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Bisimulation equivalence relation and logic preservation for
continue time Markov decision process
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(1. School of Computer and Information, Hefei Univerisity of Technology, Hefei Anhui 230009, China;

2. School of Computer Science and Communication Engineering, Guangxi University of Science and Technology,
Liuzhou Guangxi 545006, China)

Abstract: Markov decision process can be employed to model complex systems with nondeterministic choice in model
checking. However, whether system verification can be performed successfully and effectively is influenced by the emer-
gence of state space explosion. Bisimulation equivalence can be views as a feasible states reduction approach. Based on
the concept of strong bisimulation, the definition of weak bisimulation on Markov decision process are proposed, then the
inherent link of bisimulation equivalence between continue time markov decision process and its embedded discrete time
decision process is derived. Meanwhile, based on Logic characterization preservation of strong bisimulation, the relation
between the weak bisimulation equivalence and the continue stochastic logic equivalence for continue time Markov de-
cision process is proved, which shows that weak bisimulation coincides with logical equivalence excepted the next-step

operator.
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1 5|5 (Introduction)
KR RSB EAT AN PERFAE, 3PP AT
(T R T RGN R AR AT A, ] DU T 20 i
AR5 3t v LA Ty SN BE SRR R, Le il B A
- SEEE A AMTIREEAR A A e s BAE. L
PEREZI BT, TG 18 S 42 1] Markov i (continuous
time Markov chain, CTMC), i& /& & #{ I} [A]MarkovE
(discrete time Markov chain, DTMC), #\ANGEH T-Z1 i)
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ATIREE, ISR 4IRS 8] 1) H 1.

SN R RN T AR RS AT N EEA B — M
e, R AR A E R b S A 2 A T ) S
fiilh, XTI O R B S B ) A 2 T D RE A L 1), ands
WL R G5 FH-45 055 . Van Glabeek X 2547 ¢ R ik
AT T, 30 T M5 1) AL S0 2 TR) PR ot
XA G SAN KR ET R R RS 5¢
S, — LU VAR S AR e BN R AR | I gt
SEMEZARAY B RN R, FFH AR A R A i
ATPERE P I EEE THL, AR S5 S R h, BB
MR R RIREEMEN R, BT R
MG 73 HE )

JE T Jou F11 Smolka ) JT 1) ¥ T £, Jonsson Al
Larsen - SCHR [9—10]H 4 6 BEZR AT I 86 oC SRk
AT, B, 1R 2 B2 RN R AT LB 2R B i S50 0%
RASEE1FR) TR, W TR SRR R Mar-
kovidk FE AR 2T 5 0 [ Markov B3R E 215 (i)
MarkovHE!'4  38 H AMarkov#E!!S (interactive Markov
chain, IMC)&%. JXEESCHRIE ST R WA (1 AL
KR, 45 HIX LS RLERY I . — L8 Sk ) 2%
B e B IRCR, TR R Z A N AE
PR, anSCHR (1617047 1 B ORI SE I M) Markov |
EHEENER  EVVIHEEN P EP S W Eili) /W15
BRI1710025 H T IMC T (558 (55) AR AL 55 (559 B4
KARMIE S, 30 T e mECR. X T B A A
S8 VERFYE S} [R) Markov S F2, Neuhauber 15
IR Tz E o B R 1 e X

FERERURTIN T, 5 AL ¢ RO THE— 2t
FIEHBAABEORRRE, W] LSS (PPIRES AT R
95, FERERT IR (SR A B 5 2 S B AR T
HEAT, B A R % DR, BB SE OC R I
EHARFE ), T RS S I D REAE Y I, IS A TE
AR PERE 7 BT A |, #ES2 31 T ey, SCHk[18]
WEB T HAHUSE T O R /ECTL(computation tree logic)
LR RF PR, SCHR[1613E B T DTMCHICTMC I i
(59) HALFU S X & 5 PCTL(probability computation
tree logic) Il CSL(continuous stochastic logic) % /i i
—EUE. FTPAESCHER (17193 87 T IMC T % 12
aCSL(action based CSL)1] H A4 S5 5¢ R KA FU T
JFHRFIE. Neuhauber MIJHJF5T T 3% £E 1 1] Markov k3 it
#£(continue time Markov decision process, CTMDP) |
oy H S AE CSLA A (118 i fp 1),

