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Abstract: The convergence for the Gaussian mixture (GM) implementation of the cardinality balanced multi-target

multi-Bernoulli (CBMeMBer) filter is studied. This paper proves that the GM–CBMeMBer filter converges uniformly

to the true CBMeMBer filter in the linear Gaussian model as the number of Gaussians in the mixture tends to infinity.

In addition, this paper proves the extended Kalman (EK) filter approximations of the GM–CBMeMBer filter in weak

nonlinear condition — EK–GM–CBMeMBer filter, converges uniformly to the true CBMeMBer filter as the covariance

of each Gaussian term tends to zero. The purpose of this paper is to theoretically present the convergence results of the

CBMeMBer filter’s GM implementation, perfecting the theoretical research of the CBMeMBer filter for the multi-target

tracking problem.
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(Appendix Mathematical proofs)
A 1(Appendix A Lemma 1)

Minkowski , ϕ ∈ Cb(R
d),

GM {(r(i),J(i)

, p(i),J
(i)

)}Mi=1

{(r(i), p(i))}Mi=1 :

|r(i)〈p(i), ϕ〉 − r(i),J
(i)〈p(i),J(i)

, ϕ〉| �
|r(i)〈p(i), ϕ〉 − r(i)〈p(i),J(i)

, ϕ〉|+
|r(i)〈p(i),J(i)

, ϕ〉 − r(i),J
(i)〈p(i),J(i)

, ϕ〉| �
r(i)|〈p(i), ϕ〉−〈p(i),J(i)

, ϕ〉|+‖ϕ‖∞|r(i)−r(i),J
(i) |. (A1)

B GM–CBMeMBer (App-

endix B Convergence analysis of the prediction step of the

GM–CBMeMBer filter)
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|r(i)
P,k|k−1

− r
(i),J
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k−1

P,k|k−1
| =
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(i)
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(i),J
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k−1

k−1 〈p(i),J
(i)
k−1
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(i)
k−1|〈p

(i)
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k−1

k−1 , pS,k〉|+

pS,k|r(i)k−1 − r
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� pS,k (ck−1 + dk−1) . (A4)

(3) , cP,k|k−1 (9).
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P,k|k−1
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C GM–CBMeMBer (Appendix C Convergence analysis of the update step of the GM-CBMe

MBer filter)
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+
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.
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(i)

k|k−1

L,k , ϕ〉| =

|
〈p(i)

k|k−1
, (1− pD,k)ϕ〉

1− 〈p(i)
k|k−1

, pD,k〉
−

〈p(i),J
(i)

k|k−1

k|k−1
, (1− pD,k)ϕ〉

1− 〈p(i),J
(i)

k|k−1

k|k−1
, pD,k〉

|.

(A15)

, Minkowski

� 1

1− 〈p(i)
k|k−1

, pD,k〉

|〈p(i)
k|k−1

, (1− pD,k)ϕ〉 − 〈p(i),J
(i)

k|k−1

k|k−1
, (1− pD,k)ϕ〉|+

‖ϕ‖∞|〈p(i)
k|k−1

, pD,k〉 − 〈p(i),J
(i)

k|k−1

k|k−1
, pD,k〉|

1− 〈p(i)
k|k−1

, pD,k〉
. (A16)

(12)

�
dk|k−1

1− pD,k
‖ϕ‖∞. (A17)

(14) , dL,k (18).

(15) .

|rU,k(z)−r
J

(i)

k|k−1

U,k (z)| = |

Mk|k−1∑

i=1

(1−r
(i)
k|k−1

)r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
(1−r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉)2

κk(z) +
Mk|k−1∑

i=1

r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
1−r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉

−

Mk|k−1∑

i=1

(1−r
(i),J

(i)

k|k−1

k|k−1
)r

(i),J
(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, ψk,z〉

(1−r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉)2

κk(z) +
Mk|k−1∑

i=1

r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, ψk,z〉

1−r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉

|.

(A18)

[11] (A.39)
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� 2

Mk|k−1∑

i=1
|
(1− r

(i)
k|k−1

)r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
(1− r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉)2
−

(1− r
(i),J

(i)

k|k−1

k|k−1
)r

(i),J
(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, ψk,z〉

(1− r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉)2

|

Mk|k−1∑

i=1

r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
1− r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉

. (A19)

, (A19) , , Minkowski

�
(1− r

(i)
k|k−1

)r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
(1− r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉)2
|(1− r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉)2 − (1− r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉)2|

(1− r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉)2

+

|(1− r
(i)
k|k−1

)r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉 − (1− r
(i),J

(i)

k|k−1

k|k−1
)r

(i),J
(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, ψk,z〉|

(1− r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉)2

. (A20)

(11)–(12) 1,

�
0.5pD,k

(
1− pD,k

) ∥∥ψk,z

∥
∥
∞(

1− pD,k

)4
(
ck|k−1 + dk|k−1

)
+

0.25dk|k−1 + 3ck|k−1
(
1− pD,k

)2
∥
∥ψk,z

∥
∥
∞. (A21)

, (A19) [11] (A.45) ,

|rU,k(z)− r
J

(i)

k|k−1

U,k (z)| � (6− 11pD,k + 5p2D,k)ck|k−1 + 0.5(1− p2D,k)dk|k−1

(1− pD,k)
3 inf(ψk,z)nk|k−1

Mk|k−1‖ψk,z‖∞. (A22)

(15) , cU,k (19).

