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Adaptive mesh refinement of hp pseudospectral method
using mesh size reduction
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Abstract: An adaptive mesh refinement of hp pseudospectral method is described for solving the optimal control

problem when the control variable of the problem is discontinuous. The method uses orthogonal collocation at Legendre

Gauss Radau points, and produces significantly smaller mesh sizes with a higher accuracy tolerance solution. The derived

relative error estimate is then used to decide if the mesh size should be increased or if it should be reduced, and if the error

relative error estimate is greater than the set value, then the relative error estimate is reduced by increasing the number of

collocation points or increasing the number of mesh intervals, otherwise the computation time is reduced by reducing the

number of collocation points or merging adjacent mesh intervals. The hp pseudospectral method is applied successfully to

the examples of the optimal control problem, and the simulation experiment results show that the hp pseudospectral method

has many advantages.
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, hp ,

[8]

, ,

, NLP ,
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2 Radau (Radau pseudospectral)
2.1 Bolza (Bolza problem)

,

, Bolza .

:

dx

dτ
=

tf − t0
2

f(x(τ), u(τ), t(τ, t0, tf)), (1)

: x(τ) ∈ R
nx , u(τ) ∈ R

nu ,

τ ∈ [−1,+1], t0, tf ,

t ∈ [t0, tf ] τ ∈ [−1,+1],

t ≡ t(τ, t0, tf) =
tf − t0

2
τ +

tf + t0
2

. (2)

bmin � b(x(−1), t0, x(−1), tf) � bmax. (3)

cmin � c(x(τ), u(τ), t(τ, t0, tf)) � cmax. (4)

Bolza , (1)

(3) (4) , u(τ) ∈
R

nu , (5) .

J = M(x(−1), t0, x(+1), tf)+

tf − t0
2

� +1

−1
L(x(τ), u(τ), t(τ, t0, tf))dτ. (5)

hp , τ ∈ [−1,+1] K

Sk=[Tk−1, Tk] , k=1, · · · ,K,
K⋃

k=1

Sk

= [−1,+1],
K⋃

k=1

Sk = [−1,+1], x(k)(τ) u(k)(τ)

Sk , Bolza

.

J =

M(x(1)(−1), t0, x
(K)(+1), tf)+

tf−t0
2

K∑
k=1

� Tk

Tk−1

L(x(k)(τ), u(k)(τ), t(τ, t0, tf))dτ .

(6)

dx(k)(τ)

dτ
=

tf − t0
2

f(x(k)(τ), u(k)(τ), t(τ, t0, tf)).

(7)

cmin � c(x(k)(τ), u(k)(τ), t(τ, t0, tf)) � cmax. (8)

bmin � b(x(1)(−1), t0, x
(K)(−1), tf)) � bmax. (9)

, x(T−
k ) = x(T+

k ),

k = 1, · · · ,K.

2.2 Legendre Gauss radau (LGR collo-

cation discretization)
Legendre-

Gauss-Radau(LGR) [10–11], LGR

, Sk(k = 1, · · · ,K)

x(k)(τ) ≈ X(k)(τ) =
Nk+1∑
j=1

X
(k)
j (τ)�

(k)
j (τ),

�
(k)
j (τ) =

Nk+1∏
l=1,l �=j

τ − τ
(k)
l

τ
(k)
j − τ

(k)
l

, (10)

: τ ∈ [−1,+1], �
(k)
j (τ), j = 1, · · · , Nk + 1

, Sk = [Tk−1, Tk) LGR

(τ
(k)
1 , · · · , τ (k)

Nk
), τ

(k)
Nk+1 = Tk .

dX(k)(τ)

dτ
=

Nk+1∑
j=1

X
(k)
j

d�
(k)
j (τ)

dτ
, (11)

Nk+1∑
j=1

D
(k)
ij X

(k)
j =

tf − t0
2

f(X
(k)
i (τ), U

(k)
i (τ), t(τ

(k)
i , t0, tf)), (12)

: D
(k)
ij =

d�
(k)
j (τ

(k)
i )

dτ
(i=1, · · ·, Nk, j=1, · · ·, Nk

+1) Sk Nk× (Nk+1) Legendre Gauss

Radau [12], LGR NLP ,

J=M(X
(1)
1 , t0, X

(K)
NK+1, tf)+

tf − t0
2

K∑
k=1

Nk∑
j=1

ω
(k)
j L(X

(k)
j , U

(k)
j , t(τ

(k)
i , t0, tf)),

(13)

ω
(k)
j =

� 1

−1
�
(k)
j (τ)dτ .