HARR 2 MR RERIY ) BRS¢ RT3 TR,
SR, % T-CTMDPK U, A STk A 1 5 B
BERUOC R, HAY 59 BN & OF 0 HT55 H A
FUSENY T 1B 5 LR fn) @ (R, AR SCHE 5 ARG
ZRIMEEA B, o 95 BRI R R e X, 4 TIX
LR Z B NAEMIERR, [RII HARLOC R T 25

PREFINE, UERH T 59 HAUSEM 5 CSLIZ AR S PER)
KA.
2 HERIZEAHr 2 R (Bisimulation equivalence)

HEHCRZE—MEM KRR, B2 B B
EM R RIPRES Z I BA 5848 FE AT N RE, B
TEA AR 73 S g5 i B Og B AH B, 7Efk
G DR rh, i1 S IR AT N ) B4, PR
it A W AT B AE S AT U7 2o 5 A R B AT AR
DTMCELCTMCHE R, i T AN K s, Rk A
58 S A A B AU R BELAT 4 BITT, /ECTMDPH,
IREWHERAAT TS ERINEE R, R 2R Py
A REAEN.

2.1 SRHEBERIKLR (Strong bisimulation equival-
ence)

EX1 AC= (S Act,AP, R, L,v)Niibric
fICTMDP, R4S L AMEN LR, HIFRCS X S.
FX TR (s, 8') € R, f1L(s) = L(s'); BT
Mo € Act, C € [S|rfAR(s,a,C)=R(s',a,C), W
FRRAS by o B AL G R, i R AFE— A4S B
B HAPIOCRR, 11551 Rso, WIFKs) Flsq 25t H AL
i), WH s1~veSa.

HH[S)r ={s'€ S|(s,s") € R}FRHEM KR
RATRIG TSNS, R(s, o, C) = Y. R(s,a, 8" )RR

s'eC
MR sIE B BN E— DR BN RO AR
R R R ORI AN, AR BS540 2L
SR FLATHH R (S A, ek sk L@ e R4 3h
VE A LADAT ] — AN AN BV AR, B 2 AT 55
Mo K R IR TR, BT 5B A gl 2 B AR AE 5540 %
AR _IIREBAL Fgs i ad fe X.

EX2 4AC=(S,Act,AP,R, L, v)} i kric
[FJCTMDP, R4S _E[f—ANEARI N KR, WRTIC
HERKR LM RIRAC = (S, Act, AP, R, L,
), Hh S =[Sz, S TAEREMs €S, a € Act, C € S,
11 R([s], a,C)=R(s,a, C); L([s]) = L(s); 0([s]) =

> u(d).

s'€[s]

IR E S [s] AR sPT IR AR 2K, el 2R
P15 I Ry A HOIRZS B AOFR 0 45 T-AH B A4 281
B, IRESHAL R AF T A AR B A
MRV R, TG 73 AT =5 T IUBRAH N8
R BTATARGS WG 73 AT

B1  HER 1 CTMDP, ¥ L(sy) = L(s1) =
L(sy) = b, L(s3) = L(s4) = c, HR¥E R LAAUEN
WS, ATLURE SRR AR = {(s0, 50), (51,51),
(527 52)> (337 53)7 (54, 54)7 (827 Sl)a ((517 82)a 53, 54)7

(84, 83) }oE — ol LA S8 0 R, S5 4 I [s0] =
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{so}, [s1] = [s2] = [s1, 82|, [s3] = [s4] = {3, 84}, W

PR HAT S5 0 R PR EEAT IR AL, 5UnT LA BAH Y

HIRITRER, 2B, Jerp p ey s 00 0 h
R([so], o, [s1]) = 2, R([s1], B, [s0]) = 2,
R([so], v, [s3]) = 1, R([s1], 0, [s3]) = 2,
R([s3], @, [s1]) = 3.

