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Effect of fractional-order PID controller on the dynamical response of
linear single degree-of-freedom oscillator with displacement feedback
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Abstract: The free vibration of a linear single degree-of-freedom (SDOF) oscillator with fractional-order proportional-

integral-derivative (PID) controller based on displacement feedback is investigated by the averaging method, and the ap-

proximate analytical solution is obtained. The effects of the parameters in fractional-order PID controller on the dynamical

properties are characterized, where the proportional component is characterized in the form of equivalent linear stiffness,

the integral component is characterized in the form of equivalent linear negative damping and equivalent linear stiffness,

and the differential component is characterized in the form of equivalent linear damping and equivalent linear stiffness.

Those equivalent parameters could distinctly illustrate the effects of the parameters in fractional-order PID controller on

the dynamical response. A comparison of the approximate analytical solution with the numerical results is made, and their

satisfactory agreement verifies the correctness of the approximate results. The system stability is analyzed based on the

approximate analytical solution and the characteristic equation of the fractional-order system. Finally, the effects on system

control performance of fractional-order PID controller for linear SDOF oscillator with displacement feedback are analyzed

by the time response performance metrics parameters when the coefficients and orders of fractional-order PID controller

are changed.
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2 (Approximate analytical

solution of system)

. PID

, 1 .

1

Fig. 1 Structure of control system

,

mẍ(t) + cẋ(t) + kx(t) + U(t) = F, (1)

: U(t) PID , m

, k , c , x(0) =

a0, ẋ(0) = 0. F = 0. PID

Caputo ,⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

U(t) = Kpx(t) +KiD
−λ
t [x(t)] +KdD

δ
t [x(t)],

Dδ
t [x(t)] =

1

Γ (1− δ)

� t

0

x′(τ)
(t− τ)δ

dτ,

D−λ
t [x(t)] =

1

Γ (λ)

� t

0

x(τ)

(t− τ)1−λ
dτ,

(2)

: Kp, Ki, Kd

, λ δ ,

0 � λ � 1 0 � δ � 1, Γ (z) Gamma

, Γ (z + 1) = zΓ (z).

ω0 =
√
(k +Kp)/m, 2εμ = c/m, εki = Ki/m,

εkd = Kd/m, ε , (1)

ẍ(t) + ω2
0x(t) =

ε{−2μẋ(t)− kiD
−λ
t [x(t)]− kdD

δ
t [x(t)]}. (3)

[26–27] . ε = 0 , (1)

⎧⎨
⎩
x(t) = a cosϕ,

ẋ(t) = −ω0a sinϕ,
(4)

: ϕ = ω0t+ θ, a θ . ε �=
0 ε , ,

a θ . (3)

(4), a θ
[27].⎧⎪⎪⎨

⎪⎪⎩
ȧ = − ε

ω0

{
3∑

j=1

Pj(a, θ)} sinϕ,

aθ̇ = − ε

ω0

{
3∑

j=1

Pj(a, θ)} cosϕ,
(5)

: P1(a, θ) = 2μω0a sinϕ, P2(a, θ) = −kiD
−λ
t

[a cosϕ], P3(a, θ) = −kdD
δ
t [a cosϕ].

(5)

a θ . (5)⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ȧ = − ε

Tω0

� T

0
{

3∑
j=1

Pj(a, θ)} sinϕdt,

aθ̇ = − ε

Tω0

� T

0
{

3∑
j=1

Pj(a, θ)} cosϕdt,
(6)

: P1(a, θ) , T 2π/ω0;

P2(a, θ) P3(a, θ)

, T = ∞. (6)

1

ȧ1 = − ε

Tω0

� T

0
P1(a, θ) sinϕdt =

− ε

2πω0

� 2π

0
P1(a, θ) sinϕdϕ = −εμa, (7a)

aθ̇1 = − ε

Tω0

� T

0
P1(a, θ) cosϕdt = 0. (7b)

(6) , :⎧⎪⎪⎨
⎪⎪⎩

lim
T→∞

� T

0

sin(ωt)

tp
dt = ωp−1Γ (1− p) cos(

pπ

2
),

lim
T→∞

� T

0

cos(ωt)

tp
dt = ωp−1Γ (1− p) sin(

pπ

2
).

(8)

[28].

