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Design of feedback linearization second-order sliding mode stator flux
observer for induction motors
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Abstract: In order to improve the observation accuracy of stator flux of induction motors, a second-order sliding mode

flux estimation method based on feedback linearization is proposed. A stator flux observer is designed and applied for

direct torque control (DTC) of induction motors. The rotor flux is selected as the system’s output to estimate the flux more

accurately, the induction motor system is input-output linearized by using the differential geometry theory, and the feedback

linearization model with rotor flux as output is obtained. On this basis, a rotor flux second-order sliding mode observer

is designed based on Super-twisting algorithm to estimate rotor flux, and this paper analysis the stability of the designed

observer. By using the relationship between the stator flux and the rotor flux to estimate the stator flux. The observer is

applied to DTC of induction motors and achieves a good control performance. Simulation and experiment results verify the

feasibility and effectiveness of the proposed method.
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2 (Feedback

linearization model of induction motor)
2.1 (Affine nonlinear

model of induction motor)
, ,

(α− β) ,

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

i̇sα = −δisα + λθψrα + npλωrψrβ + ηusα,

i̇sβ = −δisβ − npλωrψrα + λθψrβ + ηusβ,

ψ̇rα = θLmisα − θψrα − npωrψrβ,

ψ̇rβ = θLmisβ + npωrψrα − θψrβ.

(1)

:⎧⎨
⎩y1 = ψrα,

y2 = ψrβ,

: θ =
Rr

Lr

, σ = 1− L2
m

LsLr

, η =
1

σLs

, λ=
Lm

σLsLr

,

δ = ηRs + Lmλθ; isα, isβ , usα, usβ , ψrα, ψrβ α

β ; ωr

; Ls, Lr, Lm

; Rs, Rr .

(1) ,⎧⎪⎪⎨
⎪⎪⎩
ẋ = f(x) + g1(x)u1 + g2(x)u2,

y1 = h1(x),

y2 = h2(x),

(2)

:

x = [isα isβ ψrα ψrβ ]
T = [x1 x2 x3 x4 ]

T,

f(x) =

⎡
⎢⎢⎢⎣
−δx1 + λθx3 + npλωrx4

−δx2 − npλωrx3 + λθx4

θLmx1 − θx3 − npωrx4

θLmx2 + npωrx3 − θx4

⎤
⎥⎥⎥⎦ ,

g1(x) = [η 0 0 0]T,

g2(x) = [0 η 0 0]T,

u1 = usα, u2 = usβ, h1(x) = x3, h2(x) = x4.

2.2 (Coordinate change)
α–β ,

r1 r2(r1 r2 h1(x) h2(x)

). r1 : Lg1L
0
f h1(x) = 0,

Lg2L
0
f h1(x) = 0; Lg1L

1
f h1(x) = ηθLm, Lg2L

1
f h1(x)

= 0. r1 = 2, r2 = 2.

r = r1 + r2 = n, n

x .

, ,

. ,

z = Φ(x):⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z1 = ϕ1(x) = h1(x),

z2 = ϕ2(x) = Lfh1(x),

z3 = ξ1(x) = h2(x),

z4 = ξ2(x) = Lfh2(x),

(3)

: z=[z1 z2 z3 z4]
T, Φ(x)=[ϕ1(x) ϕ2(x) ξ1(x)

ξ2(x)]
T. Φ(x) Jacobian

JΦ =
∂Φ(x)

∂x
=

⎡
⎢⎢⎢⎣

0 0 1 0

θLm 0 −θ −npωr

0 0 0 1

0 θLm npωr −θ

⎤
⎥⎥⎥⎦ ,

Jacobian ,

z = Φ(x) .
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(3) , (2)

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ż1 = z2,

ż2 = L2
f h1(x) + Lg1Lfh1(x)u1 + Lg2Lfh1(x)u2,

ż3 = z4,

ż4 = L2
f h2(x) + Lg1Lfh2(x)u1 + Lg2Lfh2(x)u2.

