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Adaptive non-singular fast terminal sliding mode based
tolerant control for spacecraft
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Abstract: Finite-time convergence fault tolerant control strategies based on adaptive non-singular fast terminal sliding

mode are proposed for spacecraft attitude tracking control subject to external disturbances, inertia uncertainties and actuator

faults. A finite-time fault-tolerant attitude tracking controller meets the multi-constraints is developed by introducing a non-

singular fast terminal sliding mode, which can convergence in finite-time and avoid singularities. It is further shown that

the controller is independent from a prior knowledge of spacecraft inertia or upper bound of external disturbances with

parameter adaptations. The Lyapunov stability analysis shows that the controller designed in this paper can guarantee

the fast convergence of the closed-loop system, and has a good fault tolerant performance for actuator faults under multi-

constraints on external disturbances, inertia uncertainties and actuator faults. Numerical simulation has verified the good

performance of the controller in the attitude tracking control.
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2 (Mathematical model

for attitude tracking)
Q = [q0 qT]T ∈ R

4 Fb

Fi , q ∈ R
3, q0 ∈ R

q20 + qTq = 1.
[3, 6, 10–13, 19, 23]⎧⎪⎨
⎪⎩
q̇0 = −0.5qTw,

q̇ = 0.5(q× + q0I3)w,

Jẇ = −w×Jw + u+ d,

(1)

: w = [w1 w2 w3]
T ∈ R

3 Fb

Fi Fb ; u =

[u1 u2 u3]
T ∈ R

3 ; d = [d1 d2 d3]
T

∈R
3 ; J ∈ R

3×3 .

a× ∈ R
3×3

a× =

⎡
⎢⎣ 0 −a3 a2

a3 0 −a1

−a2 a1 0

⎤
⎥⎦ . (2)

[16, 19],

we = w −Cwd, (3){
q̇e0 = −0.5qT

e we,

q̇e = 0.5(q×
e + qe0I3)we,

(4)

Jẇe = −(we + Cwd)
×J(we +Cwd) +

J(w×
e Cwd −Cẇd) + u+ d(t), (5)

: wd ∈ R
3 , we ∈ R

3

. C = (q2e0 − qT
e qe)I3 + 2qeq

T
e − 2qe0q

×
e

. Qe = [qe0 qT
e ]

T = Q−1
d �Q ,

qe0 ∈ R, qe = [qe1 qe2 qe3] ∈ R
3; Qd = [qd0 qT

d ]

∈ R
4 .

[19] , :

u = E(t)uc + ūc, (6)

: E(t)=diag{E1(t), E2(t), E3(t)}∈R
3×3, 0 �

Ei(t)�1 , uc=[uc1 uc2

uc3]
T∈R

3 , ūc =

[ūc1 ūc2 ūc3]
T ∈ R

3

, ‖ūc‖ � lu, lu � 0 .

(6),

(5)

Jẇe =

−(we +Cwd)
×J(we +Cwd) + J(w×

e Cwd −
Cẇd) +E(t)uc + ūc + d(t) =

−(we +Cwd)
×J(we +Cwd) + J(w×

e Cwd −
Cẇd) + uc + (E(t)− I3)uc + ūc + d(t). (7)

, .

1 q w ,

q w ;

2 wd ẇd

;

3 J=J0+ΔJ ,

J0 , ΔJ

, , ‖ΔJ‖ � λn,

λn ;

4 , u(t)�
umax. umax .

1
, ,

. ,

, , 1–4 .

, [3,5,8,12,15] ,

.

3 (Fault tolerant control

design)

,

.

3 : 1) ; 2)

; 3) .

:

,
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. : , Qe (1, 0, 0, 0),

we 0.

:

lim
t→tf

qe0 = 1, lim
t→tf

qe = 0, lim
t→tf

we = 0. (8)

3.1 (Sliding surface design)
,

, ,
[20]:

Se = sigα(we) + βsigα(qe) + λqe, (9)

: Se ∈ R
3 , α ∈ (1, 2), β =

diag{β1, β2, β3}, λ = diag{λ1, λ2, λ3}, : βi, λi

�0, i=1, 2, 3. x∈R
3, sigα(x)=

�|x1|αsgn(x1), |x2|αsgn(x2), |x3|αsgn(x3)�T.

JṠe= αdiag{|wei|α−1}Jẇe +
J

2
·

(αβdiag{|qei|α−1}+ λ)(qe0I3 + q×
e )we.

