
33 11

2016 11 Control Theory & Applications
Vol. 33 No. 11

Nov. 2016

DOI: 10.7641/CTA.2016.50618

1, 2, 2†

(1. , 528000; 2. , 510640)

: , , ,

, . ,

, , .

, .

BSM1 , ,

, .

: ; ; ; ;

: TP273 : A

Dynamic fault diagnosis via variational Bayesian mixture factor
analysis with application to wastewater treatment
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Abstract: Exposure to variables coupled, significant nonlinearities, parameters shift and time delay in the wastewa-

ter treatment processes often result in sensors unavailable and even the entire plant not to be optimized and diagnosed

efficiently. Therefore, this work presents the design of a dynamic fault diagnosis method on the basis of the variational

Bayesian mixture factor analysis (VBMFA) together with the dynamic data. Also, the mixture factors can be identified in

a semi-adaptive way. The purpose of proposed methodologies is to capture strong nonlinearity and the significant dynamic

feature of WWTPs, which seriously limit the application of conventional multivariate statistical methods for fault diagnosis

implementation. The performance of our proposed method is validated through a simulation study at BSM1. Results have

demonstrated that the proposed strategy can significantly improve the ability of fault diagnosis under fault-free scenario,

accurately detect the abrupt change and drift fault, and even localize the root cause of corresponding fault properly.

Key words: fault diagnosis; wastewater treatment; variational Bayesian learning; mixture factor analysis; semi-adaptive

1 (Introduction)
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[2]. ,

(principal component analysis, PCA)[3–5]

(partial least squares, PLS)[6]

,
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T 2 (squared prediction

error, SPE) .

PCA PLS
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(independent component analysis, ICA)
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,
[8]. ,

(fisher discriminant analysis,

FDA)[9] (canonical variable analys-

is)[10] (support vector machine, SVM)[11],

,

. PCA(probabilistic principal co-

mponent analysis, PPCA) ,

,

,
[4]. (factor analysis,

FA) ,

PPCA [12]. , FA

,

. ,

FA PCA [13],

, ,

( :

) ( , )
[14]. ,

. , : 1)

; 2)

; 3) ,

.

,

(VBMFA) ,

, .

, VBMFA ,

,

. PCA T 2 SPE

, VBMFA

T 2 SPE .

, ,

, ,

.

,

,

,

. ,

.

: 1) ; 2)

VBMFA ; 3)

; 4)

; 5)

.

2 FA

VBMFA ; 3 VBMFA

T 2 SPE ;

4 BSM1

; .

2 (Model reasoning)
2.1 (Factor analysis)

, [14],

, . PCA,

x ∈ R
m t e∈R

m

μ ∈ R
m . :

x = Λt+ μ+ e, (1)

: Λ ∈ R
(m×k) , m , k

, e , Ψ

. θ = {μ,Λ, Ψ}
.

, ,

PCA ,

. ,
[15].

2.2 (Variational

Bayesian mixture factor analysis)
FA

, , .

, (2) FA

xi, .

p(xi|π,Λ, μ, Ψ) =
S∑

si

p(si|π)p(xi|si,Λ, μ, Ψ), (2)

: S , π

, si s

i , Λ = {Λs}Ss=1

, Λs s

.

, , Dirichlet

π[13], (3):

p(π|a∗m∗) = Dir(π|a∗m∗), (3)

: a∗ , m∗ = [
1

S
, · · · , 1

S
]. ,

S , π ,

p(π|a∗m∗) a∗ .

, , (4):

p(Λ|ν) =
S∏

s=1

p(Λs|νs) =
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S∏

s=1

ks∏

j=1

p(Λs
.j|νs

j ) =
S∏

s=1

ks∏

j=1

p(Λs
.j|0, I/νs

j ), (4)

: Λs
.j s j ,

νs
j , ks s

ts .

ν =
{
νs
j

}kS

j=1

, s FA νs

p(ν|a∗, b∗) =
S∏

s=1

kS∏

j=1

Ga(νs
j |a∗, b∗), (5)

: a∗ b∗ .

(6):

p(μ|μ∗, ν∗) =
S∏

s=1

N(μs|μ∗, diag{ν∗}−1), (6)

: μ∗ , ν∗

. μ∗ ν∗ A.

