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Abstract: With regard to the slide-to-turn (STT) aircraft constrained by impact angles, a novel robust design approach

for three-dimensional integrated guidance and control (3D-IGC) is put forward. Based on some feasible simplification prin-

ciples, one nonlinear mathematical model facing to 3D-IGC design is first deduced. For a class of multi-variable nonlinear

system, a robust dynamic inversion control (RDIC) method is proposed by introducing a type of control compensation term.

Combined RDIC theory with dynamic surface control (DSC) method, the robust design of 3D-IGC law is finished. Sim-

ulation results present that, the proposed 3D-IGC law can guarantee the stable flight and accurate guidance of researched

aircraft, and also satisfy the constrained condition of impact angles. Furthermore, it possesses strong robust property against

system uncertainties and equivalent disturbances.
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. ,

,

.

,

(three-dimensional integrated guidance and control,

3D--IGC) ,

. ,

,

/ ,

, .

, Menon P K [12] ,

;
[13]

, ;

Vaddi S S[14] Riccati

; Xin M [15]

θ--D , Hamilton-

Jacobi-Bellman

.

, .

, [16] [17] (

)STT

, ,

,

, ; ,

& ,

& . ,

[18–20]. ,

STT ,

, ,

. ,

, .

2 (Problem description)
,

.

,

–
[21]:⎧⎪⎨

⎪⎩
Ṙ =−V [sin θ sin q1+cos θ cos q1 cos(q2−φc)] ,

Rq̇1 = V [cos θ sin q1 cos(q2−φc)−sin θ cos q1] ,

Rq̇2 cos q1 = V cos θ sin(q2 − φc),

(1)

: R , q1
, q2 , V , θ

, φc .

,

:{
mV θ̇ = Y cos γc − Z sin γc −mgcosθ,

mV φ̇c cos θ = −Y sin γc − Z cos γc,
(2)

: m , Y Z

, γc , g .

(1)–(2),

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̈1 = −2Ṙ

R
q̇1 − sin(2q1)

2
q̇22 +

fn cos θ

R
g−

fn
mR

(Y cos γc − Z sin γc)− sin q1 sin(q2 − φc)

mR
·

(Y sin γc + Z cos γc) +Δq1,

q̈2 = −2Ṙ

R
q̇2 + 2q̇1q̇2 tan q1 +

sin(2θ) sin(q2 − φc)

2R cos q1
g−

sin θ sin(q2 − φc)

mR cos q1
(Y cos γc − Z sin γc)+

cos(q2 − φc)

mR cos q1
· (Y sin γc + Z cos γc) +Δq2,

(3)

: Δq1 Δq2 , fn=cos θ cos q1
+ sin θ sin q1 cos(q2 − φc). , [16]

,

–

,

. ,

,

,

.

, (3) [16]

,

.

STT ,
[21]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α̇ = ωz1 − cosα tanβωx1 + sinα tanβωy1−
Y −mg cos θ cos γc

mV cosβ
+ F̄α,

β̇ = sinαωx1 + cosαωy1+
Z +mg cos θ sin γc

mV
+ F̄β,

γ̇c = cosα secβωx1 − sinα secβωy1+

[Y (tan θ sin γc+tanβ)+Z tan θ cos γc−
mg cos θ cos γc tanβ]/(mV ) + F̄γc,

ω̇x1
=

Jy1
− Jz1

Jx1

ωy1
ωz1 +

1

Jx1

Mx1
+ M̄x1,

ω̇y1
=

Jz1 − Jx1

Jy1

ωx1
ωz1 +

1

Jy1

My1
+ M̄y1,

ω̇z1 =
Jx1

− Jy1

Jz1

ωx1
ωy1

+
1

Jz1

Mz1 + M̄z1,

(4)
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: α β , ωx1, ωy1

ωz1 , Mx1,My1 Mz1

,

Jx1, Jy1 Jz1 , F̄α, F̄β F̄γc

, M̄x1, M̄y1 M̄z1 .

/ :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Y = CYqS,

Z = CZqS,

Mx1 = Cx1qSL,

My1 = Cy1qSL,

Mz1 = Cz1qSL,

(5)

: q, S L

. ,

.

STT ,

γc ≈ 0. ,

, (5) :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

CY = Cα
Yα+ CYd,

CZ = Cβ
Zβ + CZd,

Cx1 = fx1 (α, β)+Cδx
x1δx+C

δy
x1δy+Cδz

x1δz+Cx1d,

Cy1 = fy1 (α, β)+Cδx
y1δx+C

δy
y1δy+Cδz

y1δz+Cy1d,

Cz1 = fz1 (α, β)+Cδx
z1 δx+C

δy
z1 δy+Cδz

z1δz+Cz1d,

(6)

: δx, δy, δz
; CYd, CZd, Cx1d, Cy1d, Cz1d

. ,

, .