Nk+1∑
j=1

D
(k)
ij X

(k)
j −

tf − t0
2

f(X
(k)
i , U

(k)
i , t(τ

(k)
i , t0, tf)) = 0,

i = 1, · · · , Nk. (14)

cmin � c(X
(k)
i , U

(k)
i , t(τ

(k)
i , t0, tf)) � cmax,

i = 1, · · · , Nk. (15)

bmin � b(X
(1)
1 , t0, X

(K)
Nk+1, tf) � bmax. (16)
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(T1, · · · , TK−1) ,

X
(k)
Nk+1 = X

(k+1)
1 , k = 1, · · · ,K − 1. (17)

3 hp (Method of hp

adaptive mesh refinement )
3.1 (Relative error estimate)

ε,

Sk(k = 1, · · · ,K)

e(k)max ε,

,

. (13)–(16) Bolza

Sk = [Tk−1, Tk], k = 1, · · · ,
K Nk LGR . LGR ,

, Mk = Nk + 1 LGR

(τ̂
(k)
1 , · · · , τ̂ (k)

Mk
), τ̂

(k)
1 = τ

(k)
1 = Tk−1, τ̂

(k)
Mk

= Tk.

(10), Mk LGR (τ̂
(k)
1 , · · · , τ̂ (k)

Mk
)

(x(τ̂
(k)
1 ), · · · , x(τ̂ (k)

Mk
)), Lagrange

U (k)(τ) =
Nk∑
j=1

U
(k)
j (τ)�̂

(k)
j (τ),

�̂
(k)
j (τ) =

Nk∏
l=1,l �=j

τ − τ
(k)
l

τ
(k)
j − τ

(k)
l

,
(18)

X̂(k)(τ̂
(k)
j )

X̂(k)(τ̂
(k)
j ) =

X(k)(τk−1) +
tf − t0

2
×

Mk∑
l=1

(Î
(k)
jl f(X(k)(τ̂

(k)
j ), U (k)(τ̂

(k)
j ), t(τ̂

(k)
i , t0, tf)),

j, l = 1, · · · ,Mk + 1, (19)

: Î(k)=[D̂
(k)
2 , · · ·, D̂(k)

Nk+1]
−1 LGR (τ̂

(k)
1 , · · ·,

τ̂
(k)
Mk

) Mk ×Mk , x(τ̂
(k)
j ) x̂(τ̂

(k)
j )

[9]:

E
(k)
i (τ̂

(k)
l ) = |X̂(k)

i (τ̂
(k)
l )−X

(k)
i (τ̂

(k)
l )|, (20)

e
(k)
i (τ̂

(k)
l ) =

E
(k)
i (τ̂

(k)
l )

1 + max
j∈[1,··· ,Nk+1],k∈[1,··· ,K]

|X(k)
i (τ

(k)
l )|

,

l = 1, · · · ,Mk + 1, i = 1, · · · , nx.

(21)

Sk
[11]

e(k)max = max
i∈[1,··· ,nx],l∈[1,··· ,Mk+1]

e
(k)
i (τ̂

(k)
j ). (22)

3.2 hp (hp adaptive mesh refine-

ment)
3.2.1 (Nonsmooth solution location)

k ∈ [1, · · · ,K] ,

,

, ,

, ,

. , k ∈ [1,

· · · ,K] ,{
P

(M)
ij = |Ẍ(M)

i (τij)|, P (M−1)
ij = |Ẍ(M−1)

i (τij)|,
i = 1, · · · , nx, j = 1, · · · , Li,

(23)

τij ∈ Sk |Ẍ(M)
i (τ)| .

, P
(M−1)
ij |Ẍ(M−1)

i (τ)| τij ∈ Sk

. M ,

Rij =
P

(M)
ij

P
(M−1)
ij

� R̄, (24)

Sk
[14], R̄ .