(16) .

|〈pU,k(·; z), ϕ〉−〈pJ
(i)

k|k−1

U,k (·; z), ϕ〉| = |〈

Mk|k−1∑

i=1

r
(i)
k|k−1

p
(i)
k|k−1

ψk,z

1−r
(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉
Mk|k−1∑

i=1

r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
1−r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉

, ϕ〉−〈

Mk|k−1∑

i=1

r
(i),J

(i)

k|k−1

k|k−1
p
(i),J

(i)

k|k−1

k|k−1
ψk,z

1−r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉

Mk|k−1∑

i=1

r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, ψk,z〉

1−r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉

, ϕ〉|.

(A23)

, Minkowski [11] (A.59)

� 2‖ϕ‖∞
Mk|k−1∑

i=1

r
(i)

k|k−1
〈p(i)

k|k−1
,ψk,z〉

1−r
(i)

k|k−1
〈p(i)

k|k−1
,pD,k〉

|
Mk|k−1∑

i=1

r
(i)
k|k−1

〈p(i)
k|k−1

, ψk,z〉
1− r

(i)
k|k−1

〈p(i)
k|k−1

, pD,k〉
−

Mk|k−1∑

i=1

r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, ψk,z〉

1− r
(i),J

(i)

k|k−1

k|k−1
〈p(i),J

(i)

k|k−1

k|k−1
, pD,k〉

|. (A24)

[11] (A.44) (A.45)

|〈pU,k(·; z), ϕ〉 − 〈pJ
(i)

k|k−1

U,k (·; z), ϕ〉| � 2Mk|k−1‖ψk,z‖∞(ck|k−1 + dk|k−1)

(1− pD,k) inf(ψk,z)nk|k−1
‖ϕ‖∞. (A25)

(16) , dU,k (20). , GM–CBMeMBer .

D EK–GM–CBMeMBer (Appendix D Convergence analysis of the prediction step of the EK–

GM–CBMeMBer filter)

r
(i),EK
P,k|k−1

= r
(i)
k−1

� J
(i)
k−1∑

j=1
w
(i,j)
k−1N(x;m

(i,j)
k−1 , P

(i,j)
k−1 )pS,kdx = r

(i)
k−1pS,k, (A26)

p
(i),EK
P,k|k−1

(x) =

�
N(x;φk(ζ), Qk−1)

J
(i)

k|k−1∑

j=1
w
(i,j)
k−1N(ζ;m

(i,j)
k−1 , P

(i,j)
k−1 )pS,kdζ

� J
(i)

k|k−1∑

j=1
w
(i,j)
k−1N(x;m

(i,j)
k−1 , P

(i,j)
k−1 )pS,kdx

. (A27)

(23)–(24) , (25)–(28), EK . , EK–GM–CBMeMBer .
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E EK–GM–CBMeMBer (Appendix E Convergence analysis of the update step of the EK–

GM–CBMeMBer filter)

r
(i),EK
L,k = r

(i)
k|k−1

1−
� J

(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx

1− r
(i),EK
k|k−1

� J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx

= r
(i)
k|k−1

1− pD,k

1− r
(i)
k|k−1

pD,k

, (A28)

p
(i),EK
L,k (x) =

J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)(1− pD,k)

1−
� J

(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx

=

J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

). (A29)

(31)–(32) .

rEK
U,k =

Mk|k−1∑

i=1

r
(i)
k|k−1

(1− r
(i)
k|k−1

)
� J

(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)N(z;hk(x), Rk)pD,kdx

(1− r
(i)
k|k−1

� J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx)
2

κk(z) +
Mk|k−1∑

i=1

r
(i)
k|k−1

� J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)N(z;hk(x), Rk)pD,kdx

1− r
(i)
k|k−1

� J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx

, (A30)

pEK
U,k(x; z) =

Mk|k−1∑

i=1

r
(i)
k|k−1

J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)N(z;hk(x), Rk)pD,k

1− r
(i)
k|k−1

�
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx

Mk|k−1∑

i=1

r
(i)
k|k−1

� J
(i)

k|k−1∑

j=1
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)N(z;hk(x), Rk)pD,kdx

1− r
(i)
k|k−1

�
w
(i,j)
k|k−1

N(x;m
(i,j)
k|k−1

, P
(i,j)
k|k−1

)pD,kdx

. (A31)

(33)–(34) , (35)–(42). , EK–GM–CBMeMBer .
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