(4)

2.3 (Feedback linearization)
(4) 2, 4 ,

u = B−1(x)(−A(x) + v), (5)

v . :

u = [u1 u2 ]
T, v = [v1 v2 ]

T,

A(x) = [L2
f h1(x) L

2
f h2(x)]

T,

B(x) =

[
Lg1L

1
f h1(x) Lg2L

1
f h1(x)

Lg1L
1
f h2(x) Lg2L

1
f h2(x)

]
.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ż1 = z2,

ż2 = v1,

ż3 = z4,

ż4 = v2.

(6)

⎧⎨
⎩y1 = z1,

y2 = z3,

:

v1 = L2
f h1(x) + Lg1Lfh1(x)u1 + Lg2Lfh1(x)u2,

v2 = L2
f h2(x) + Lg1Lfh2(x)u1 + Lg2Lfh2(x)u2.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

v1 = (λθ2Lm − δθ)z1 − (δ + θ)z2+

(θLmnpλωr − δnpωr)z3−npωrz4+ηθLmu1,

v2 = (δnpωr − θLmnpλωr)z1 + npωrz2+

(λθ2Lm − δθ)z3 − (δ + θ)z4 + ηθLmu2,
(7)

u1 u2 usα usβ ,

.

3 (Design of

second-order sliding mode flux observer)
,

. Super-twisting

s , ( : ṡ), Super-twisting

:⎧⎨
⎩v = −k1|s|1/2

sgn s+ v1,

v̇1 = −k2sgn s.
(8) (single input

single output, SISO) , super-twisting

(9) [16]:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋ1 = x2,

ẋ2 = f(t, x1, x2, u) + ξ(t, x1, x2, u),

u = U(t, x1, x2),

y = x1,

(8)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̂x1 = x̂2 + z1,

˙̂x2 = f(t, x1, x̂2, u) + z2,

z1 = λ|x1 − x̂1|1/2
sgn(x1 − x̂1),

z2 = αsgn(x1 − x̂1).

(9)

(multiple input multiple output, MIMO) ,

MIMO SISO ,

(9) ,

z1 z3( ψrα ψrβ)

, .

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̂z1 = ẑ2 + vα1,

˙̂z2 = v̂1 + vα2,

˙̂z3 = ẑ4 + vβ1,

˙̂z4 = v̂2 + vβ2,

(10)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

vα1 = kα1|z̄1|1/2
sgn z̄1,

vα2 = kα2sgn z̄1,

vβ1 = kβ1|z̄3|1/2
sgn z̄3,

vβ2 = kβ2sgn z̄3,

(11)

: ẑ1, ẑ2, ẑ3, ẑ4 z1, z2, z3, z4
; vα1, vα2 vβ1, vβ2 ; z̄1

= z1 − ẑ1, z̄3 = z3 − ẑ3 α β

.

, z1, z3 .

z1, z3 :⎧⎪⎪⎨
⎪⎪⎩
z1 = −1

θ
ẑ2 − npωr

θ
ẑ3 + Lmx1,

z3 =
npωr

θ
ẑ1 − 1

θ
ẑ4 + Lmx2.

(12)

4 (Analysis of the obser-

ver’s stability)
(6) (10),

:
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⎪⎪⎪⎪⎪⎩

˙̄z1 = z̄2 − vα1,
˙̄z2 = v̄1 − vα2,
˙̄z3 = z̄4 − vβ1,
˙̄z4 = v̄2 − vβ2,

(13)

:

z̄i = zi − ẑi(i = 1, 2, 3, 4), v̄i = vi − v̂i(i = 1, 2);

z̄1, z̄1 α β .

(13) :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋα1 = −kα1|xα1|1/2
+ xα2 + ρα1,

ẋα2 = −kα2sgnxα1 + ρα2,

ẋβ1 = −kβ1|xβ1|1/2
+ xβ2 + ρβ1,

ẋβ2 = −kβ2sgnxβ1 + ρβ2,

(14)

: ⎡
⎢⎢⎢⎣
xα1

xα2

xβ1

xβ2

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
z̄1
z̄2
z̄3
z̄4

⎤
⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎣
ρα1
ρα2
ρβ1
ρβ2

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
0

v̄1
0

v̄2

⎤
⎥⎥⎥⎦ ,

ρα1, ρα2, ρβ1, ρβ2 .