VBMFA 1 . ,

S FA N

, , FA

,

.

1 VBMFA

Fig. 1 The formulation for VBMFA

(A2) ,

q(si) .

FA , F .

FA (automatic

relevance determination, ARD) [17].

3 VBMFA (Dynamic

process monitoring based on VBMFA)
3.1 (Monitoring index)

, VBMFA

, FA ,

. ,

,
[18]. ,

VBMFA ,

T 2 SPE .

.

, .

, ,

, ,

, .

VBMFA ,

. ,

x

x̃ = [x(k) x(k − 1) · · · x(k − r)], (7)

: k , r .

(Akaike information criterion,

AIC) (auto correlation function, ACF),

(1)–(6) .

, (8)(12) :

T 2
s = t̂sT(var(t̂s))−1t̂s, (8)

:

t̂s = E(ts|x̃, s, θ) = Σs〈ΛsTΨ−1(x̃− μs)〉q(Λ̄s),

(9)

var(t̂s) = Σs = (I + 〈ΛsTΨ−1Λs〉q(Λ̄s))
−1. (10)

(10) s FA T 2 ,

s :

ês = x̃− μs − Λst̂s. (11)

s SPE :

SPEs = êsT ∗ ês. (12)

, T 2 SPE χ2 ,

:

T 2
s � T 2

lim = χ2
α(ks), (13)

SPEs � SPElim = χ2
α(p), (14)

: s = 1, 2, · · · , S, ks s FA

, p , α .

xnew, :

t̂snew = E(tnew|x̃new, s, θ) =

Σs〈ΛsΨ−1(x̃new − μs)〉q(Λ̄s), (15)

T 2
s,new = t̂sTnew (var(t̂s))−1t̂snew, (16)

êsnew = x̃new − μs − Λst̂snew, (17)

SPEs,new = êsTnewê
s
new. (18)

,
[19], . ,

, VBMFA

. , , ,
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,

.

VBMFA , VBMFA

, , ,

,

FA .

xnew

, FA xnew

(19) :

q(snew) =

1

Znew

exp[Ψ(αms)−Ψ(α)+
1

2
ln|Σs| −

1

2
tr[Ψ−1〈ΥΥ T〉]q(Λ̄s)q(t|s)], (19)

Υ = xnew − Λ̄s[ts; 1].

T 2 SPE ST 2

SSPE, :

ST 2
new =

S∑

s=1

q(snew)T
2
s,new, (20)

SSPEnew =
S∑

s=1

q(snew)SPEs,new. (21)

T 2 FA Ks

, , (22):

T 2 � T 2
lim =

S∑

s=1

q(snew)χ
2
α(ks). (22)

SPEχ2
α(p) , , SPE

. , FA

, , ST 2
SSPE

,

.

3.2 (Control limits setting)
,

.

, ,

.

,

. ,

, ,

, .

,

.

,

, ,

, .

, ,

,

3 .

4 (Simulation research)
4.1 (Simulation platform)

,

, ,

, ,

.

, (IWA)

(benchmark simulation model 1,

BSM1) ,

,

. BSM1 2 .

2 BSM1

Fig. 2 The schematic of wastewater plant for BSM1

4.2 (Data pretreatment)
16 ,

, 1 .

1

Table 1 Selected sensors for process monitoring

1 (mg· N/l) TN

2 (mg· COD/l) TCOD

3 NH+
4 + NH3(mg· N/l) SNH

4 (mg· SS/l) SS

5 (g· COD/m3) BOD

6 (mg· SS/l) SS

7 NH+
4 + NH3 (mg· N/l) SNH

8 3 (g· COD/m3) SO

9 3 (mg· N/l) SNO

10 3 NH+
4 + NH3 (mg· N/l) SNH

11 4 (g· COD/m3) SO

12 5 (g· COD/m3) SO

13 5 (mg· N/l) SNO

14 5 NH+
4 + NH3 (mg· N/l) SNH

15 5 SS SS

16 5 KLa KLa

,

SS SNH ,

, ,

. ,
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,

,

,

,

.

4.3 (Fault diagnosis)
1) .

1344 900

, . 3(a) 3(d)

FA 95% T 2

SPE , FA

, ,

FA . 3(b) 3(e)

, 95% ,

VBMFA , VBMFA

,

. , , ,

VBMFA ( 3(c) 3(f)).

