
33 8

2016 8 Control Theory & Applications
Vol. 33 No. 8

Aug. 2016

Markov

DOI: 10.7641/CTA.2016.50812

1,2†, 1, 1, 2

(1. , 230009; 2. , 545006)

: , Markov ,

, . , Markov

, Markov Markov

; , ,

, ,

, .

: ; ; ;

: TP302 : A

Bisimulation equivalence relation and logic preservation for
continue time Markov decision process

HUANG Zhen-jin1,2†, LU Yang1, YANG Juan1, WANG Zhi-wen2

(1. School of Computer and Information, Hefei Univerisity of Technology, Hefei Anhui 230009, China;

2. School of Computer Science and Communication Engineering, Guangxi University of Science and Technology,

Liuzhou Guangxi 545006, China)

Abstract: Markov decision process can be employed to model complex systems with nondeterministic choice in model

checking. However, whether system verification can be performed successfully and effectively is influenced by the emer-

gence of state space explosion. Bisimulation equivalence can be views as a feasible states reduction approach. Based on

the concept of strong bisimulation, the definition of weak bisimulation on Markov decision process are proposed, then the

inherent link of bisimulation equivalence between continue time markov decision process and its embedded discrete time

decision process is derived. Meanwhile, based on Logic characterization preservation of strong bisimulation, the relation

between the weak bisimulation equivalence and the continue stochastic logic equivalence for continue time Markov de-

cision process is proved, which shows that weak bisimulation coincides with logical equivalence excepted the next-step

operator.

Key words: Markov chains; Markov decision process; bisimulation equivalence relation; logic preservation

1 (Introduction)
,

,

,

.

, Markov (continuous

time Markov chain, CTMC), Markov

(discrete time Markov chain, DTMC),

, DTMC(CTMC) ,

( )Markov

( ) ,

,

, Markov

.

,

, ,

.
[1–5].

, .

: 2015−10−14; : 2016−04−28.
† . E-mail: schzj@163.com; Tel.: +86 772-2685975.

: .

(61462008, 61070220), (1608085QF149), (LX2014186) .

Supported by National Natural Science Foundation of China (61462008, 61070220), National Natural Science Foundation of Anhui Province

(1608085QF149) and College and University Scientific and Technology Foundation of Guangxi Province (LX2014186).



1032 33

, .

,

. ,

. Van Glabeek

,
[6–7].

, ,

,

. ,

,

.

Jou Smolka [8], Jonsson

Larsen [9–10]

, ,

, [11] Mar-

kov [12] Markov [13]

Markov [14] Markov [15](interactive Markov

chain, IMC) .

, .

,

, [16] Markov

( ) ( ) ,

[17] IMC ( ) ( )

, .

Markov Neuhauber

.

,

,

,

, . ,

, ,

, . [18]

CTL(computation tree logic)

. [16] DTMC CTMC

( ) PCTL(probability computation

tree logic) CSL(continuous stochastic logic)
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2 (Bisimulation equivalence)
,

,

.

, ,

,

DTMC CTMC , ,

, CTMDP ,

,

.

2.1 (Strong bisimulation equival-

ence)
1 C = (S,Act, AP,R, L, v)

CTMDP, R S , R⊆S×S.

(s, s′) ∈ R, L(s) = L(s′);
α ∈ Act, C ∈ [S]R R(s, α, C)=R(s′, α, C),

R S . S

R, s1Rs2, s1 s2
, s1∼Cs2.

[S]R ={s′∈ S|(s, s′)∈ R}
R , R(s, α, C) =

∑
s′∈C

R(s,α, s′)

s α C

. , ,

,

,

,

R . .

2 C=(S,Act, AP,R, L, v)

CTMDP, R S , C
R C̃ = (S̃,Act, AP, R̃, L̃,

ṽ), S̃=[S]R, s∈S, α ∈ Act, C ∈ S̃,

R̃([s], α, C)=R(s, α, C); L̃([s])= L̃(s); ṽ([s])=∑
s′∈[s]

v(s′).

, [s] s ,

,

,

.

