ε2, (20)

: e2 = (e21, e22, e23)
T, ε2 > 0 .

,

.

3.2.2 (Atti-

tude angular loop terminal sliding mode con-

troller design)
eω,

:

sω = eω +
� t

0
(K21eω +K22e

q2/p2
ω )dt, (21)

: p2, q2 , q2 < p2 < 2q,

K21,K22 > 0 .

(24) ,

ṡω = ėω +K21eω +K22e
q2/p2
ω =

ω̇ − ω̇c +K21eω +K22e
q2/p2
ω =

f(ω) + I−1M +ΔD2 − ω̇c +

K21eω +K22e
q2/p2
ω . (22)

, [21]

ṡω = −Kωsgn sω, (23)

Kω=diag{kω1, kω2,kω3
}>0. (21) (22),

:

M = I(−K21eω −K22e
q2/p2
ω −ΔD̂2 +

ω̇c + I−1ΦIω −Kωsgn sω). (24)

(24) (22),

ṡω = −Kωsgn sω + e2. (25)

1
, , ,

, ,

, sω , eω ;

sΘ , eΘ , ,

, KΘ Kω

. ,

, .

4 (Stability analysis)
1 (9) (24),

KΘ = diag{kΘ1, kΘ2, kΘ3
}, Kω = diag{kω1,

kω2, kω3
}, kΘi > aΘi + ε1i, kωi > aωi + ε2i, i

= 1, 2, 3 (ε1i, ε2i , aΘi, aωi

) , ,

, .

Lyapunov :

V = 1/2sTΘsΘ + 1/2sTωsω. (26)

(17) (25), (26)

V̇ = sTΘṡΘ + sTωṡω =

sTΘ(−KΘsgnsΘ + e1) + sTω(−Kωsgnsω + e2) =

−sTΘKΘsgnsΘ + sTΘe1 − sTωKωsgnsω + sTωe2 �
−kΘ1 |sΘ1| − kΘ2 |sΘ2| − kΘ3 |sΘ3|+ ε11 |sΘ1|+
ε12 |sΘ2|+ ε13 |sΘ3| − kω1 |sω1| − kω2 |sω2| −
kω3 |sω3|+ ε21 |sω1|+ ε22 |sω2|+ ε23 |sω3| .

(27)

kΘi > aΘi + ε1i, kωi > aωi + ε2i, i= 1, 2, 3, aΘi,

aωi > 0, (27)

V̇ �− aΘ1 |sΘ1| − aΘ2 |sΘ2| − aΘ3 |sΘ3| −
aω1 |sω1| − aω2 |sω2| − aω3 |sω3| �
− aΘmin

(|sΘ1|+ |sΘ2|+ |sΘ3|)−
aωmin(|sω1|+ |sω2|+ |sω3|) �
− amin(|sΘ1|+ |sΘ2|+ |sΘ3|+ |sω1|+
|sω2|+ |sω3|), (28)

: aΘmin
=min{aΘ1, aΘ2, aΘ3}, aωmin=min{aω1,

aω2, aω3}, amin=min{aΘmin
, aωmin}. [22]

V̇ �− amin(|sΘ1|2 + |sΘ2|2 + |sΘ3|2 +
|sω1|2 + |sω2|2 + |sω3|2) 1

2 =

− 2
1
2aminV

1
2 . (29)

[23] , 0,

, [24–25] ,

.

2 ,

, , ,

,

.
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3 [26],

, ,

, . ,

S .

5 (The elimination

of the virtual control singularity problem)
, (17) ,

(17) KΘsgn sΘ, ωc ,

, [27–29] . ,

,

:

sat(s) =

{
s/ε, |(s/ε)| � 1,

sgn(s/ε), |(s/ε)| > 1.
(30)

, ,

.

,

( ),

Sigmoid [30]:

sig(s) =
2

1 + exp(−as) − 1, (31)

a > 0 . Sigmoid

. , (17)

(25)

ωc = R−1(Θ̇c −K11eΘ −K12e
q1/p1

Θ −
KΘSIG(sΘ)−ΔD̂1), (32)

M = I(−K21eω −K22e
q2/p2
ω −ΔD̂2+

ω̇c + I−1ΦIω −KωSIG(sω)), (33)

: SIG(sΘ) = [sig(sΘ1) sig(sΘ2) sig(sΘ3)]
T,

SIG(sω) = [sig(sω1) sig(sω2) sig(sω3)]
T.

6 (Simulation analysis)
[31] X--33

,

h0 = 260000 ft, v0 = 24061 ft/s,

φ0 = 0 ◦, θ0 = 0◦, γ0 = −1.064◦,
ψ0 = 0◦, α0 = 12.60◦, β0 = −11.46◦,
μ0 = −27.29◦, p = q = r = 0(◦)/s.

d21 = 104 × (1 + sin(πt/125) + sin(πt/250)),

d22 = 104 × (1 + sin(πt/125) + sin(πt/250)),

d23 = 104 × (1 + sin(πt/125) + sin(πt/250)).

I =

⎡
⎢⎣434270 0 −17880

0 961200 0

−17880 0 1131541

⎤
⎥⎦ .

ΔI = 30%I ,

p1 = p2 = 7, λ10 = λ20 = 5diag {1, 1, 1},
q1 = q2 = 5, λ11 = λ21 = 9diag {1, 1, 1},
λ12 = λ22 = λ23 = λ13 = 10diag{1, 1, 1},
K11 = K12 = KΘ = diag {1, 3, 1, 1},
K21 = K22 = Kω = 1.8diag {1, 1, 1}, a = 1.

1–4,

, .

1

,

,

. 2

3 . 3

. 4

,

,

. ,

.

1 :

Fig. 1 Response of attitude angle of the proposed control method
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2 :

Fig. 2 Response of attitude angle error of the proposed control method

3 :

Fig. 3 Response of attitude angular rate of the proposed control method

4 :

Fig. 4 Response of control input of the proposed control method

,

,
[26], .

: K11 = K12 =

diag{1, 1, 1}, K21 = K22 = diag{1, 1, 1}, p1 =

p2 = 9.

5–8, ,

.

5 :

Fig. 5 Response of attitude angle of terminal sliding mode control
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6 :

Fig. 6 Response of attitude angle error of terminal sliding mode control

7 :

Fig. 7 Response of attitude angular rate of terminal sliding mode control

8 :

Fig. 8 Response of control input of terminal sliding mode control

5–8 1–4 : 1)

;

. 2) ,

,

,

,

, .

7 (Conclusions)
,

,

,

,

,

. ,

.
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