,

:⎧⎪⎨
⎪⎩
ẋ0 = f0 (x0, v) + g0 (x0, v) x̄1 + ζ0,

ẋ1 = f1 (x1, v) + g1 (x1)x2 + ζ1,

ẋ2 = f2 (x1, x2) + g2 (x2)u+ ζ2,

(7)

: x0 = [ q̇1 q̇2 ]
T, x1 = [α β

γc]
T x2 = [ωx1 ωy1 ωz1 ]

T, x̄1 = [α β ]T;

u = [δx δy δz ]
T; v = [q1 q2 θ φc R

Ṙ]T ; ζ0, ζ1 ζ2
( ). ,

f0 (x0, v) =⎡
⎢⎢⎣

−2Ṙ
R

q̇1− sin(2q1)

2
q̇22+

fn cos θ

R
g

−2Ṙ
R

q̇2+2q̇1q̇2 tan q1+
sin(2θ) sin(q2−φc)

2R cos q1
g

⎤
⎥⎥⎦ ,

g0 (x0, v) =⎡
⎢⎢⎣

−Cα
YqSfn
mR

−Cα
YqS sin θ sin(q2 − φc)

mR cos q1

−Cβ
ZqS sin q1 sin(q2 − φc)

mR
Cβ

ZqS cos(q2 − φc)

mR cos q1

⎤
⎥⎥⎦ ,

f1 (x1, v) =

⎡
⎢⎢⎢⎢⎢⎢⎣

−Cα
YqSα+mg cos θ cos γc

mV cosβ
Cβ

ZqSβ +mg cos θ sin γc
mV
M

mV

⎤
⎥⎥⎥⎥⎥⎥⎦
,

g1(x1) =

⎡
⎢⎣− cosα tanβ sinα tanβ 1

sinα cosα 0

cosα secβ − sinα secβ 0

⎤
⎥⎦ ,

f2 (x1, x2)=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Jy1
−Jz1

Jx1

ωy1
ωz1+

fx1 (α, β) qSL

Jx1

Jz1−Jx1

Jy1

ωx1
ωz1+

fy1 (α, β) qSL

Jy1

Jx1
−Jy1

Jz1

ωx1
ωy1

+
fz1 (α, β) qSL

Jz1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

g2(x2)=qSL

⎡
⎢⎢⎢⎢⎢⎣

1

Jx1

0 0

0
1

Jy1

0

0 0
1

Jz1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣
Cδx

x1 C
δy
x1 Cδz

x1

Cδx
y1 C

δy
y1 Cδz

y1

Cδx
z1 C

δy
z1 Cδz

z1

⎤
⎥⎥⎦ ,

M =(Cα
YqSα (tanβ + tan θ sin γc) + Cβ

ZqSβ

tan θ cos γc −mg cos θ tanβ cos γc).

(7) ,

,

,

.

, ,

,

.

, :

q̇1 → 0, q̇2 → 0, q1 → q1f , q2 → q2f ,

(7) / .

3 (Desi-

gn of robust 3D–IGC law)
3.1 (Robust dynamic inversion

control)
:

ẋ = F0(x) +G0(x)u+ ζ, (8)

G0(x) .

, :

u = −G−1
0 (x) [F0(x) +W (x− xd)− ẋd] , (9)

: W , xd . ,
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ζ ,

,

,

.

1 (8) ζ

‖ζ‖2 � Δ,

u = −G0
−1(x) [F0(x) +W (x− xd)−

ẋd + κdf(x− xd)] , (10)

: κ > 0,

df(s) =

{
s/‖s‖2, s �= 0,

0, s = 0,
(11)

κ > Δ , (8)

.

, Lyapunov :

V =
1

2
sTs, s = x− xd. (12)

,

V̇ = sTṡ = −sT [Ws+ κdf(s)− ζ] =

−sTWs− sT [κdf (s)− ζ] . (13)

W , 1 −sTWs�0,

s = 0 , 1 0; 2 ,

s = 0 , 0,

.

, s �= 0 ,

−sT [κdf (s)− ζ] �

−κsTs

‖s‖2
+

∣∣sTζ∣∣ =
−κ‖s‖2 +

∣∣sTζ∣∣ . (14)

Cauchy-Schwarz [22],∣∣sTζ∣∣ � ‖s‖2 ‖ζ‖2 . (15)

(15) (14)

−sT [κdf(s)− ζ] � − (κ− ‖ζ‖2) ‖s‖2 . (16)

, κ > Δ , :

−sT [κdf(s)− ζ] < 0. (17)

, κ> Δ , V̇ � 0, s = 0 ,

. , (8) ,

.

, , Δ

,

κ . ,

,

.

3.2 (Integrated robust law

design)
,

. ,

, .

,
[18],

, . ,

.

1
.

2 ,

|q1|� q1m < π/2, |q2|� q2m < π/2, |α|� αm < π/2

|β| � βm < π/2.

3
g0 (x0, v) , g1(x1) g2(x2)

.