1 1 CTMDP, L(s0) = L(s1) =

L(s2) = b, L(s3) = L(s4) = c,

, R = {(s0, s0), (s1, s1),
(s2, s2), (s3, s3), (s4, s4), (s2, s1), ((s1, s2), s3, s4),

(s4, s3)} , [s0] =
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{s0}, [s1] = [s2] = [s1, s2], [s3] = [s4] = {s3, s4},

,

, 2 ,

R([s0], α, [s1]) = 2, R([s1], β, [s0]) = 2,

R([s0], α, [s3]) = 1, R([s1], α, [s3]) = 2,

R([s3], α, [s1]) = 3.

1 CTMDP

Fig. 1 CTMDP model of strong bisimulation

2

Fig. 2 Quotient model of strong bisimulation

3 C = (S,Act, AP,R, L, v)

CTMDP, DTMDPemb(C)=(S,Act, AP,

P , L, v), E(s, α) =
∑
s′∈S

R(s, α, s′) > 0 ,

P (s, α, s′) = R(s, α, s′)/E(s, α),

P (s, α, s′)=0.

4 D = (S,Act, AP,P , L, v)

DTMDP, R D , R⊆S×S.

(s, s′) ∈ R L(s) = L(s′),
α ∈ Act, C∈ [S]R, P (s, α, C)=P (s′, α, C),

R S . S

R, s1Rs2, s1 s2
, s1∼Ds2.

1 C=(S,Act, AP,R, L, v) ,

s1, s2 ∈ S, s1∼Cs2,

D = emb(C) = (S,Act, AP,P , L, v)

, s1∼Ds2.

s1∼Cs2, 1 L(s1) = L(s2),

R(s1, α, C) = R(s2, α, C). emb(C)
P (s1, α, C) = R(s1, α, C)/E(s1, α),

P (s2, α, C) = R(s2, α, C)/E(s2, α),

P (s1, α, C)=P (s2, α, C). 4, s1 ∼
Ds2. .

2.2 (Weak bisimulation equival-

ence)
,

,

,

.

D=(S,Act, AP,P , L, v) DTMDP,

R ⊆ S × S D , s1Rs2, s1
→ s2 R silent .

SilentR = {s|∀α ∈ Act, s ∈ S, P (s, α, [s]R) = 1},
s /∈ SilentR, s′ ∈ S s′ /∈ [s]R ,

P (s, α, s′|¬R silent tran) =

P (s, α, s′)/(1− P (s, α, [s]R)),

P (s, α, s′|¬R silent tran)

, s α s

.

5 D = (S,Act, AP,P , L, v)

DTMDP, R S , R ⊆ S × S. R
S , sRs′,

i) (s, s′) ∈ R, L(s) = L(s′);

ii) s, s′ /∈ SilentR, ∀α ∈ Act,

P (s, α, C|¬R silent tran) =

P (s′, α, C|¬R silent tran),

C ∈ [S]RC �= [s]R.

iii) s ∈ SilentR, s′ /∈ SilentR, s

s′′ ∈ [s]R\SilentR.

S R,

sRs′, s s′ , s≈Ds′.

6 C = (S,Act, AP,R, L, v)

CTMDP, R C , R ⊆ S ×
S. (s, s′) ∈ R, L(s) = L(s′);

α ∈ Act, C∈ [S]R, R(s, α, C) = R(s′, α,
C) C �= [s]R, R S .

S R, sRs′, s
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s′ , s≈Cs′.

2 CTMDP

. CTMDP 3 , L(s0) = L(s1) = b,

L(s2) = L(s3) = c, R = {(s0, s0), (s1, s1), (s2,
s2), (s3, s3), (s0, s1), (s1, s0)}

, [s0]= {s0, s1}, [s2] = {s2}, [s3]={s3},

,

, 4 ,

R([s0], γ, [s2]) = 1, R([s2], β, [s0]) = 2,

R([s0], α, [s3]) = 2, R([s3], β, [s0]) = 1,

R([s3], α, [s2]) = 1, R([s2], γ, [s3]) = 3.