(6) 2 ,

ȧ2 =− lim
T→∞

ε

Tω0

� T

0
P2(a, θ) sinϕdt =

lim
T→∞

εaki
Γ (λ)Tω0

� T

0
{[

� t

0

cos(ω0τ + θ)

(t− τ)1−λ
dτ ]×

sin(ω0t+ θ)}dt. (9)

u = t− τ du = −dτ , (9)

ȧ2 = lim
T→∞

εaki
Γ (λ)Tω0

� T

0
{[

� t

0

cos(ω0t+θ−ω0u)

u1−λ
du]×

sin(ω0t+ θ)}dt =
A1 +A2, (10)
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:

A1 =
εaki

Γ (λ)ω0

lim
T→∞

1

T

� T

0
{[

� t

0

sin(ω0u)

u1−λ
du]

sin(ω0t+ θ) sin(ω0t+ θ)}dt,

A2 =
εaki

Γ (λ)ω0

lim
T→∞

1

T

� T

0
{[

� t

0

cos(ω0u)

u1−λ
du]

cos(ω0t+ θ) sin(ω0t+ θ)}dt.
A1 ,

A1 =

εaki
4Γ (λ)ω2

0

lim
T→∞

{2ω0t+ 2θ − sin(2ω0t+ 2θ)

T
×

[
� t

0

sin(ω0u)

u1−λ
du]}|T0 − εaki

4Γ (λ)ω2
0

lim
T→∞

1

T
×

{
� T

0
[
2ω0t+ 2θ − sin(2ω0t+ 2θ)

t1−λ
sin(ω0t)]dt}.

(11)

(8), T → ∞ (11) 2

,

A1 =
1

2
εkiaω

−1−λ
0 cos(

1− λ

2
π). (12)

, (10) 2 A2 ,

ȧ2 =
1

2
εkiaω

−1−λ
0 cos(

1− λ

2
π). (13a)

,

aθ̇2 = − lim
T→∞

ε

Tω0

� T

0
P2(a, θ) cosϕdt =

1

2
εkiaω

−1−λ
0 sin(

1− λ

2
π). (13b)

(6) 3 ,

ȧ3 =− lim
T→∞

ε

Tω0

� T

0
P3(a, θ) sinϕdt =

− 1

2
εkdaω

δ−1
0 sin(

δ

2
π). (14a)

aθ̇3 =− lim
T→∞

ε

Tω0

� T

0
P3(a, θ) cosϕdt =

1

2
εkdaω

δ−1
0 cos(

δ

2
π). (14b)

(7)(13)–(14) ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ȧ=−εμa+
1

2
εkiaω

−1−λ
0 cos(

1− λ

2
π)−

1

2
εkdaω

δ−1
0 sin(

δ

2
π),

θ̇ =
1

2
εkiω

−1−λ
0 sin(

1− λ

2
π)+

1

2
εkdω

δ−1
0 cos(

δ

2
π).

(15)

,

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

a = a0 exp{[−εμ+
1

2
εkiω

−1−λ
0 sin(

λ

2
π)−

1

2
εkdω

δ−1
0 sin(

δ

2
π)]t},

θ = [
1

2
εkiω

−1−λ
0 cos(

λ

2
π) +

1

2
εkdω

δ−1
0 cos(

δ

2
π)]t.

(16)

(16),⎧⎪⎪⎨
⎪⎪⎩
a = a0 exp{− 1

2m
[c+ C(I) + C(D)]t},

θ =
1

2mω0

[K(I) +K(D)]t.
(17)

ω0 =
√
[k +K(P )]/m, 5

C(I) = −Kiω
−1−λ
0 sin(λπ/2), (18a)

C(D) = Kdω
δ−1
0 sin(δπ/2), (18b)

K(I) = Kiω
−λ
0 cos(λπ/2), (18c)

K(D) = Kdω
δ
0 cos(δπ/2), (18d)

K(P ) = Kp. (18e)

C = c+ C(I) + C(D),

x(t) = a0 exp(− C

2m
t) cos[ω0t+

K(I) +K(D)

2mω0

t].

(19)

(1) , C(I)

, PID

; C(D) ,

PID

; C ;

K(P ),K(I) K(D)

, PID

.

,

f(α) =
√
[k +K(P ) + α]/m, α .

f(0) , ,

f [K(I) +K(D)] =√
k+K(P )+K(I)+K(D)

m
≈

ω0 +
K(I) +K(D)

2mω0

. (20)

K = k +K(P ) +K(I) +K(D), K

. (19)–(20),

PID

:

1) Kp ,

.

2) Ki λ ,

λ = 0 , ,
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Ki/(2mω0) ; λ 0

1 ,

; λ = 1 ,

−Kiω
−2
0 .

3) Kd δ ,

δ = 0 , ,

Kd/(2mω0) , δ 0

1 ,

; δ = 1 , Kd

.