, (7),

,

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s0 = x0 + C([q1 q2 ]
T − [q1f q2f ]

T),

x̄1d =−[g0 (x0, v)]
−1
[f0 (x0, v)+Cx0+

W0s0 + κ0df(s0)],

η1 ˙̄x1c + x̄1c = x̄1d,

s1 = x1 − x1c, x1c = [ x̄1c 0]
T,

x2d =−[g1 (x1)]
−1
[f1 (x1, v)+W1s1+

κ1df(s1)− ẋ1c],

η2ẋ2c + x2c = x2d,

s2 = x2 − x2c,

u =−[g2 (x2)]
−1
[f2 (x1, x2)+W2s2+

κ2df(s2)− ẋ2c],

(18)

: C, W0, W1 W2 , κ0, κ1 κ2

. η1 η2 ,

, x1c →
x1d x2c → x2d, (18)

. ,

.

(18) ,

. , ,

.

cf(si, σi) =
si

‖si‖2 + σi

, σi > 0, (19)

:

.

, (18)
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:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s0 = x0 + C([q1 q2 ]
T − [q1f q2f ]

T),

x̄1d =−[g0 (x0, v)]
−1
[f0(x0, v)+Cx0+

W0s0 + κ0cf(s0, σ0)],

η1 ˙̄x1c + x̄1c = x̄1d,

s1 = x1 − x1c, x1c = [ x̄1c 0]T,

x2d =−[g1 (x1)]
−1
[f1(x1, v)+W1s1+

κ1cf(s1, σ1)− ẋ1c],

η2ẋ2c + x2c = x2d,

s2 = x2 − x2c,

u =−[g2 (x2)]
−1
[f2(x1, x2)+W2s2+

κ2cf(s2, σ2)− ẋ2c].

(20)

4 (Simulation results)
, STT [16]

. 1600 m/s,

(4000, 2000, 200) m, (6000, 0,

0) m; −10◦,
−60

◦
, 0.5%; 10◦,

0◦, 0.2◦;
. ,

2.0 m, 0.5◦,
15◦, 10◦,

.

– ,

,

,

.

, .

. ,

:{
θ̇∗ = 5 · q̇1 + 2 · (q1 − q1f),

σ̇∗ = 2 · q̇2 + 2 · (q2 − q2f).
(21)

, (2),

.

, /

,

, /

,

,

.

:

W0 = diag{1, 1}, C = diag{2, 3},
W1=diag{60, 60, 60}, W2=diag{100, 100, 100},
η1 = diag{0.005, 0.005},
η2 = diag{0.005, 0.005, 0.005},

κ0 = 2, κ1 = κ2 = 30, σ0 = σ1 = σ2 = 0.1.

, 3 ±35◦

, 5 ms.

±10%,

±30%. ,

,

/ ,

: ⎧⎪⎨
⎪⎩
F̄α = 0.05 · 1(t) + 0.05 sin(πt),

F̄β = 0.02 · 1(t) + 0.05 sin(πt),

F̄γc = 0.01 · 1(t) + 0.05 sin(πt),

(22)

⎧⎪⎨
⎪⎩
M̄x1 = 5.0 · 1(t) + 10.0 sin(πt),

M̄y1 = 2.0 · 1(t) + 4.0 sin(πt),

M̄z1 = 2.0 · 1(t) + 4.0 sin(πt).

(23)

, , ,

,

, – R < 50m ,

, .

Np 0 ( ) +1

( ) −1( )3 ,

, 1

.

1

Table 1 Attack precision statistics under the two

guidance and control schemes

Np = 0 Np = 1 Np = −1
1.328 m 2.159 m 2.899 m

0.944 m 0.816 m 1.517 m

1 ,

,

,

.

,

, 1–2 .

(a)
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(b)

1

Fig. 1 Curves of flight path angle

(a)

(b)

2

Fig. 2 Curves of heading angle

,

( / ) ,

2 .

2 ,

,

( ),

. 3

,

.

2

Table 2 Impact angles statistics under the two

guidance and control schemes

Np = 0 Np = 1 Np = −1
−59.76◦/

−1.29◦
−60.30◦/

−0.42◦
−67.32◦/

−11.0◦

−59.83◦/

< 0.01◦
−59.90◦/

−0.11◦
−60.02◦/

0.01◦

, STT ,

,

. ,

, 3 . ,

, 4–5 .

(a)

(b)

3

Fig. 3 Curves of velocity deflection angle

3 ,

,

, ,

.

4–5 ,

.
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,

, – 50 m

, .

, ,

( )

. ,

(R <50 m )

. , ,

, ,

/

.

(a)

(b)

4

Fig. 4 Curves of attack angle

(a)

(b)

5

Fig. 5 Curves of sideslip angle

, ,

. ,

,

.

5 (Conclusions)
STT ,

,

. ,

,

. ,

. ,

,

BTT

. ,

, ,

.
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