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Trajectory planning algorithm of exo-atmosphere aircraft under
the influence of the J2 perturbation

WEI Qian, CAI Yuan-li†
(School of Electronic and Information Engineering, Xi’an Jiaotong University, Xi’an Shaanxi 710049, China)

Abstract: A modified Lambert algorithm considering the earth’s J2 perturbation gravitational is put forward for the

trajectory planning problem of exo-atmosphere aircraft limited by two constraint conditions—the aircraft’s initial/terminal

points and flight time. According to the classic Lambert guidance theory, the normal trajectory within the assumed condition

of central gravitational force is determined to meet the constraint conditions. Then, comparing with the actual trajectory

within earth’s oblateness perturbation, an analytic solution of trajectory deviation based on trajectory parameters is derived.

By constructing a prediction model about the virtual terminal point in view of the J2 perturbation gravitational to correct

the deviation of perturbation, the trajectory planning problem is covered to the discussion of Lambert problem within two-

body theory. Comparing with the existing perturbation correction method, the modified algorithm of prediction model with

6 independent variables has a complete response to the influence between trajectory deviation and the parameters. At the

same time, the prediction model has strong robustness, high accuracy and fast computation speed.
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2 Lambert (Description of

modified Lambert guidance)
Lambert ,

t0, r1 r2,

tF .

‖vd‖ [1]

‖vd‖ =

√√√√ μ(1− cosβ)

r1 cos γ(
r1 cos γ

r2
− cos(β + γ))

, (1)

: r1 = ‖r1‖ , r2 =

‖r2‖ ; γ ,

β ,

, μ = 3.986005 ∗ 1014 m3/s2

.

tF

tF =
r1

vd cos γ
{ tan γ(1− cosβ) + (1− λ) sinβ

(2− λ)[
1− cosβ

λ cos2 γ
+

cos(γ + β)

cos γ
]

+

2 cos γ

λ(
2

λ
− 1)1.5

arctan(

√
2/λ− 1

cos γ cot
β

2
− sin γ

)},

(2)

: λ = r0v
2
d/μ ,

, 0 < λ < 2.

, Lambda

. ( J2 ) ,

( 1 ).

Lambert
�

P1P2,

vd. J2 ,
�

P1P
′
2.

J2 ,

P ∗
2 . P ∗

2 , Lam-

bert , tF
P2.

P ∗
2 Δvd.

1

Fig. 1 Normal trajectory and actual trajectory

3 (Analytical solution of tra-

jectory deviation)
3.1 J2 (Decomposition of J2

gravitational perturbation )
O − rβz, O ,

, Or OE

O , O ; Oβ

Or , ; Oz

. O − rβz β ,

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇r = vβ − μ

rvβ
+

r

vβ
δgr,

ṙ = vr
r

vβ
,

v̇β = −vr +
r

vβ
δgβ,

ṫ =
r

vβ
,

vz =
r

vβ
δgz,

ż =
r

vβ
vz,

(3)

: r , t, z.

vr, vβ , vz,

(gr, gβ, gz).

J2

r ϕ

V2(r, ϕ) = J
μ

r
(
ae

r
)2(

1

3
− sin2 ϕ), (4)

: ae = 6378137 m, J = 1.0826 ∗ 10−3. ,

ϕ β

, . , V2
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.

( P1)

Op(λp, ϕp), N

Op
[12–13].

2 , KP1, KP2, Kq

P1(r1, λ1, ϕ1) P2(r2, λ2, ϕ2),

Q . Op

, N Op

. , Q (r,

λ, ϕ), (r, η, σ). ,

(r1, ηP1, σP1) (r2, ηP2,

σP2). :
�

P1P2, η ≡ 0; Q β = σ − σP1.

2

Fig. 2 Geometry of pole transformation

Op(λp, ϕp) P1

, ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

sinϕp = cosϕ1 sinAp1,

sinΔλp = cosAp1/ cosϕp,

cosΔλp = − tanϕp tanϕ1,

Δλp = λ1 − λp,

(5)

AP1
P1⎧⎪⎪⎨

⎪⎪⎩
sinAp1

=
cosϕ2 sin(λ2 − λ1)

sinβ
,

cosAp1
=

sinϕ2 − sinϕ1 cosβ

cosϕ1 sinβ
.