3 CTMDP

Fig. 3 CTMDP model of weak bisimulation

4

Fig. 4 Quotient model of weak bisimulation

2 C = (S,Act, AP,R, L, v) ,

s1, s2∈ S, s1≈Cs2, D = emb(C) = (S,

Act, AP,P , L, v) , s1≈Ds2.

R C ,

emb(C) , s1Rs2 D L(s1)

= L(s2): C s1Rs2, B =[s1]R =[s2]R,

:

i) s1 ∈ SilentR, ∀α ∈ Act, P (s1, α,B)

= 1, R(s1, α,B) = E(s1, α), ∀α ∈
Act, C ∈ [S]R, C �= B, R(s2, α, C) = R(s1, α,

C) = 0, P (s2, α,B)=1.

ii) s1 /∈ SilentR s2 /∈ SilentR, i = 1, 2 ,

∀α ∈ Act P (si, α,B) < 1,

E(si, α) =
∑

C∈[S]R,C �=B

R(si, α, C)+R(si, α,B),

s1≈Cs2, ∀α ∈ Act, C ∈ [S]R C �= B,

R(s2, α, C) = R(s1, α, C),

∑
C∈[S]R,C �=B

R(s1, α, C) =
∑

C∈[S]R,C �=B

R(s2, α, C),

E(s1, α)−R(s1, α,B) = E(s2, α)−R(s2, α,B),

P (s1, α, C|¬R silent tran) =

P (s1, α, C)

1− P (s1, α,B)
=

E(s1, α) · P (s1, α, C)

E(s1, α) · (1− P (s1, α,B))
=

R(s1, α, C)

E(s1, α)−R(s1, α,B)
=

R(s2, α, C)

E(s2, α)−R(s2, α,B)
=

P (s2, α, C)

1− P (s2, α,B)
=

P (s2, α, C|¬R silent tran).

s1 /∈ SilentR s2 /∈ SilentR, i = 1, 2 ,

∃α ∈ Act P (si, α,B) = 1 , i). ,

s1≈Ds2.

3 CTMDP s1, s2∈S,

s1∼Cs2 ⇒ s1≈Cs2.

1 6 .

3 (Logic preser-

vation of bisimulation equivalence)
CTMDP ( )

, ( )

. ,

,

. ,

CTMDP ( )

.

3.1 (Logic preservation

of strong bisimulation equivalence )
, asCSL

(action and state base CSL)

,
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,

. ,

, ,

CTMDP

, asCSL .

CTMDP CTMC

, Φ ::=true|α|¬Φ|Φ∧Φ|P�p
(ϕt),

ϕ ϕ ::= ε| (φ, b) |ϕ ◦ ϕ|ϕ ∪ ϕ|ϕ∗.

Φ = α, , s ∼
s′, L(s) = L(s′), s |= Φ, s′ |= Φ.

. , ,

. , .

4[19] CTMDP , s, s′

R, sRs′, s

π=s → s1 → s2 → · · · → sn, s′

π′=s′ → s1
′ → s2

′ → · · · → sn
′ siRsi

′.

.

4 ,

s s′

, .

,
∏

=

s0
t0,α0−−−→ s1

t1,α1−−−→ · · · tn−1,αn−1−−−−−−→ sn ,

. CTMDP ,

m = (αn, tn, sn+1) ,

, ,

.

,

. ,

, ,

.

,

. :

7 . C = (S,Act, AP,R, L, v)

CTMDP, D ∈ GM , n

(history weight)⎧⎪⎪⎨
⎪⎪⎩

hw0(v,D, s0) = v(s0),

hwn+1(v,D, π
αn,tn−−−→ sn+1) =

hwn(v,D, π)D(π, {αn}) · P (π ↓, αn, sn+1).

Π = [s0] × {α0} × {t0} × · · · × {αn−1} ×
{tn−1} × [sn] C , π̃ = [s0]
α0,t0−−−→· · · αn−1,tn−1−−−−−−→ [sn] C ,

C D :

D̃v(π̃, αn) =

∑
π∈Π

hwn(v,D, π) ·D(π, {αn})∑
π∈Π

hwn(v,D, π)
.

,

,

.