, α :

ρα1, ρα2 :

|ρα1| � δ1|xα1|1/2
, |ρα2| � δ2. (15)

, δ1, δ2 � 0.

Lyapunov [17]:

V (x) = kα2 |xα1|+ 1

2
xα2

2 +

1

2
(kα1|xα1|1/2

sgnxα1 − xα2)
2 =

ζTPζ, (16)

:

ζT = [|xα1|1/2
sgnxα1 xα2],

P =
1

2

[
4kα2 + k2α1 −kα1
−kα1 2

]
.

V (x)

V̇ (x) = − 1

|xα1|1/2
ζTQζ +

ρ1

|xα1|1/2
qT
1ζ + ρ2qT

2ζ,

(17)

:

Q =
kα1
2

[
2kα2 + k2α1 −kα1
−kα1 1

]
,

qT
1 = [(2kα2 +

k2α1
2

) −kα1
2

],

qT
2 = [−kα1 2].

(15)

V̇ (x) � − 1

|xα1|1/2
ζTQ̃ζ, (18)

:

Q̃ =
kα1
2

[
M N
N 1

]
,

M = 2kα2 + k2α1 − (
4kα2
kα1

+ kα1)δ1 − 2δ2,

N = −(kα1 + 2δ1 +
2δ2
kα1

).

[17] P , Q̃ :⎧⎪⎪⎨
⎪⎪⎩
kα1 > 2δ1,

kα2 > kα1
5δ1kα1 + 6δ2 + 4(δ1 + δ2/kα1)

2

2(kα1 − 2δ1)
.

(19)

(19) V̇ (x) < 0 , δ1, δ2
, kα1, kα2 ,

, .

:

, ;

, [18].

, ,

(19), .

, . ,

, V̇ (x) <

0 , . β

.

5 (Estimating stator flux)

, :⎧⎪⎪⎨
⎪⎪⎩
ψ̂sα =

Lm

Lr

ψ̂rα + σLsîsα,

ψ̂sβ =
Lm

Lr

ψ̂rβ + σLsîsβ.

(20)

1 .

6 (Simulation and experiment)

,

,

2 . 1

. ψs = 1 Wb, PID

, KP = 20, KI = 0.01,

KD = 0.2. : kα1 = kβ1 =

10, kα2 = kβ2 = 2000.
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1

Fig. 1 Diagram of the observer system

2

Fig. 2 Diagram of induction motor direct torque control system

1

Table 1 Parameters of the induction motor

UN/V 380

fN/Hz 50

Rs/Ω 1.405

Rr/Ω 1.395

Ls/H 0.1780

Lr/H 0.1780

Lm/H 0.1722

J /(kg ·m2) 0.511

np 2

MATLAB/Simulink

.

.

(

) . ,

3

4 .

3 ,

–

0.08 Wb, –

0.25 Wb, –

0.15 Wb.

3 60 r/min

Fig. 3 Steady-state stator flux linkage at 60 r/min
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4 600 r/min

Fig. 4 Steady-state stator flux linkage at 600 r/min

4 ,

–

0.04 Wb, –

0.1 Wb, –

0.07 Wb.

, .

. 5

, 600 r/min, ,

0.8 s Rs ,

2 1/2 . 6 ,

600 r/min, , 0.8 s

Lm , 2

1/2 .

(a) Rs 2

(b) Rs 1/2

5

Fig. 5 Response to changing stator resistance value suddently

5 6 ,

, ,

, ,
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.

(a) Lm 2

(b) Lm 1/2

6

Fig. 6 Response to changing mutual inductance value

suddently

,

.

, 0 100 r/min, 600 r/min

7 . 600 r/min

8 . 7–8 ,

, ,

,

.

7

Fig. 7 Response to a step speed

8

Fig. 8 Response to a step load
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,

.

PC DSP(TMS320F2812)

, 9 .

,

, 10–11 .

(a)

(b)

9

Fig. 9 Experimental platform

10

Fig. 10 The induction motor rotor speed response

10 100 r/min

600 r/min 0.4 s ,

,

. 11

,

1 Wb,

.

.

11

Fig. 11 The induction motor stator flux response

7 (Conclusions)

, Super-twisting

,

.

,

, ,

, ;

,

.

.
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