(6)

, Q(λ, ϕ),

η, σ

sin η = sinϕp sinϕ+ cosϕp cosϕ cos(Δλ),⎧⎪⎨
⎪⎩

sinσ = cosϕ sinΔλ/ cos η,

cosσ =
− sinϕ+ sinϕp sin η

cosϕp

cos η,
(7)

: Δλ = λ− λp, α = π − σ.

σ J2

ϕ,

V2(r, σ) =
Jμa2

e

2r3
(b1+b2 cos(2β)+b3 sin(2β)), (8)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

b1 =
2

3
− cos2 ϕp,

b2 = − cos2 ϕp cos(2α),

b3 = − cos2 ϕp sin(2α).

(9)

J2 , O − rβz

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δgr =
∂V2

∂r
= −3

V2

r
,

Δgβ =
1

r cos η

∂V2

∂β
=

Jμa2
e

r4
(−b2 sin(2β) + b3 cos(2β)),

Δgz =
1

r

∂V2

∂η
= (b4 sinβ + b5 cosβ),

(10)

{
b4 = − sin(2ϕp) cosα,

b5 = − sin(2ϕp) sinα.
(11)

3.2 (Analytical solution of traje-

ctory deviation)
J2 ,

r ,

.

Y = [Δvr Δβ Δvβ Δt vz Δz]T; (12)

U = [
r

vβ
δgr 0

r

vβ
δgβ 0

r

vβ
δgz 0]. (13)

(3)

dY

dβ
= CY + U. (14)

δY (0) = [0 0 0 0 0 0],

, β

δY (β) = Φ(β, ζ)δY (0) +
� β

0
Φ(β, ζ)U(ζ)dζ =� β

0
Φ(β, ζ)U(ζ)dζ, (15)

Φ(β, ζ) Y .

J2

, r(β)

(Δβ(β),Δt(β),Δz(β)).

, (Δβ(β),Δt(β),Δz(β))

β ,

/ . ,

e, P , Ap1
;

P1 P2 r1, f1,
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E1 r2, f2, E2, tF, vr2 ;

ϕp, α1.

, , 6 J2

r1, r2, β, tF, Ap1
, ϕ1 ,

.

, (1)–(2)

v1(v1r, v1β, v1z). ,

e, P ,

P = r1 × v1 = r1 ∗ v1β, (16)

a =
μr1

r1‖v1‖2 − 2μ
, (17)

e =

√
1− P

a
, (18)

, f1 f2⎧⎪⎪⎨
⎪⎪⎩

e cos f1 =
P

r1
− 1,

e sin f1 =
e cos f1 cosβ − e cos f2

sinβ
.

(19)

⎧⎪⎨
⎪⎩

e cos f2 =
P

r2
− 1,

f2 = f1 + β.

(20)

E1 E2⎧⎪⎪⎨
⎪⎪⎩

sinE1 = r1 sin f1

√
1− e2

P
,

cosE1 = r1
e+ cos f1

P
.

(21)

⎧⎪⎪⎨
⎪⎪⎩

sinE2 = r2 sin f2

√
1− e2

P
,

cosE2 = r2
e+ cos f2

P
.

(22)

P2 vr2

vr2 =

√
μ

P
e sin f2. (23)

, Ap1
P1

ϕ1 , ϕp, α1 (6) (7) .

, 6

,⎧⎪⎪⎨
⎪⎪⎩

Δβ = f(r1, r2, β, tF, Ap1
, ϕ1),

Δt = g(r1, r2, β, tF, Ap1
, ϕ1),

Δz = q(r1, r2, β, tF, Ap1
, ϕ1).

(24)

, r1, r2, β, tF
e . Ap1

ϕ1

. , 6

.

Δβ(β),Δt(β),Δz(β)

.

β, Ap1
,

β′, A′
p1

, 3 ,{
Δβ = β′ − β,

ΔAp1
= A′

p1
−Ap1

.
(25)

3

Fig. 3 Range deviation and lateral deviation

ΔL ΔH

ΔL = NcΔβ, (26)

ΔH = Nc sinβ sinΔAp1
, (27)

Nc .

