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New conditions for exponential stability
of sampled-data systems under aperiodic sampling

ZHANG Dan, SHAO Han-yong!, ZHAO Jian-rong
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Abstract: This article is concerned with the exponential stability problem of linear sampled-data systems under aperiod-
ic sampling. Based on discrete-time Lyapunov theorem, a new Lyaponov-like functional is constructed with the following
features. It explicitly depends on time ¢, contains the integral quadratic term of the states, and is not required to be positive
definite between sampling instants. Based on this new Lyapunov-like functional, a new theorem is proposed in this paper
to study the exponential stability of a class of nonlinear sampled-data systems firstly. And then new conditions for the lin-
ear sampled-data systems under aperiodic sampling to be exponentially and asymptotically stable are given respectively in
terms of linear matrix inequalities by taking advantages of the new theorem and the improved Wirtinger integral inequality.
Examples are provided to illustrate that the stability conditions have less conservatism compared with some existing ones.
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I RSE Tk, SCHER 13138 T I RAE R IREE €
AT, SCHR 111 SR 1 28 FRIVIRAE R G M 45450
€1, HX Lyapunoviz B3 AU A BRI A A AE— 2 IR AR
SR AR SCRIMIE BT 2K LyapunoviZ B, R ATFFTAR
JA RN RGIREE € W 4, Bk Biie: 2
T B HL ] LyapunovE 8 1%, 456 KAE RGESE
B TR AR, K 3 — N BT ) 2K LyapunoviZ B, 5538 1)
LyapunoviZ RAH LG, ol KIRRF mAE TR I FANEORAE
RAE DR TH) N R IE 8 P 28358 1% 2K LyapunoviZ iR 77
MTERPERFE RGMRG T 1, B 50— KRR R R
et T —ASBFR B e e B, AR5 R %0 BE
N 30T 4 HH A et i) Wirtinger FR 70 A5 S H T 26
PERAE RGIREAE 5T

A EAFRTR 7 1) 5 mUR B ) B TR R
T YER I AT AR | - |2 ) SR ELG | - |
FERHE B 75 VG NAITR S 531 38 7 Ak A 48 5 0RN 512
B AR, R LS4 AR ndES 7] F . m X
SRR DL SR T (R n ERT R AR P> Oﬂ%?P
FER PR IRY I 5 HEL A SRR A r FRDRE AR I Eh AR s 755
%V(t;)i%ﬂ?‘/(t,;)—tlirtr{ V(t), keN; He(A )ﬁi%

A+ AT,
2 )8R (Problem formulation)
F I FIZ R %
©(t) = Az(t) + Bu(l), (1)

Hr: z(t) € R, u(t) € R HIARFRES 1) = Fl %
N FiEA € R, B € R™™ & CAN R B
e il A ()T AN T AR sl

u(t) = Kx(tk), t e [tk,tk+1), ke N, (2)

H K e Rmn 2 5 il 38 25, SR K 7 50{tr b reniih
0=ty <t;<---<t, <---HFA

0 < ,—Tmm X Tk - tk-i—l - tk g ,—Tmax (3)
H 3 (D—(2) ITARAHXS R IR R G K
.fC(t) = Al’(t) + Adl'(tk), tc [tk,tk+1), keN,
4)
H A, = BK.
E 1 EAESTERISTIFSY T SR RGO~ IBLE
i R SE I R G HR ZR R R R B~ AN ek
AR SRS, B R e P T AT i th T IRES
Wi 5 K 0. AN SO IR 2R MR R B 3)—(4) AR e 1
SINTIRN A, 25 e A R R K, WK R B Q) (DA H
B LyapunovEie 77 Adese v, G IS R 4048 k.
T2 8 ARG 25 K, AR SCS 75 2R
ARG )~ EASE AR, A bgs R T 5 | 2

BIER 1Y X TARA AR IE A M > 0, L
Bl i « [a,b] — R™, B S HATK B
R, A TR A S S

f wt s)ds > rATMA

HriA = j w(s)ds.