8 C = (S,Act, AP,R, L, v)

CTMDP, i=0, · · · , n, Si∈(S̃ ∪ {∅}),
Π=S0×A0×T0 × · · ·×An−1 ×Tn−1 ×Sn

, C̃

Π̃ = {S0}×A0×T0×· · ·×An−1×Tn−1×{Sn}.

5[19] C = (S,Act, AP,R, L, v)

CTMDP, D ∈ GM ,

:

Prωv,D(Π) = Prωṽ,D̃v(Π̃).

s1≡Ls2 s1 s2 L

, s1≡Ls2 ∀Φ ∈ L, s1 � Φ ⇔ s2 � Φ.

1 [20] C=(S,Act, AP,R, L, v)

CTMDP, s1, s2∈S, s1 ∼ s2⇒s1≡asCSLs2,

i) ∀Φ (C, s1 � Φ iff C, s2 � Φ ).

ii) ∀ϕt.∀D.∃D′.Prωs1,D(Π) = Prωs2,D′(Π)

Π = {π ∈ Pathsω| C, π|=pϕ
t}.

iii) ∀ϕr.∀D.∃D′.Prωs1,D(Π) = Prωs2,D′(Π)

Π = {π ∈ Pathsω| C, π|=pϕr}.

1 CTMDP

,

. ,

,

, ,

, s1 � P�p
(ϕt) ⇒

s2 � P�p
(ϕt).

,

.

3.2 (Logic preservation

of weak bisimulation equivalence)
,

, . ,

, CSL X
U , asCSL

, CSL

. ,

CSL .

CSL asCSL ,
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ϕ ::= X IΦ|Φ1U IΦ2, :

π � X IΦ ⇔ π[1] = Φ ∧ δ(π, 0) ∈ I,

π � Φ1U IΦ2 ⇔ ∃t ∈ I,

π@t � Φ2 ∧ (∀t′ ∈ [0, t), π@t′ � Φ1),

X IΦ I Φ , Φ1U IΦ2

I Φ2 , Φ2 Φ1

. , s1 ≈ s2,

s1 � P�p
(ϕ)⇒s2 � P�p

(ϕ). X IΦ ,

s1 s2 , Φ

, Φ 1U IΦ 2 , s1 s2 ,

Φ 1U IΦ 2

.

9 C = (S,Act, AP,R, L, v)

CTMDP, G ⊆ S, s ∈ S t∈R�0, pC,Gmaxs×R�0

→ [0, 1] : (s, t) �→ sup
D∈GM

Prωvs,D(♦[0, t]G) s

t G

.

2 [21] C = (S,Act, AP,R, L, v)

CTMDP, G ⊆ S , pC,Gmax

Ω : (S × R�0 → [0, 1]) → (S×R�0 → [0, 1])

, s∈S, t∈R�0 F : S×
R�0 → [0, 1], s ∈ G Ω(F )(s, t) = 1,

Ω(F )(s, t) =� t

0
e−E(s)x · max

α∈Act

∑
s∈S′

R(s, α, s′) · F (s′, t− x)dx.

CTMDP , P�p
(ϕt), s �

P�p
(ϕt), �∈ {� , <},

ϕ , Sat(P�p
(ϕ))

= {s ∈ S| sup
D∈GM

Prωvs,D
(ϕ)} � p. ϕ =

Φ1U IΦ2 , π � Φ1U IΦ2⇔ π � ♦ISat(Φ2), ,

. s � P�p
(ϕt)

pC,Φ2
max . , CTMDP

CSL

.

3 C = (S,Act, AP,R, L, v)

CTMDP, s1, s2 ∈ S

s1 ≈ s2 ⇒ s1≡CSL\X s2,

CSL\X X CSL .