O − rβz ,

Δz = ΔH, (28)

ΔAp1
= Ap1

+
Δz

Nc sinβ
. (29)

, (A′
p1
, β′, tF)⎧⎪⎪⎨

⎪⎪⎩
A′

p1
= Ap1

+ΔAp1
,

β′ = β +Δβ,

t′F = tF +Δt.

(30)

4 Lambert (Modified lam-

bert guidance)
4.1 (Prediction model of

virtual target point)
Lambert

. /

.

, .

Lambert .

,

,
[14]. , 6

,

.

(24) , r1, r2, β, tF, Ap1
, ϕ1

, . , r1, r2,

β, tF, Ap1
, ϕ1 .

. (λ∗,
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ϕ∗, t∗F), ,

. ,

(A∗
p1
, β∗, t∗F)

.

r1, r2, β, tF, Ap1
,

ϕ1 6 . (A∗
p1
, β∗, t∗F)

3 .

.

.

Lambert

, .

, 6–12–12–12–3 5 BP

.

4.2 (Model training)

, . ,

.

,

,

Ta,b,c,d,e,f = (r1a, r2b, βc, tFd, Ap1e, ϕ1f).

,

, (rc1, rc2,

βcc, tcF, Acp1, ϕc1). :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r1a = rc1 + aδr1,

r2b = rc2 + bδr2,

βc = βcc + cδβ,

tFd = tcF + dδtF,

Ap1e = Acp1
+ eδAp1

,

ϕ1f = ϕc1 + fδϕ1,

(31)

: δr1, δr2, δβ, δtF, δAp1
, δϕ1 ,

a=0,±1,±2, · · ·,±nr1 , b=0,±1,±2, · · ·,±nr2 ,

c=0,±1,±2, · · ·,±nβ, d=0,±1,±2, · · ·,±nt,

e=0,±1,±2, · · ·,±nA, f=0,±1,±2, · · ·,±nϕ.

, (r1a, r2b, βc, tFd, Ap1e, ϕ1f)

(24),

(24)–(30) (A′
p1
, β′, t′F),

T ′
c,d,e. (A′

p1
, β′,

f ′
F) (Ap1

, β, t′F) ,

T ′ 3 r1,

r2, ϕ1, T ′
a,b,c,d,e,f ; T

3 (r1, r2, ϕ1), Tc,d,e.

, T ′ ,

, BP

. 4 ,

, .

4

Fig. 4 Training principle of neural network

4.3 (Algorithm steps)
Lambert :

1) P1 r1, P2 r2

tF.

(r1, r2, β, tF, Ap1 , ϕp1).

2) ,

BP .

3)

(A∗
p1 , β

∗, t∗F), P ∗
2 .

4) λ∗
2, ϕ

∗
2 , t∗F

Lambert ,

v∗
d.

5) ,

Δvd = v∗
d − vd.

5 (Algorithm verification

and analysis)

, . ,

, ,

.

0◦ N, 10◦ E,

1200 km , P2 35◦ E,
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17◦ N, tF 800 s. P1 P2

(rc1, rc2, βcc,

tcF, Acp1, ϕc1),

rc1 = 7.577× 106 m, rc2 = 6.37782× 106 m,

βcc = 0.6058 rad, tcF = 800 s,

Acp1 = 1.299 rad, ϕc1 = 0.1734 rad.

1–2 ,

BP . P2

46.2 E, 7◦ N, tF 1150 s.

P1 P2

(rc1, rc2, βcc, tcF, Acp1, ϕc1),

rc1 = 7.57749× 106 m, rc2 = 6.37782× 106 m,

βcc = 0.7986 rad, tcF = 1150 s,

Acp1 = 1.5687 rad, ϕc1 = 0.1734 rad.

3–4 ,

1 , BP 5.

1

Table 1 Effect of value region on neural network

1 2 3 4

r1/km ±2 5 ±2 5 ±2 5 ±2 5

r2/km ±2 5 ±2 5 ±2 5 ±2 5

β/rad ±0.02 5 ±0.2 5 ±0.2 5 ±0.4 5

tF/s ±20 5 ±100 5 ±100 5 ±200 5

Ap1 /rad ±0.2 5 ±0.2 5 ±0.2 5 ±0.2 5

ϕ1/rad ±0.2 5 ±0.2 5 ±0.2 5 ±0.2 5

15625 15625 15625 15625

εBP 10−6 10−6 10−6 10−6

87 119 70 125

/s 107 156 88 155

2 4 3 6

/s 0.7 1.6 1.08 2.6

,

BP . ,

,

, . ,

, , .