138 2151 e AN e IR EHREM > 0, T
AXT?F)T%E’J EE R w : [a,b] — R™, FIHM
ST

b o1 . 1
L w(s)Mw(s)ds = -

o © = w(b) —w(a), 2 = w(a)+w(b)— biA.
Ny BT Bt R R G (3)-(D TR BAs e M, Bk
P H T 1 B
EE 1 W NSRRI R S
{:):(t) = f(x(t), z(tr)), t € [tr,tri1),

x(ty) = lim x(t), k€N, (5)

t—t,

(O0TMO + 302" M),
a

Horp: z(t) € R, REEXENH L), £(0,0) = 0, X
TAER M 2(t) € R,

|f(@(t),z(tr)) — f(2(2), 2(th))] <
Lifa(t) — 2(t)| + La|z(te) — 2(tx)]
FRAL, X HLLy, Loy CUANE R . WATAE IE S ey, co
o, LT RV, (x(t)), Moy B SR h Vi (2(t), t),
t € [ty, thr1), k € N, Al
1) ERFENZIV, (x(t))W 2
cilz(te) P < Va(z(tn)) < calz(te)];
i) TERRERZIVA, (o (8), €)W A
Vi (z(tr), te) = e2aTka($(t1:+1)v tl;+1);
iii) *f
V(a(t), t) = Vo (a(t) + Vi (x(t), t)]
H
V(z(t),t) <0, ¥t € (t, tisr),

IBAARLARPER G G)EAAT(3) N LLEEIR afif 4L

W i) A 75
V(@ (i), te) = Viw(te) te) =
[ Viats), s <o.
HV (z(t), t) e X1

T Va(@(ti 1)) + Vol (tigr)s teyr)] —
[Va(z(t)) + Vi (2(ty), t)] < 0.
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HERBIV, (z(t)) /2L, 1 i) n 152
TV, (2(ther)) — Valz(t)) < 0.
i B PL R i) 15
|z(t)|* <
1 ]‘ —2aty
—Vala(t) < —Va(a(O)e " <
Ca 2 —2aty
E’ (0)]%e
Al
[#(t)] <\ ()l ©)

o7 X RGOEX A [tr, 1), t € [tr, tesa)s
EIHATRUR AT

#(t) = () + [ flals
AT
wm

+f f(x
|z (t ]—i—Lk]f:cs,xtk))—

t t
a(ti) [+ [, Lalo(s)=0lds+ | Lofa(ti)~0lds<

), x(tr))ds,

tk d8|

£(0,0)[ds <

t
[#(t0)| + J, Lale(s)lds + TiLola(t)| <

(1 + ToneLo)|2(t0)| + L1 j: () |ds.
I Grownwall-Bellman 35 | ¥, 7] 45
[2(1)] < (1+ Tinas L) | (tg) ™71,
AL =14 Thax Lo, £
(1) < Le™ =) | (t,,)]. @)

IRt — t, < thgr — te = T < Tonax, HI(6)-(7), 7]
15
lz(t)] <

LeLl(t—tk) @|x(0)|e—utk —
C1
I /@|x(0)’eLl(tftk)Jra(tftk)efat <
L,/ 2 eFate)Tmax| (0 [~
&S]

XFERUE ] T ARZeMERAE RGG)TEAATB) T LAk
RofefhdEg.  UEE.

2 ARV (x(t), ) IE R PEAS 1R SR, Dt
Va(z () AV, (2(t), t) —FHEF BV (2 (1), t) b H = X
T ¥ Lyapunoviz PR B K 5, IXFEAIE LyapunoviZ B8 5 7E 5 H
PRSP ANES . 3X SRS TR P s AT Ul . ik 4
Vi (z(t),t) = 0, WEFR AR NV (2(t),t) = e

2a(t—ty)

AR WKL RGE R T 4 1401
Va( () RGEHIEE 2 B AR, KA LT e B4 ]
B3 EH45is

E 3 SSclR 2 6 T B, s BRI R e
PR HE 2 T e E A e, NIFICRAE RGN e
B e ARt T HIS IR, H A, %Iﬁk[n]ﬂiﬂﬂ’ﬁlfiliﬁtt

B, I UKL RV et KA RSy e B T — 2Lkt
KAEZRSE, H i RAEHE) 2 748 S R R L.