, s1≈s2, Φ=

P�p
(X IΦ) , CSL Φ, s1� Φ s2 �

Φ . :

i) Φ = a , ,

L(s1) = L(s2), , Φ, s1 � Φ

∧ s2 � Φ.

ii) CSL Φ, , s1≈
s2 ⇒ s1 � Φ ∧ s2 � Φ, ¬Φ Φ ∧ Φ,

. Φ = P�p
(ϕ),

s1≈s2 s1�P�p
(ϕ)∧s2 � P�p

(ϕ). CSL

, X U . :

ϕ ::= X IΦ, s1 � P�p
(X IΦ),

Φ

,

Sat(P�p
(X IΦ)) =

{s ∈ S| sup
D∈GM

Prωvs,D(X IΦ) � p}.

sup
D∈GM

Prωvs,D
(X IΦ)=pCmax(s,X IΦ), CSL

Markov ,

pCmax(s, X IΦ) =� b

a
E(s) · e−E(s)t · max

α∈Act

∑
s′∈Sat(Φ)

P (s, α, s′)dt =

� b

a
e−E(s)t · max

α∈Act

∑
s′∈Sat(Φ)

R(s, α, s′)dt =

max
α∈Act

P (s, α, Sat(Φ)) · (e−E(s)a − e−E(s)b),

: a = inf I , b = sup I .

, CTMDP ,

s1, s2 Φ

pCmax(s1, X IΦ) =

max
α∈Act

P (s1, α, Sat(Φ)) · (e−E(s1)a − e−E(s1)b),

pCmax(s2, X IΦ) =

max
α∈Act

P (s2, α, Sat(Φ)) · (e−E(s2)a − e−E(s2)b).

,

,

s1 ≈ s2 � s1 � P�p
(X IΦ) ∧ s2 � P�p

(X IΦ).

ϕ ::=Φ1U IΦ2, ,

s1≈s2 ⇒ s1 � P�p
(Φ1U IΦ2)∧s2�P�p

(Φ1U IΦ2).

pC,Gmax(s1, t) = pC,Gmax(s2, t).

Π(t, n) =

{π = s0
t0,α0−−−→ s1

t1,α1−−−→ · · · |sn ∈ G ∧
(∀0 � i � n− 1, si /∈ G) ∧

n−1∑
i=0

δ(π, i) < t},

Π(t, n) s0 t n

n− 1

. i �= j , Π(t, i) , Π(t, j)
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,

{π|π = Φ1U tΦ2} =
n⋃

i=0

Π(t, i) .

pnmax(s, t) = sup
D∈GM

Prωvs,D
(

n⋃
i=0

Π(t, i))

s t n G

,

pnmax(s1, t) = pnmax(s2, t).

.

: n=1 , s Φ2

. s [s]R , C

�=[s]R. [s]R , G=Φ=a,

L(s1) = L(s2), s1 ∈ G, s2 ∈ G,

2 pnmax(s1, t) = pnmax(s2, t) = 1,

s1 � P�p
(Φ1U IΦ2) ∧ s2 � P�p

(Φ1U IΦ2).

C �= [s]R , s1, s2 /∈ G,

n > 1 .

: n > 1, t > 0 s1 ≈ s2,

pnmax(s1, t) = pnmax(s2, t), n+ 1 ,

pn+1
max(s1, t) = pn+1

max(s2, t). 2 ,

pn+1
max(s1, t) =� t

0
e−E(s1)x · max

α∈Act

∑
s′�Φ1

R(s1, α, s
′) ·

pnmax(s
′, t− x)dx,

, n+ 1,

pn+1
max(s1, t) =� t

0
e−E(s1)x · max

α∈Act

∑
s′�Φ1

R(s1, α, s
′) ·

pnmax(s
′, t− x)dx =� t

0
e−E(s1)x · ∑

C∈[S]≈,C�Φ1

∑
s′∈C

R(s1, α, s
′)·

pnmax(s
′, t− x)dx =� t

0
e−E(s2)x · ∑

C∈[S]≈,C�Φ1

∑
s′∈C

R(s2, α, s
′)·

pnmax(s
′, t− x)dx =� t

0
e−E(s2)x · max

α∈Act

∑
s′�Φ1

R(s2, α, s
′)·

pnmax(s
′, t− x)dx =

pn+1
max(s2, t).

, pn+1
max(s1, t) = pn+1

max(s2, t),

s1 s2, s1 s2
t n G

. , s1 ≈ s2 ⇒ s1≡CSL\X s2.

4 (Conclusions)

, CTMDP ,

CTMDP , ,

, CTMDP

.