3.2.2 (Dividing a mesh interval)
Sk, k ∈ [1, · · · ,K] e(k)max > ε, ε

, τij ∈ Sk (24)

, Sk . j ∈ [1,

· · · , Hk], i ∈ [1, · · · , nx] Rij � R̄ ,

Sk Hi , Hk

Sk Hk + 1

. ,

,

, [15]

Hmax = [logNk
(e(k)/ε)], (25)

Hmax , e(k) � ε (

106) , 15∼25, e(k) → ε , Hmax 0.

S

S = min(Hk + 1, Hmax). (26)

3.2.3 (Increasing the number of

collocation points in a mesh interval)
Sk , e(k)max > ε, τ ∈ Sk,

Rij < R̄, Sk .

e(k)max ε , ε/e(k)max
[9].

Pk , N−Pk

k =ε/ekmax,

Pk = logNk
(
e(q)max

ε
), (27)

Pk , (27)

Pk = [logNk
(
e(q)max

ε
)]. (28)

3.2.4 (Reducing the number of

collocation points in a mesh interval))
Sk = [Tk−1, Tk] e(k)max

ε, ,

e(k)max ε[15].

μk =
Tk−1 + Tk

2
, hk =

Tk − Tk−1

2
,
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩
X

(k)
i (τ) =

Nk+1∑
j=1

Xij�j(
τ − μk

hk

),

�j(s) =
Nk+1∏

i=1,i �=j

(
s− si
sj − si

),

(29)

−1 = s1 < s2 < · · · < sNk
< sNk+1 = 1,

�j(s) :

�j(s) =
Nk∑
l=0

aljs
l. (30)

Qj(s) �j(s) , Qj(s)

{sk}Nk+1
k=1,k �=j ,

i = 1, · · · , nx, j = 1, · · · , Li. (31)

�j(sj) = 1,

�j(s) =
1

Qj(sj)
Qj(s) =

Nk∑
l=0

Qlj

Qj(sj)
sl, (32)

alj =
Qlj

Qj(sj)
. (33)

, . (29)

(30), ⎧⎪⎪⎨
⎪⎪⎩
X

(k)
i (τ) =

Nk∑
l=0

bij(
τ − μk

hk

)
l

,

bij =
Nk+1∑
j=1

Xijaij,
(34)

τ ∈ Sk, |τ − μk|
hk

� 1. Nk ,

Sk |biNk
|. ,

bij ,

βij = 1 + max
k∈[1,··· ,K]

max
τ∈Sk

|X(k)
i (τ)|, (35)

i = 1, · · · , nx. , |bij|/
βij > ε . i ∈ [1, · · · , ny]

, nx N
(k)
1 , · · · ,

N (k)
nx

. X(k)(τ) (N
(k)
1 , · · · , N (k)

nx
)

.

3.2.5 (Merging adjacent mesh

intervals)

,

,

Nk+1 �= Nk, Sk+1 = [Tk, Tk+1]

Sk = [Tk−1, Tk] ,

.

,

3 : 1) ;

2) ε; 3)

ε.

3.2.6 hp (hp adaptive

pseudospectral method procedure)
hp ,

1 .

1 hp

Fig. 1 Schematic of adaptive hp pseudospectral method

Step 1 Sk = [Tk−1, Tk], k = 1,

· · · , K , Nk, Radau

LGR , NLP ,

(SNOPT) NLP ;

Step 2 e(k)max,

(k = 1, · · · , K) e(k)max < ε, ,

Step 3;

Step 3 Sk e(k)max

e(k)max < ε, ,

;

Step 4
, NLP ,

Step 5 e(k)max

e(k)max < ε, , ;

Step 6 Sk e(k)max

e(k)max < ε, Step 8, Step 7;

Step 7 Sk ,

, . Step 4.
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Step 8 ,

, , ,

, . Step 4.

4 (Simulation analysis)
, 3 hp , [9]

ph . ph− (Nmin, Nmax) ph

, Nmin Nmax .

M , M = 0 ,

N,M , hp

ph 2, Nk � 2,

(k = 1, · · · ,K), ε

= 10−6. , 10

, 2. hp , [14] R̄ =

1.2, Nk = 15. ph

hp , ph − (3, 15).