B 1 s B A CTMDPAE Y
Fig. 1 CTMDP model of strong bisimulation

2 BRI R

Fig. 2 Quotient model of strong bisimulation

EX3 4C=(S Act,AP, R, L,v) 4Hikric
[{YCTMDP, I H: 4 #kDTMDPemb(C) = (S, Act, AP,
P, L,v), HHYE(s,a) = Y R(s,a,s") > O,

s'eS
P(s,a,s") = R(s,a, s")/E(s,a),
WP (s, o, s")=0.

EX 4 4D = (S, Act, AP, P, L,v) }Hikric
FIDTMDP, RAD_ L) MFEN LR, HIHR CSxS.
R TAER (s, ') € RAIL(s) = L(s'), HX AT
Mo € Act, C€[S|r, fAP(s,a,C)=P(s',a,C), NI
FRRAS b ) B OG R. WA e — NS 1)k
HAE KRR, 4551 Rso, WIHK s, Hlso o 5k H AL
(1], i 81 ~pSs.

W1 C=(S,Act, AP, R, L,v)", X T &
E@Sl, sy €8S, %ﬁ51NC52, Jlllpés
D =emb(C) = (S, Act, AP, P, L,v)

1, Hs1~psa.

UE A s ~eso, H4f5E X1, HL(s1) = L(s2),

R(s1,a,C) = R(sq,,C). Hemb(C) 1 X
P(s1,a,C) = R(s1,a, C)/E(s1, ),
P(sy,a,C) = R(sq, 0, C)/E(s9, ),

JIr LA P(s1,a, C)=P(s2, 0, C). IRHE X 4, fs1 ~

DSa. UEEE.

2.2 59 H BLHL K R (Weak bisimulation equival-

ence)

TR H AN O R op, SR I IR 3
FA AN R AT AR R 22, 4 ISR 3
H S EEU S SR I, AT DL g SCAH AR AL i)
55 HEADAEM C AR,

4D=(S, Act, AP, P, L,v) Jiksic IDTMDP,
R C S x SE&D EREEM KR, 51 Rsa, WAL s,
— 39 MR silentZLit. 4
Silentr = {s|Va € Act,s € S, P(s,a, [s]r) = 1},
Ms ¢ Silentg, s € SHs' ¢ [s|rIN,

P(s,a,s'|—"Rsilent_tran) =
P(s, a, $)(1 — P(s, . [s]x)).

P(s,q, s'|=Rsilent_tran) &/~ £ L E M FRE N

AR BT, MRS s th B B Ea s ZRIT 3]

SRR

EX S5 D= (S,Act, AP, P,L,v) Nkt i
DTMDP, R4S ERFFIRR, TR C S x S. FKR
HS LRSS HAEAUR R, BT IsRS, H

i) X TAEERI(s, 8') € R, AL(s) = L(s);

ii) s, ¢ Silentg, Vo € Act, f1

P(s,a, C|—Rsilent_tran) =
P(s',a,C|=R_silent_tran),

HC € [S]rC # [s]r.

iii) #'s € Silentr, s’ ¢ Silentr, s LA & [
FHNE " € [s]r\Silentg.

WRAFAE — A4S L5 AR R R R, Al 15
SR, WIFKs s J& 59 TLAAUR, 1l b s~ps’.

EX 6 AC=(SAct, AP, R, L,v) Jiksic
[{JICTMDP, R4 ECI— 454 LR, BIfTR C S x
S. #RTAEE (s, 8') € R, HL(s) = L(s'); H X}
i e € Act, C e [Sr, H R(s,a,C) = R(¢, «,
C)HC # [s]r, WIFRRAS F 155 B C R, R
A — NS B SG HREAUR R R, [EifFsRs', WFRsFHI
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s/ AU, il s~ s’

B2  #E—/NCTMDP 55 H BB S 52 211
#i--. CTMDPELY Wi E|3 7, % L(sg) = L(s1) = b,
L(sg) = L(s3) = ¢, RER = {(s0, $0), (51, 51), (2,
$2), (83,53), (S0, 81), (81, o) } & > 59 FLALAU A5 fir
KA, N [so] = {s0, 51}, [s2] = {52}, [s3] ={s3},
I BAT S O R PR EAT SR, o] LA 204
IR AR, a4 ps, P sy b S 2% 5303
H