, BP La-

mbert

, .

(a) 1

(b) 2

(c) 3
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(d) 4

5

Fig. 5 Analysis of Error rate for simulation experiment

6 (Conclusions)
J2

. Lambert

.

6

, ,

. , ,

J2

, .

(References):

[1] BATTIN R H. An Introduction to the Mathemaics and Methods of
Astrodynamics [M]. Virginia, American: AIAA Inc, 1999.

[2] AHN J, LEE S. Lambert algorithm using analytic gradients [J]. Jour-
nal of Guidance, Control and Dynamics, 2013, 36(6): 1751 – 1761.

[3] AHN J, BANG J, LEE S. Acceleration of zero-revolution Lambert’s

algorithms using table-based initialization [J]. Journal of Guidance,
Control and Dynamics, 2015, 38(2): 335 – 342.

[4] ZARCHAN Z. Kill vehicle guidance and control sizing for boost-

phase intercept [J]. Journal of Guidance Control and Dynamics,

2010, 33(6): 1724 – 1731.

[5] ZHANG G, CAO X B, ZHOU D. Two-impulse cotangent rendezvous

between coplanar elliptic and hyperbolic orbits [J]. Journal of Guid-
ance, Control and Dynamics, 2014, 37(3): 965 – 969.

[6] WAILLIEZ S E. On Lambert’s problem and the elliptic time of flight

equation: A simple sem-analytical inversion method [J]. Advances in
Space Research, 2014, 53(5): 890 – 898.

[7] SHAUL G, SERGEY R. Exo-atmospheric mid-course guidance [C]

//AIAA Guidance, Navigation and Control Conference. New York,

USA: AIAA Inc, 2015: 2015 – 0088.

[8] XU Ming, TAN Tian, LI Zhiwu, et al. Optimal correction stratedgy

during Lambert transfer from view of probability [J]. Journal of Bei-
jing University of Aeronautics and Astronautics, 2012, 38(5): 574 –

578.

( , , , . Lambert

[J]. , 2012, 38(5): 574 – 578.)

[9] WEI Qington, CHEN Mou, WU Wingxian. Backstepping-based atti-

tude control for a quadrotor UAV with input stauration and constraints

[J]. Control Theory & Applications, 2015, 32(10): 1361 – 1369.

( , , .

[J]. , 2015, 32(10): 1361 – 1369.)

[10] LIU Zhibin, ZENG Xiaoqin, XU Yan, et al. Learning to control by

neural networks using eligibility tracess [J]. Control Theory & Appli-
cations, 2015, 32(7): 887 – 894.

( , , , .

[J]. , 2015, 32(7): 887 – 894.)

[11] ZHANG Wei, QIAO Junfei, LI Fanjun. Direcct adaptive dynamic

neural network control for dissolved oxygen concentraition [J]. Con-
trol Theory & Applications, 2015, 32(1): 115 – 121.

( , , .

[J]. , 2015, 32(10): 1361 – 1369.)

[12] ZHENG Wei, TANG Guojian. Flight Dynamics of Ballistic Missile
in Gravity Anomaly Field [M]. Beijing, China: National Defence In-

dustry Press, 2009: 41 – 53.

( , . [M]. :

, 2009: 41 – 53.)

[13] WAILLIEZ S E. On Lambert’s problem and the elliptic time of flight

equation: a simple sem-analytical inversion method [J]. Advances in
Space Research, 2014, 53(5): 890 – 898.

[14] DAI Wenzhan, LOU Haichuan, YANG Aiping. Overview of neural

network predictive control in nonlinear system [J]. Control Theory &
Applications, 2009, 16(5): 521 – 530.

( , , .

[J]. , 2009, 16(5): 521 – 530.)

:

(1984–), , ,

, E-mail: wq kk@163.com;

(1963–), , , ,

, E-mail: ylicai

@mail. xjtu.edu.cn.