(10)

(7) ,

JṠe =

αdiag{|wei|α−1}[−(we+Cwd)
×J(we+Cwd)+

J(w×
e Cwd −Cẇd) +E(t)uc + ūc + d(t)] +

J

2
(αβdiag{|qei|α−1}+ λ)(qe0I3 + q×

e )we =

αdiag{|wei|α−1}[−(we+Cwd)
×J(we+Cwd)+

J(w×
e Cwd −Cẇd)+uc+(E(t)−I3)uc+ūc+

d(t) +
J

2α
(αβdiag{|qei|α−1}+λ) ·

(qe0I3+q×
e )sig

2−α(we)]. (11)

[16]

JṠe = −k1Se − k2sig
γ(Se). (12)

3.2 (Control design)
5 d(t)

[21]

‖d(t)‖ � c10 + c20‖w(t)‖2, (13)

: c01 � 0, c02 � 0 .

6 [21–22, 24],

,

, u(t) :

‖u(t)‖ � c11+c21‖w(t)‖2+
c31‖w(t)‖2−α+c41‖w(t)‖α, (14)

: c11 � 0, c21 � 0, c31 � 0, c41 � 0

.

7 c12�0, c22�0 c32�
0 :

‖ − (we +Cwd)
×J(we +Cwd) +

J(w×
e Cwd −Cẇd)‖ � c12 + c22‖w(t)‖2, (15)

‖ J

2α
(αβdiag{|qei|α−1}+ λ) ·

(qe0I3 + q×
e )sig

2−α(we)‖ � c32‖w(t)‖2−α. (16)

2 5–6, [21–23]

. ‖qe0I3+q×e ‖=1, ‖C‖=1, ‖qe‖�1,

we = w −Cwd 1–3, 7 .

5–7 , .

, ,

‖ − (we +Cwd)
×J(we +Cwd) +

J(w×
e Cwd −Cẇd) + (E(t)− I3)uc + ūc +

d(t) + ‖ J

2α
(αβdiag{|qei|α−1}+ λ) ·

(qe0I3 + q×
e )sig

2−α(we)‖ �
c1+c2‖w(t)‖2+c3‖w(t)‖2−α+c4‖w(t)‖α. (17)

1 λ1 > 0, λ2 > 0,

0 < k < 1,
[20]:

V̇ (x) + λ1V (x) + λ2V
k(x) � 0. (18)

, :

Tk � 1

λ1(1− k)
ln
λ1V

1−k(x0) + λ2

λ2

. (19)

1
(5)(7) (9),

1–7 , (20)

(9).

uc(t) = −uadp1(t)− uadp2(t), (20)

:

uadp1(t) = k̂1Se + k̂2sig
γ(Se), (21)

uadp2(t) =⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Se(t)

‖Se(t)‖ σ̂(t) +
Se(t)

‖Se(t)‖2
2∑

i=1

pi
4ηi

k̂i(t)+

Se(t)

‖Se(t)‖2
4∑

j=1

qj
4θj

ĉj(t), Se(t)σ̂(t) > δ,

Se(t)

δ
σ̂2(t), Se(t)σ̂(t) � δ,

(22)

: δ > 0 , k̂i ki , ĉi

ci , i = 1, 2, j = 1, 2, 3, 4. σ̂(t) = ĉ1 + ĉ2

‖w(t)‖2 + ĉ3‖w(t)‖2−α + ĉ4‖w(t)‖α.
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k̂i > 0, ĉi > 0,

˙̂
k1 ={
−p1k̂1 + αη1‖wα−1

e ‖∞‖Se‖2, ‖Se‖ � ε,

0, ‖Se‖<ε,
(23)

˙̂
k2 ={
−p2k̂2 + αη2‖wα−1

e ‖∞‖Se‖γ+1, ‖Se‖ � ε,

0, ‖Se‖<ε,
(24)

˙̂c1 ={
−q1ĉ1 + αθ1‖wα−1

e ‖∞‖Se‖, ‖Se‖ � ε,

0, ‖Se‖<ε,
(25)

˙̂c2 ={
−q2ĉ2 + αθ2‖wα−1

e ‖∞‖Se‖‖w(t)‖2, ‖Se‖ � ε,

0, ‖Se‖<ε,

(26)

˙̂c3 ={
−q3ĉ3+αθ3‖wα−1

e ‖∞‖Se‖‖w(t)‖2−α, ‖Se‖�ε,

0, ‖Se‖<ε,

(27)

˙̂c4 ={
−q4ĉ4 + αθ4‖wα−1

e ‖∞‖Se‖‖w(t)‖α, ‖Se‖ � ε,

0, ‖Se‖<ε,

(28)

: pi�0, qi�0, η � 0, θi � 0 . ε�0

, , ε =

0.001. uadp1(t)

, uadp2(t)

.