Kl 3 55 HRBHU R RACTMDPAEY
Fig. 3 CTMDP model of weak bisimulation

7,1

Kl 4 55 RGO R A

Fig. 4 Quotient model of weak bisimulation

W2 C=(S,Act, AP, R, L,v) ™, X T
(1) s1,82€ S, £ H s1~c9, WITED = emb(C) = (S,
Act, AP, P, L,v)", fis1~pS,.

UE A RNC GG H RS B ¢ &R, R 4
emb(C) 1) & X, A TR M s1 R AED AR L(s1)
= L(sy): 7ECTs1Rsq, B =[s1|r =[s2]r, 7P FI
(LR ARR S

i) #7 s, € Silentg, Vo € Act, f1 P(s1,«, B)
=1, 3 R(sy,a, B) = E(s1,a), BT LA X FVa €
Act, C € [S]r, HC # B, HR(ss,,C) = R(s1,a,
C) =0, MH P(sy,a, B)=1.

ii) #s; ¢ Silentg s, ¢ Silentg, 24i = 1, 2,
WX TVa € Act HP(s;, o, B) < 1,

E(s;,a) = R(s;,a,C)+R(s;,, B),

CeElS|R.C#£B
KA s172¢ 89, Vo € Act, C € [S|r HC # B, 1
R(sq9,a,C) = R(s1,a,C),

[ES)lie
> R(s1,,C) = > R(sq,,C),
CE[S]n,C#B CE[S],C#B
T

E(s1,a) — R(s1,, B) = E(sq, ) — R(s2,a, B),
)
P(s1,a, C|—Rsilent_tran) =
P(sy,a,C)
1— P(s1,a,B)
E(sy,a) - P(s1,a,0)

E(s;,a) (1 — P(s,a,B))
R(s1,,C)

E(si,a) — R(s1,a, B)

FE

R(sq,,C)
(s2,0a) — R(sq,, B)
P(sg,a,C)

1 — P(sg,a, B)
P(sq,a,C|—R_silent_tran).

@
R
@
R

#is; ¢ Silentr Hsy ¢ Silentg, 2 = 1, 21, I
XF3a € Act HP(s;, a, B) = 1 B, M2 ). 25 |,
fs17pss.

ik 3 AHMEECTMDPHR AR s, s2 € S,
"

S1~eS2 = $1”%¢Sa.

HE AR SCURE L6 AL TTE.

3 HEEN KR FIZELREF (Logic preser-
vation of bisimulation equivalence)

FE4T i T CTMDP3#(55) FLARAUSE fir i SCRIE iR
e, N PR SR () AU AR S R T AR Ry
) EREAT 73 AT, DT iRR DR ) R, Rt R 3L —3K
I ZSE I A 3, BATRIBOCR ISR 1 7]
T A M A7 DR — B8 B0 BT AR 38, A7 4 23 #r
CTMDPH 5 (55) FLRBU S R AL N 252 48 L 2 4R f)
P ) .

31 RAEBENE B IR EF M (Logic preservation
of strong bisimulation equivalence) )

FEBLAT B BE R P RE R B 1 1 A5 32 48 1, asCSL
(action and state base CSL) A L4k 5 1 2 45 R 1k fig
73, BEREMS I R PIRARFIE I HLAE W &Ik R H)
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BIERFAE, 2& T IENRA AT e R A
F 5 BIEATRFE. A A R SCER YT CUE H, 58 B AL
S QAR CH A AN o 1R 0 4 O B, DAL UL, AR o A
CTMDPAR A A i HARALL S5 5 28 I8 4R OR R ) it
I}, LlasCSLIN ZZ A AT B2