, ,

. CTMDP

. CTMDP ,

: CTMDP

DTMDP ( )

: asCSL

,

CSL .

CTMDP

, CTMDP ,

,

, CTMDP

.

(References):

[1] GAO Y, XU M, ZHAN N. Model checking conditional CSL for

continuous-time Markov chains [J]. Information Processing Let-
ters, 2013, 113(1): 44 – 50.

[2] KATOEN J P. Perspectives in probabilistic verification [C] //Proceed-
ings of IFIP/IEEE International Symposium on Theoretical Aspects
of Software Engineering. Nanjing: IEEE, 2008, 6: 3 – 10.

[3] CLARKE E M, ENDERS R, FILKORN T. Exploiting symmetry in

temporal logic model checking [J]. Formal Methods in System De-
sign, 1996, 9(1/2): 129 – 134.

[4] CASTEL-TALEB H, MOKDAD L, PEKERGIN N. Model checking

of performance measures using bounding aggregations [C] //Proceed-
ings of IEEE International Symposium on Performance Evaluation of
Computer and Telecommunication Systems. Edinburgh: IEEE, 2008,

6: 98 – 104.

[5] BAIER C, GROBER M, CIESINSKI F. Partial order reduction for

probabilistic systems [C] //Proceeding of Quantitative Evaluation of
Systems. Washington: IEEE, 2004, 4: 230 – 239.

[6] VAN GLABBEEK R J. The linear time-branching time spectrum

i-the semantics of concrete, sequential processes [C] //BERGSTRA,
PONSE, SMOLKA A. Handbook of Process Algebra. Dordrecht: El-

sevier, 2001: 3 – 100.

[7] VAN GLABBEEK R J. The linear time branching time spectrum

II [C] //Proceedings of the 4th International Conference on Concur-
rency Theory. Hildeshenm: Springer, 1993, 8: 66 – 81.

[8] JOU C C, SMOLKA S A. Equivalences, congruences, and complete

axiomatizations for probabilistic processes [M] //Theories of Concur-
rency: Unification and Extension. Heidelberg: Springer, 1990: 367 –

383.

[9] JONSSON B, LARSEN K G. Specification and refinement of prob-

abilistic processes [C] //Proceedings of the 6th Annual IEEE Sympo-
sium on Logic in Computer Science. Amsterdam: IEEE, 1991, 7: 266

– 277.

[10] LARSEN K G, SKOU A. Bisimulation through probabilistic

testing(preliminary report) [C] //Proceedings of the 16th ACM
SIGPLAN-SIGACT Symposium on Principles of programming lan-
guages. Heidelberg: ACM, 1989: 344 – 352.



1038 33

[11] ANDOVA S, BAETEN J C M. Abstraction in probabilistic process al-

gebra [M] //Tools and Algorithms for the Construction and Analysis
of Systems. Heidelberg: Springer, 2001: 204 – 219.

[12] MERNARDO M, GORRIERI R. Extended Markovian process alge-

bra [M] //Concurrency Theory. Berlin Heidelberg: Springer, 1996.

315 – 330.

[13] BAIER C, HERMANNS H. Weak bisimulation for fully probabilistic

processes [C] //Proceedings of the 9th International Conference on
Computer Aided Verification. Haifa: Springer, 1997, 6: 119 – 130.

[14] BAIER C, KATOEN J P, HERMANNS H. Simulation for continu-

ous-time Markov chains [M] //Concurrency Theory. Heidelberg:

Springer, 2002: 338 – 354.

[15] HILLSTON J. A compositional Approach to Performance Mod-
elling [M]. Cambridge: Cambridge University Press, 2005.

[16] BAIER C, KATOEN J P, HERMANNS H. Comparative branching-

time semantics for Markov chains [J]. Information and Computation,

2005, 200(2): 149 – 214.

[17] QIN Guangping. Interactive Markov chain: theory and applica-
tion [D]. Chengdou: Chengdu Institute of Computer Applications,

Chinese Academy of Sciences, 2006.

( . : [D]. :

, 2006.)

[18] BROWNE M C, CLARKE E M, GRÜMBERG O. Characterizing fi-
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