3 FA, VBMFA VBMFA

Fig. 3 Fault diagnosis under normal condition using FA, VBMFA and dynamic VBMFA

, 2

PCA, FA, VBPCA, VBMFA VBMFA 5

. PCA

FA T 2 , SPE

, FA

, ,

.

PCA , VBPCA, ,

PCA ,

,

. ,

,

. , VBPCA

, .

2 VBMFA , T 2

0 , SPE 1 .

, VBMFA VBMFA

3 ,

, ,

. VBMFA

. 2

, VBMFA .

2 5

Table 2 False alarm statistics for five fault diagnosis

methods

T 2 SPE

PCA 26/444 21/444 : 4

FA 24/444 15/444 : 4

VBPCA 16/444 13/444 : 3

: 16
VBMFA 0/444 1/444

: 2, 3, 1

: 32
VBMFA 0/444 0/444

: 2, 3, 1

2) .
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, VBMFA

, 12 SO 4 SS

.

, SO SS WWTP

, SO, .

, SO 165

215 30%, 4(a) 4(c)

, ST 2 SSPE

. FA SO

, .

4 VBMFA FA SO

Fig. 4 Fault detection for an abrupt change using dynamic

VBMFA and FA

5(a) 5(c) SS 200

300 , VBMFA

.

5 VBMFA FA SS

Fig. 5 Fault detection for a drift fault using dynamic

VBMFA and FA

5 , , ST 2

,

. FA T 2 SPE

SS ( 5(b) 5(d)).

3–4 PCA, FA, VBPCA, VBMFA

VBMFA

, 3–4 , VBMFA

VBMFA ,

VBMFA 0.

3 SO 30%

Table 3 Missing detected rate and false alarm rate

under an 30% change of SO

T 2 SPE T 2 SPE

PCA 18/642 16/642 11/642 9/642

FA 21/642 5/642 12/642 4/642

VBPCA 14/642 15/642 12/642 8/642

VBMFA 9/642 1/642 2/642 0/642

VBMFA 4/642 0/642 0/642 0/642

4 SS 0.15

Table 4 Missing detected rate and false alarm rate

under an 0.15 drifting of SS

T 2 SPE T 2 SPE

PCA 45/442 36/442 23/442 12/442

FA 61/442 32/442 11/442 6/442

VBPCA 43/442 23/442 7/442 9/442

VBMFA 25/442 16/442 2/442 0/442

VBMFA 21/442 14/442 0/442 0/442

4.4 (Fault identification)

,

. , SSPE

, 6(a),

12 SO ,

12 . 2 , DO

,

( ,

5 SO → SNO → SNH → KLa →
BOD), ,

. , 6(b)

VBMFA
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4 SS ,

4 .

6 VBMFA

Fig. 6 Fault identification for an abrupt change and a drift

fault using VBMFA

4.5 (Parameters analysis)

(A2) , q(si)

,

. ,

F ,

q(si) ,

.

, , ,

.

e−βF , ,

q(si). F , F

. F

. , VBMFA FA

ARD , VBMFA

. ,

, ST 2 SSPE

. ARD

, , p−1 p−2.

xnew θ, θ

, , q(si)

xnew .

5 (Conclusions)

,

BSM1 . ,

,

,

,

,

,

. , VBMFA WWTP

,

.
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A (Appendix A)
VBMFA ,

:

L = ln x =

ln{
�
dπp(π|α∗m∗)

�
dνp(ν|a∗, b∗)

�
dΛp(Λ|ν)

�
dμp(μ|μ∗, ν∗)

N∏
i=1

[
S∏

si=1
p(si|π)

�
dtip(ti)p(xi|si,Λ, μ, Ψ)]}. (A1)

,

. , .