% 18 #|CTMDPif5 S CTMCEA S B2 501 46 43
A GO H. 2 [A) T IS M2 Ja Pk ] A B N el 1 sk
fit, BARE AN P = true|a| -P|PAPIPg ("), H
TR e =l (6,b) | popleUp|px fLIRE
AP WR @ = o, P59 BTN & X, 47s ~
s, fiL(s) = L(s), it fis = D, s' = . X T &
FA B BRI R AT. DRI, 760 AT B3 DR AF PR I
FE BT BRASEE T B AR R m i A —
BT B AR PR A R B, A7 LA A

i 41 ZECTMDPH, WA RAS s, o' Sk HA%
U KRR, #7sRs, WX T st Kk — 4 14
T=5— 8 — S — - — &, WAFAE NS K —
L' =8 — 51" = sy’ = - = s,/ Hfs,Rs,’.
FRIXFE P 45 B A5 it B SE A2.

A4V T MEFEOIRE H R IR s 7 B A AH R 1,
MRS s I R I — 45 B ARAFAE— S5 s R I 42 5
LA Y, T HL B A2 b (0] S bR A R i EL AL S
PRI, W4 J A5 2 v i AU S I B AR SR S [ ] =
Sp 120y g fny L Tnonfnol, o SATHREE AR
R ) — 464 4%, ICTMDPH 58 SCRT 40, A —
S AR T LRI WU IR o — RYNI A EAIT
m = (n, ty, Snr1) HHESLLS, TIHIEG 73 A A — M1
R, i HAR— N LA AT T, R AR AR A
SRR T B AR R A SR A 20 i 2R
RTETER, R R RN SR AR A 5 A
EMIRE . L2 M RN, T % 18
BF AN T PEIEFE 2 RIE BRSNS, Db, R 53 B
A2 A, B2 AN e PR B SRS e . ey T R AR
TR0 e PR AR I B RS v i BSOS A B A, DAL
LB B BANH R P R L DR BB S A
[RIEFERIEAT O, T4 H AR SR 1) o S

EXT BN 4AC= (S, Act,AP,R, L,v)
N ILICTMDP, D € GM, WK JE An i B %
1219 )7 e AL (history weight) 4

hwq (v, D, s9) = v(so),

hw, 1 (v, D, 7 LIl Spi1) =

hwn(v, Da ﬂ')D(’/T, {Oén}) : P(7T \Lv Ay, sn+1)'

I = [so] x {ao} x {te} x -+ X {an_1} X
{tn_1} X [su] HCH 38 BB EAN B AR 4L, T = [s0]

Qoo Anm et o )k S R R R IRLC () e 4, 0
FRSTRC R 45 D s ST

s ene) b
Dr(#, on) = > hw,(v,D,)

well

T T S R S, D A o NS RS TR &
PEAR B ERIRAS LR, 1T 75 SR A R A AL
X I U AR AR A5 v T IR B B A vT e 1 1 1
.

EX 8 4AC=(S Act,AP, R, L,v)Aikiic
[{JCTMDP, % T-i=0, - -- ,n, S; € (S U {@}), Brxalll
%Eﬂ:ZHZSOXonz—'O X+ X An:l X Tn—l X Snﬁ'ﬂﬁ
%é@ﬁﬁwiﬂ?ﬂ X 3, FERAEALC 5 I gm0 R
HIT = {So} x Agx Ty X -+ x Ay x T, 1 X {S, }.

i 59 & C = (S, Act, AP, R, L,v) Jiiibx
ICMICTMDP, D € GM, JFUR AL g B ARFUSSEAN B A2 44
S PR 0 R PR 20 45 1 6 AR | SR AR AR T
WHE IR

Pry (1) = Prs 5. (I).