3 AR = 1B 5 1 (New conditions for

exponential stability)

TR E FRES T G RAE R GE(B)—(4) IR
FE PR,

FE2 X THEMFFED < Thin < Thnax AKX
a > 0, ZVERFERGE(3)-(4) LR o R HU E, W
RAEP >0,5,X eSS, QeR™, R>0,Z >0,
PLRY; € R, G =1,2,3, 4 13 % TT € {Toin.
Tnax }H

X <0, (3)
LD;(T) - Hla + T(H2a + HB) < 07 (9)
Uy Yy Y
VA(T)=| % Wy 0| <0, (10)
* * Epgg
Horr:
Hla -

I, + 2a( M PM, — W' RW, — 3W, RW,) +

20 o He(YIW) + 3YaWs),

Iy, = IT, + 20W ) (SW, + 2QM,),

= My X Ms,,

Uy = I, — T(ITs — IT,,,),

Py = T(1 — 20T ) Y3,

W3 = 3T (1 — 20T ay) Yz,

Wy = —T(1 — 20T ) R,

Wsy = —3T(1 — 20T ay) R,

II, = IIY — He(Y, W, + YW, + 3Y, W),

II, =

My RMy+He(My SWi+M; QMy)+MZM,,

Iy = Iy + 20T M3 Z Ms,

II} = He(M, PMy — W' QM,) —

IT, = He(YsMy) — M Z Ms,
HM, =[A Aq 0, My =[I 0 0], My =[0 I 0],
Ms=1[00 I], M, = [0 Ag A, Wy =11 —1 0],
Wy=[I T —2I.

UE R IR Y E B IR MR R S 3)-(D I

WESW,,
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ERAG Yl
WTEEHREE R (3) ()
f(x(t),z(ty)) = Ax(t) + Aaz(ty),
Y 153£(0,0) = 0. BRL, = ||A||, Ly = || Aql|, 7T UL £k
PESRAE 258 (3)—(4)ii J o2 B vp 56 T pR K0 f I B 72 4%
4.
PO Ry EE’J’*%M >0,T, €
THZ A
V(x(t),t) =
Horp:

[Tmina Tmax] s *@@ﬁﬂ

[V, ((t)) + Vi((t), 1),

KELC(E) = 2(t) — o(te)-

é\cl - Amin(F))y Co = Amax(P)ﬁ

cile(ty)? < Va(z(ty)) < eol(ty) .
XIAV; (2 (t), 1) =0, 2TV (2(ty), tryy)=0, B
Vi ((tr), tr) = Vi (2(ty), trp)-

BV (2(8)), Vi (a(t), €)W B 1R [RI4 i),

B2 FRUEIAV (0 (t), ¢) 3 2 52 B 1 ) 45 ).
JE XU I AR

1 t
v (t) = { b Lk w(s)ds, £7 b,
z(t), t = t,

L Bene(t) = 2 () () vp ()] M PTAINT e
(th, teyr), k € N, BV (2(t), )1 RGE(FL I
)34, 19

e 20tV (5(4), ) =

nr ()T + 2aM;" P M, +

(tprr — )T + (tprr + te — 26) I3+

20(tisr — £)(E — ti) s () +

2a(tper —t) — 1] Lt 7 (s) Rir(s)ds+

oty —t) — 1] LZ zt
i :0(10), 1 — 20T > OBL, WM T AT (1t € [ty
trgp1)s THAE 20ty —t) — 1 < 0. FE— 25 X B4 10
t
[2a(tpss —t) — 1]L &7 (s) Rix(s)dsh i 5] #E2, T

(s)Zx(s)ds.  (11)

A

&
2a(ti —1) 1] |

ty

T (s)Ri(s)ds <

[20( T — £ 1) — 1] [ #7(s) Ri(s)ds <

tr

2 CTmauc —t+t -1
o D= L R+
t—t,
3W, RWani(t) =
20Ty — 1
ﬁng(t)[Wwal + 3W, RWa]ny.(t)—
— Uk

20y (1) [WERW, 4 3W,F RWan,(t).
SHERESEFEY; € R3™* ¢ = 1,2, N A RH )
L:

WIRW; < (t —t,)Y;R'Y," —

HG(KWZ),
- tk

NIOES]
t
2a(tpss —t) — 1] L
M (O{(L = 20T ) [~ He(YiW, + 3YaWa)+
(t =) (ViR + 3Y,R71Y, )] -
20(W I RW, + 3W5 RW,) i (). (12)
20t —t) — 1] f 2% (s) Za(s)dsR il 5] #1,

1%

" (s)Ri(s)ds <

oty —t) — 1] ft zt

W (s)Zx(s)ds <
20T — t + t) — 1] ft 2T
[20(Tnax — t + 1) = 1)(t = ti)vy, (1) Zui(t) <
(20T ax — 1)(t = tr)ny () My ZMany(t).  (13)

STt € [t, trgr ), R PILRAT

x(t) — a(te) =
f (Az(s) + Aqz(t))ds =
(t — tr) (Avg(t) + Aax(tr)).

T AFEY; € RVOE
nr (0)[2(t — tp)YsMy — 2YsWilne(t) = 0. (14)

K2 a3)RAXADIFEE G4, 7+

e 2TV (1), 1) < i ()T () (1),

IXHL:

T.(t) =

Mo + (tgyr — ) oe + (tryy + tp — 26) [Ts+
Q0u(tyiy — t)(t — tp) 5 + (t — ) [T40+

(t — ) (1 — 2aTax) s,

II; = Y,R™'Y," + 3Y,R'Y,".

(s)Zx(s)ds <
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GRIFEE: AR FLERAT R FREREE B 451 1403

T (L, ter) L TV (2(8), 1) < 0, HEEEY, ()61
SERITT. ACEEX < 0, TTARY, (£) R 5 T e o
2, WY, () EEEA DX (b, tp1) B AAOE B 7853 0 22
S EAE AN K 2038 i, B

Hloc + Tk(ﬂ2a + HS) < Oa
Hla_Tk<H3 - H4(x) + Tk(l - 2041—11113)()175 <0.

AR RO T T o2 M, AR Schur b 5] 2,
H s B2 ()2 (9)-(10) ] 43 T RPN AN G UKL

UG E T AR T, MR R
G8(3)—(4) /& LAEEICR af s BRE 7). =

E 4 SR A B, A SRR ISV (2(8),
VI, BR T BTGB )¢ ) R B R AR ) b, B8 TR A&
0B b1 — 1) |, tk 2T (s)Z(s)ds, L% T
(IR I (g — £) (8 — tg)a™ () X (ty,). 5 3CHR[12)4H L,
ARSCREIL I R VA AR HR e A, JF BLAE
f4i& 2 LyapunoviZ BN 5 LN TR AR MG L, i fEfFA
LI LyapunoviZ B T H— e, YYAMEAL BV (2 (t), ),
ARICRIA T R RGMRA TG R, IF B2 T 5
PRI B2, AR AT LA 3] — MR 8 B, UAEL
SN 2 R AR

X i e HE o = 0, fRLMEREE RS (3)—(4) 18T
RS EVEAEN):

HIL1 XA THERIRFE < Thin< Tnax 1
KRG~ E W R E ), W RAFEP > 0, S,
XesS",QeR™, R>0,Z >0, LKY, € R,
i=1,2,3, 13X TT € {Toin, Trnax 1T

@y (T) = II, + T(II, + 1I5) < 0,

v(T) =
I, -T(I; - 11,) TY; 3TY,
* -TR 0 <0,
* x* —=3TR

HrbIn, 0 = 1,2, 3, 47 #2h g .
ES AMEETIEARERX < 0, BIXTX B .
6 EBI2LL S 1T T E R R LA
R Z A E R R G, WIAFAHR R E 45 3.
4  BE B (Examples)
N AN R A SO R A AL
Bl1  HRELIERFERL()-4), LRGN