MATLAB ,

NLP SNOPT [4], CPU 3.4

GHz Intel Core i7 .

(hypersensitive) [9, 15]

,

,

, .

min J =
1

2

� tf

0
(x2 + u2)dt. (36)

ẋ = −x+ u. (37)

x(0) = 1.5, x(tf) = 1, (38)

tf , (36)–(38)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[
x∗(t)
u∗(t)

]
=

[
1 1

1+
√
2 1−√

2

][
et

√
2c1

e−t
√
2c2

]
,

[
c1
c2

]
=

1

e−tf
√
2 − etf

√
2

[
1.5e−tf

√
2 − 1

1−1.5etf
√
2

]
.

(39)

2(a) 2(b) (36)–(38)

, tf = 10000, 3(a) 3(b) hp

ph . (39), , tf ,

, ,

, 3(a) 3(b)

. 3(a) , M ,

, 3(b) , M � 3 , M ,

, . hp

, ph ,

. M = 5 , ph

332( 3(a)), hp 102( 3(b)), hp

ph . ph

,

hp ,

, t = t0 t = tf
, .

2(a) x(t) t

Fig. 2(a) x(t) vs. t

2(b) u(t) t

Fig. 2(b) u(t) vs. t

3(a) ph

Fig. 3(a) ph mesh point history

3(b) hp

Fig. 3(b) hp mesh point history
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hp t = t0 t = tf
. 4(a) 4(b) ,

t ∈ [0, 15] t ∈ [9995, 10000] , M

, .

, ,

, .

4(a) x(t) t0

Fig. 4(a) x(t) vs. t near t0

4(b) x(t) tf

Fig. 4(b) x(t) vs. t near tf

hp ph h [8]

(HP ) , 1(a) 1(b) tf
10000, 100000 3 ,

N K M .

1 , ph h HP

N K tf , hp

. tf , hp h ph HP

, ,

h ph HP hp .

hp [8] HP

2 . 2 , tf = 10000, emax

, eexact
max . HP

emax eexact
max .

2

,

, hp HP

.

1 hp h ph

Table 1 Compare results using hp and various h and ph

methods

a) tf = 10000

Nmin Nmax t/s N K M

hp 2 15 5.83 102 16 5

HP ρ = 3 L = 1 14.28 368 48 7

h 2 2 25.39 378 189 8

h 3 3 16.37 489 163 7

h 4 4 12.56 548 137 6

h 5 5 20.38 605 121 6

ph 3 8 18.56 435 108 7

ph 3 12 15.88 388 84 7

ph 3 15 13.19 332 43 6

ph 4 8 16.89 497 95 7

ph 4 12 15.71 408 75 7

ph 4 15 14.35 348 65 7

b) tf = 100000

Nmin Nmax t/s N K M

hp 2 15 15.56 118 21 6

HP ρ = 3 L = 1 114.28 401 63 9

h 2 2 184.81 436 218 9

h 3 3 159.2 513 171 9

h 4 4 137.34 624 156 8

h 5 5 141.06 710 140 8

ph 3 8 126.56 517 112 9

ph 3 12 113.91 439 84 9

ph 3 15 103.19 393 57 8

ph 4 8 127.88 532 116 9

ph 4 12 115.37 441 97 9

ph 4 15 109.59 386 88 8

2 hp [8] HP

Table 2 Convergence of hp method compare with HP

method in Ref.[8]

M
hp HP

emax eexact
max emax eexact

max

1 1.278×100 8.913×10−3 8.573×10−1 6.151×10−3

2 3.425×10−1 3.258×10−2 4.189×10−1 1.708×10−3

3 2.150×10−2 6.153×10−2 3.769×10−2 3.250×10−3

4 9.556×10−4 7.332×10−4 5.121×10−3 5.208×10−4

5 6.523×10−10 1.083×10−9 1.705×10−3 6.711×10−5

6 — — 5.893×10−5 2.384×10−6

7 — — 8.384×10−9 1.083×10−8

5 (Conclusions)
, hp

,

, hp .



8 : hp 1067

,

, ,

;

,

. hp ,

ph h , hp

.
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