, . ,

q(π, ν,Λ, μ) p(π, ν,Λ, μ)

, . Kullback-Leibler
[16], L

L ��
dπ ln

p(π|α∗m∗)
q(π)

+
S∑

s=1

�
dνsq(νs)[ln

p(νs|a∗, b∗)
q(νs)

+

�
dΛ̃sq(Λ̃s) ln

p(Λ̃s|a∗, b∗)
q(Λ̃s)

]+
N∑
i=1

S∑
si

q(si)

[
�
dπ ln

p(si|π)
q(si)

+
�
dtiq(ti|si) ln p(ti)

q(ti|si) ] +�
dΛ̃sq(Λ̃s)

�
dtiq(ti|si) ln p(xi|si, ti, Λ̃, Ψ) =

F (q(θ), q(s, t),Θ), (A2)

Θ = (α∗m∗, a∗, b∗, μ∗, ν∗, Ψ).
, q(θ) .

, (A2) q(·)
, q(·) (A3) .

q(π) = Dir(π|αm). (A3)

αm

αms = α∗m∗
s +

N∑
i=1

q(si), (A4)

: α = α∗ + n, m∗
s =

1

S
,

S∑
s=1

ms = 1.

q(νsl ) = Ga(νsl |a∗ +
p

2
, b∗ +

1

2

p∑
j=1

〈 Λs
jl〉 q(Λs)), (A5)

q(Λs) =
p∏

j=1
q(Λs

j) =
p∏

j=1
N(Λs

j |Λ̄s,Γ s
j ), (A6)

: Λs
j Λs j , ks + 1 , 〈Λs

jl〉q(Λs)

q(Λs) , , 〈·〉
. Λ̄s, Γ s

j

Γ s
j =

⎡
⎢⎣Σ

j,s−1
ΛΛ Σj,s−1

Λμ

Σj,s−1
μΛ Σj,s−1

μμ

⎤
⎥⎦
−1

, (A7)

Λ̄s
j =

[
Λ̄s
j

μ̄s
j

]
. (A8)

(A7) (A8) :

Σj ,s−1
ΛΛ = diag〈 νs〉 q(νS )+Ψ−1

jj

N∑
i=1

q(si )〈 ti tT
i 〉 q(ti |si ),

(A9)

Σj ,s−1
μμ = ν∗j + Ψ−1

jj

N∑
i=1

q(si ), (A10)

Σj ,s−1
Λμ = Σj ,s−1

μΛ = Ψ−1
jj

N∑
i=1

q(si )〈ti 〉q(ti |si ), (A11)

Λ̄s
j = [Γ̃ s

j ]ΛΛ + (Ψ−1
jj

N∑
i=1

q(si)xij〈ti〉q(ti|si)), (A12)

μ̄s
j = [Γ̃ s

j ]μμ + (Ψ−1
jj

N∑
i=1

q(si)xij + ν∗j μ
∗
j ), (A13)

Ψ−1 Λs ,

q(ti|s) = N(ti|t̄si , Σs), (A14)

: tsi = Σs〈 ΛsTΨ−1(xi − μs)〉 q(Λ̄s), | Σs| −1 = I +

〈 ΛsTΨ−1Λs〉q(Λ̄s).

Dirichlet [17], q(si) :

q(si) =
1

Zi
exp[ψ(αmsi)− ψ(α) +

1

2
ln|Σs | − 1

2
tr[Ψ−1 〈Υ̃ Υ̃ T〉]q(Λ̄si )q(ti |si )],

(A15)

: Υ̃ = xi − Λ̄si [ti; 1], Zi ,
s∑

sj=1
q(sj) = 1.

Ψ−1 = diag{ 1

N

N∑
i=1

〈Υ̃ Υ̃ T〉q(Λ̄s)q(si)q(ti|si)}, (A16)

ψ(α∗) = ln b∗ +
1

sk

s∑
s=1

k∑
j=1

〈ln νsl 〉q(νs
l )
, (A17)

b∗−1 =
1

a∗Sk
S∑

s=1

k∑
j=1

〈νsl 〉q(νs
l )
, (A18)

ψ(α∗)− ψ(
α∗

S
) =

1

S

S∑
s=1

[ψ(α)− ψ(αms)]. (A19)

μ∗ ν∗ (A20) (A21) :

μ∗ =
1

S

S∑
s=1

〈μs〉q(μs), (A20)

ν∗ = [ν∗1 · · · ν∗S ], (A21)

:

ν∗j = 1
S

S∑
s=1

〈(μs
j − μ∗

j )(μ
s
j − μ∗

j )〉q(μs). (A22)

μ∗, μ∗ ν∗.
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