W s1=1 5o AVIRE 51 HURE 52 9T N A IZ 4R L A%
W, s1=r5oJHNHYD € L, 51 ED & 559 E P

EE 12 SC=(S,Act, AP, R, L,v)} i hx
LICTMDP, 51, sp € S, W81 ~ 8o => 81=0sc5L52,
Rp

) VO (C,s; EQ  iff Coso ED).

ii) Vyt.¥D.AD' Pr¥ (IT) = Pr*, ,,(IT)
H [T = {7 € Paths*| C, m=,¢"}.

iii) Vo,.VD.3D".Pry (1) = Pry, p (I)
HHIT = {7 € Paths¥| C, 7,0, }-

€ B U WI/ECTMDP L€ S s B D S5 BAT
RLAFHZHORRRE, PIAS 1R RS HRAR A 2 A
[l RE A 3 DM R, T o IS S A (1
IR BILEFMIRAFMAIERAE, 0 HAER RN
A5, AL, I AN SEAIRAS R I8 H AR Y i Bfr
TR F) e 1) ] S A, AN AL 51 = P (97) =
s 1= Pa, (") SAEXT IR ST ]l mT LU AL
DA T RS R RS o R, AT ARG i A0 ) RO L i ke
[ AT HEEE .
3.2 FHHBHIEMEHE R (Logic preservation

of weak bisimulation equivalence)

55 HARAU SN AN IE SN R IR I A2, F FLAE
N EBEERE AT, XA EAN AT I, AL, FOEHRIREF
P b o BRSO SE A OC AR 2255, AT LECSLI X 5L 1 A1
UK T, asCSLH AL T IEMIZRIE A 4 24 sUHAT
SRIIFRIERE ST, BICSLAY Bt AR 2 2Nl s IENZRGE
B R W, A3 Hr58 AU f 5¢ &
N ET-CSLINZRIZ R HE AR Fr ) .

£ CSL H (KPR 25 22 43 asCSL — #F, B 12 42 X




1036 ok oE e s N A

33 3%

o = X1\ DU By, HAE LR
TEX® < n[l] =P Ad(m,0) e,
TEOU P, = Tt e,
mQt E &, A (Vt' € [0,t), mQt' E ),

XIQ R RAEN TN T — 2 Bk ORE, o1U D,
FORAEIN ) TN BNIEPYIRES, T BE P, Z HT AL T DIk
A 5 AR SR, B IE R s) & s,
Tifis1 E Pa (p) =52 F Pa, (). TSR, T
BLIGAF sy Bliso R, T — 20 2IAPIRAS 2 & 15
FHEE, 0T U D oK Ui, W75 56 0F sy Bliso Hi K,
FK 3 R IRS A XD (U D LI HARARZS KIS [H] A ik
REH R AR S

EX9 4C=(S Act,AP, R, L,v) Aifiksic
[ICTMDP, G C S, s € SHt R, MFRPSS sx R,
—[0,1] : (s, t) = sup Pry ,(O01G) MR s

DeGM

i ARl A 2k H FRIRES SR G K ) T A
EH 2020 4C = (S, Act, AP, R, L,v) N kx
JCIICTMDP, G C S H AR, WIpS:S h mbhis
T2 : (S xRso — [0,1]) = (SxRse — [0,1])
BB, Hdse S, t eRo o X FRTIRELE - S x
Rso — [0,1], s € GHR(F)(s, t) = 1, {5
2(F)(s, t) =
ft e PO max 3 R(s,a,s') - F(s',t — 2)da.

0 a€Act [ZZ

FECTMDPH, X RS A P (¢), FIRs F
Pa,(¢"), He {<, <}, T FAEDTA RS i
AEQHIPTA AR G R K LI, M Sat(Pa, ()
={seS] Ds.elgpMPr;f&D(go)} dp. AR =

QU DI, Hrr E o U Py 7 E HISat(Dy), KL,
RAS B R A2 1) R i A i T SR 234 H AR 1)
R i) P S A5 ) 7 BRSBTS B P (@) FeAR R T
KfFpS L2 . AT AR, FHigy HHCTMDP
e K59 HASUSE T OC R CSLEZ AN TRl
KA SAE.

EHE3 4C=(SAct, AP, R, L,v) Niitrid
[FJCTMDP, s;, s, € S Il

81 R Sp = S1=CSL\ 152,

HPCSL A F-ANEE XETFICSLAR.

iE AR R, FF SR W s A 5o, WIBR T @ =
Pa, (X' D)5k, X HABCSLL XD, #ATs1 F PRlsy =
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