3 (Comparisons

between the approximately analytical solu-

tion and numerical solution)
(1), : a0 = −1, m =

5, k = 10, c = 0.3, Kp = 0.2, Ki = 0.2, Kd = 0.2,

λ = 0.6, δ = 0.4, (19)

, 2 , ,

. , [1]

(1),

Dp
tn [y(tn)] ≈ h−p

n∑
j=0

Cp
j y(tn−j), (21)

: tn = nh , h , Cp
j

, :

Cp
0 = 1, Cp

j = (1− 1 + p

j
)Cp

j−1. (22)

2

Fig. 2 Displacement time history

(21)–(22),

x(tn) = hy(tn−1)−
n∑

j=1

C1
j x(tn−j), (23a)

y(tn) =
h

m
[−(k +Kp)x(tn)− cy(tn−1)−Ki

z1(tn−1)−Kdz2(tn−1)]−
n∑

j=1

C1
j y(tn−j),

(23b)

z1(tn) = hλx(tn)−
n∑

j=1

Cλ
j z1(tn−j), (23c)

z2(tn) = h1−δy(tn)−
n∑

j=1

C1−δ
j z2(tn−j). (23d)

(23)

, h = 0.001.

x(t) = a0 cosω0t,

[28]:⎧⎪⎪⎨
⎪⎪⎩
D−λ

t [x(0)] = a0ω
−λ
0 cos(−λ

2
π),

Dδ
t [x(0)] = a0ω

δ
0 cos(

δ

2
π).

(24)

2 . 2 ,

.

4 (System stability analysis)

. ,

.

,

,

.

4.1 (Method of approximately an-

alytical solution)
, (19) ,

C

2m
> 0. (25)

,

c−Ki(
k +Kp

m
)

−1−λ
2 sin(

λ

2
π)+

Kd(
k +Kp

m
)

δ−1
2 sin(

δ

2
π) > 0. (26)

(26) ,

0.3− 0.2(
10 + 0.2

5
)0.8 sin(0.3π)+

0.2(
10 + 0.2

5
)−0.3 sin(0.2π) = 0.3034. (27)

(26) , . 2

.

4.2 (Method of characteristic eq-

uation)

. (1) F = 0,

(1) Laplace ,

ms2+λ + cs1+λ +Kds
δ+λ+

(k +Kp)s
λ +Ki = 0. (28)

(28),

5s2.6 + 0.3s1.6 + 0.2s1 + 10.2s0.6 + 0.2 = 0. (29)
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(29) , w = s
1
5 ,

(29)

5w13 + 0.3w8 + 0.2w5 + 10.2w3 + 0.2 = 0. (30)

(30) , ,

w = 1.0227± 0.3371i , π/10

< | arg(w)| < π/5, .

| arg(w)| > π/5 ,
[1]. ,

.

5 (Analysis of control perform-

ance)
PID

. x(0) = −1

ẋ(0) = 0 ,

, PID

.

5.1 (Rise time)
, 1

, tr. t = tr ,

(19)

a0 exp(− C

2m
tr) cos[ω0tr +

K(I) +K(D)

2mω0

tr] = 0.

(31)

(31), (20) ,

tr =
π

2[ω0 +
K(I) +K(D)

2mω0

]

≈ π

2

√
K

m

. (32)

(18) , PID

Kp, K(P ), K(I) , K(D)

.

, Ki = 1 Kd = 1,

, .

Kp 0 10 ,

, 3 . 3 , Kp

, K . (18) ,

Ki, λ , K(I);

Kd, δ , K(D).

, PID ,

, ,

.

λ 0 1 ,

, 4 . 4 , λ

, K , .

δ 0 1 ,

, 5 . 5 , δ

, K ;

, .

3 Kp

Fig. 3 Equivalent linear stiffness with Kp

4 λ

Fig. 4 Equivalent linear stiffness with λ

5 δ

Fig. 5 Equivalent linear stiffness with δ

5.2 (Peak time and peak value)
1 ,

tp. (19) , ,

, (20) ,

tp =
π

[ω0 +
K(I) +K(D)

2mω0

]

≈ π√
K

m

. (33)

t = tp , (19) 1 Mp,

Mp = −a0 exp(− Cπ

2
√
mK

). (34)

ξ = C/(2
√
mK), ξ .

Kp 0 20 ,

, 6 . 6 ,

Kp , ξ , 1

. (18)

ξ , Ki ,

λ , ξ , 1
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, ξ � 0 , ; Kd

, δ , ξ , 1

.

6 Kp

Fig. 6 Equivalent damping ratio with Kp

λ δ ,

, 7–8 . 7

, λ , ξ

, 1 .

8 , δ , ξ ,

1 .

7 λ

Fig. 7 Equivalent damping ratio with λ

8 δ

Fig. 8 Equivalent damping ratio with δ

6 (Conclusions)
PID

,

,

.

,

PID

.

, ,

PID

.
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