A=Y Y\ 4 =Br=| " 01
0 —0.1 —0.375 —1.15

X5 T AN T B 3 9 o, 2T, = O, 20 59 ] 3C
Bk [11] PR 2 AP E B2 A5 21 T IRIER S R
SE I KAZ SRR EI T, G5RTVEILARL

&1 RARABRARZ R K Z R HIARK LT
Table 1 Maximum upper bound 7}, of the aperiodic
sampling for systems to be exponentially
stable

a 0.1 0.2 0.3 0.4

SCER[11] 1447 1.259  1.119  1.006
ARIL 1.623  1.539 1473 1.250

MR LUA Y, BEXRABI 1) &R S, 55 SCRk[11]
THER2AH LG, ASSOE B2 B AR IE RG TR Ede T
F) g K ALY RAE b 5 SR 3 i WA SCE B2 EE SC
BR (1L HER20R ST

B2 BBANERFERGG)-4), LRGN

A=|20 , Ay = BK = Loy
0 —0.9 -1 -1

X F AR 1) 3 0k Ko, T, = OB, 20 51 N F 3¢
Bk (117 2 oA S b s B2 581 T RIE R Ge a8
S (IR AR FIRRE LR T, G RVENLIE2.

K2 RGABHAL YRR IR IR E R Tax
Table 2 Maximum upper bound T}, of the aperiodic
sampling for systems to be exponentially
stable

o 0.1 0.2 0.3 0.4

CHR[11] 1916 1.566 1.333  1.165
A 2.032 1.705 1.531 1.250

FHER2T 0] LU, XA T (1) R 4, 5 SCHk[11]
FRHES2AH L, A S AR R ARAIE R G Eiia e
1) d5e KRR JE SR A B SRR, AN & kT, A
SCEH2 LESCER 1R 2 RS .

530 1 SR AR — IR 1E % I Lyapunoviz B% AH
Lt, AR XK Lyapunoviz B AN EER B — IR E &, B
PRARTIAL rE BR20EE MR AR 55, QLA I 7 1 1 B+l
H T BRI, e B 2 TR V(2 (8), t) B S, Q
(R 3 s san g

CT(B[SC(E) + 2Qu(ty)] £
«0] [s e-s J[a0]
ity |x S—Q-QT| |=(t)

T
z(t) z(t)
W .
Lﬁ(fk)] [ﬂf(tk)l
SEFXTS, QU PR, BIXTW ALK IE &, thZ24n
Yo = 0.2, Trax M55 KfE N 1.705. | FIMATLAB
FHLMI L B4 Al 44

—83.0776 —18.1933
—18.1933 —1.5318 |’
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—103.7366 —29.1847

Q=1 _o17074 —1.6615 |
&1
W =
—83.0776 —18.1933 —20.6590 —10.9915
~18.1933 —1.5318 —3.5142 —0.1297
~920.6590 —3.5142 124.3956  32.6989
~10.9915 —0.1297 32.6989  1.7912

W ) 5 4 18 4> ) A —89.6656, —6.4418, 2.7283,
134.9564, ft AW & A & 1. B 555, Qn LA B A6,
EW > 0, & #2001 FoAh 2 AR, B 15 2 1 T ax
(P AR A 1127, XU R S, QW e, 2L
A A ANAR, AR 8 S L e B2 AR PR oK.

RS, Bl = 0, H T e = O, 23845 T HIA
SCHEVS VR L Sk P 14 77 V545 20 ARAE B 1 R 4
AR T (I KR R ERFE ) A T

R 3 RAHEART AR K IR HARAE LT
Table 3 Maximum upper bound T}, of the aperiodic
sampling for systems to be asymptotically

stable
Jrik k(6] SCwk[6]  SCEk[11] A
Tmax 1.689 1.695 1.723 1.729

3V T A SO HER 1 EE DU sk A i vk
TR/,
5 45 (Conclusions)

AR T — A3 WT A8 AR MR A R S g
S BT 5 2. T3t A3 (12K Lyapunoviz B6, S T
—AMRUE—ZR AR MR AL RGeS e 19T e 2, A
FHIX AN s BEASG3E A Wirtinger A AN, ST
AR JE) R SR A FR G0 4 BOh e Sl R s ) ).
BB ¥ U B T A SCZ H AR e ) o v ) 5 TRA 7
(I HELESCHRAH LU AT BN PR AT

Sk
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