3.3 (Stability analysis)
Lyapunov

V1=
1

2
[ST

e (t)JSe(t)+
2∑

i=1

1

ηi
k̄2
i +

4∑
j=1

1

θj
c̄2j ], (29)

: k̄i = k̂i − ki, c̄i = ĉi − ci. ,

V̇1 =

ST
e (t)JṠe(t) +

2∑
i=1

1

ηi
k̄i
˙̂
ki +

4∑
i=1

1

θj
c̄j ˙̂cj =

ST
e (t)αdiag{|wα−1

ei |}[−(we+Cwd)
×J(we+

Cwd)+J(w×
e Cwd−Cẇd)+(E(t)−I3)uc+ūc+

d(t)+uc+
J

2α
(αβdiag{|qα−1

ei |}+λ)(qe0I3+q×
e ) ·

sig2−α(we)] +
2∑

i=1

1

ηi
k̄i
˙̂
ki +

4∑
i=1

1

θj
c̄j ˙̂cj �

αmax(|wα−1
ei |)‖Se(t)‖[c1 + c2‖w(t)‖2 +

c3‖w(t)‖2−α + c4‖w(t)‖α + uc] +

2∑
i=1

1

ηi
k̄i
˙̂
ki +

4∑
i=1

1

θj
c̄j ˙̂cj. (30)

1 Se(t)σ̂(t) > δ .

(20)–(21) (22)( )

(23)–(28) ,

V̇1 �
−αk̂1 max(|wα−1

ei |)‖Se(t)‖2−αk̂2 max(|wα−1
ei |) ·

‖Se(t)‖γ+1 + αmax(|wα−1
ei |)‖Se(t)‖ ·

[c1 + c2‖w(t)‖2 + c3‖w(t)‖2−α + c4‖w(t)‖α]−
αmax(|wα−1

ei |)‖Se(t)‖[ĉ1 + ĉ2‖w(t)‖2 +
ĉ3‖w(t)‖2−α + ĉ4‖w(t)‖α] + α(k̂1 − k1) ·
max(|wα−1

ei |)‖Se(t)‖2+α(k̂2−k2)max(|wα−1
ei |) ·

‖S(t)‖γ+1 + αmax(|wα−1
ei |)‖Se(t)‖[(ĉ1 − c1) +

(ĉ2 − c2)‖w(t)‖2 + (ĉ3 − c3)‖w(t)‖2−α +

(ĉ4 − c4)‖w(t)‖α]−
2∑

i=1

pi
4ηi

k̂i −
4∑

j=1

qj
4θj

ĉj +

2∑
i=1

pi
ηi
(ki − k̂i)k̂i +

4∑
j=1

qj
θj
(cj − ĉj)ĉj �

−αk1 max(|wei|α−1)‖Se(t)‖2 −
αk2 max(|wei|α−1)‖Se(t)‖γ+1−

2∑
i=1

pi
4ηi

k̂i−
4∑

j=1

qj
4θj

ĉj +
2∑

i=1

pi
ηi
(ki − k̂i)k̂i+

4∑
j=1

qj
θj
(cj − ĉj)ĉj .

(31)

[21] ,

,

V̇1 �−αk1 max(|wei|α−1)‖Se(t)‖2 −
αk2 max(|wei|α−1)‖Se(t)‖γ+1 −
αmax(|wei|α−1)‖Se(t)‖ηδ, (32)

ηδ =
2∑

i=1

piki(2ki + 1)

4ki
+

4∑
j=1

qjcj(2cj + 1)

4cj
.

[20] , , We = 0

,

V̇1 �−2αmax(|we|α−1)

λmax(J)
(k1 − ηδ

‖Se‖)V1 −

(
2

λmax(J)
)

γ+1
2 αk2 max(|we|α−1)V

γ+1
2

1 , (33)

V̇1 �−2αk1 max(|we|α−1)

λmax(J)
V1 − (

2

λmax(J)
)

γ+1
2 ·

αmax(|we|α−1)(k2 − ηδ‖Se‖
‖Se‖γ+1

)V
γ+1
2

1 . (34)

, Se � Δ(Δ = min(
ηδ
k1

, (
ηδ
k2

)1/γ)) ,

:
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V1 + μ1V1 + μ2V
(γ+1)/2
1 � 0, (35)

:

μ1 =
2αmax(|we|α−1)

λmax(J)
(k1 − ηδ

‖Se‖)

μ1 =
2αk1 max(|we|α−1)

λmax(J)
,

μ2 = (
2

λmax(J)
)(γ+1)/2αk2 max(|we|α−1)

μ2=(
2

λmax(J)
)(γ+1)/2αmax(|we|α−1) ·

(k2− ηδ‖Se‖
‖Se‖γ+1

).

0 < γ < 1, 0.5 < (γ+1)/2 < 1, 1

, .

t1 � 1

μ1(1− γ)/2
ln

μ1V
(1−γ)/2
1 (Se(0)) + μ2

μ2

.

(36)

2 Se(t)σ̂(t) � δ .

(20)(21) (22)( ) (23)

–(28) (30), .

ηδ ηε ,

ηε =
2∑

i=1

pi
2ηi

k2
i +

4∑
j=1

qj
2θj

c2j +
δ

2
.

1 2 ,

ηi, θi pi, qi, ηδ, ηε ,

.

2 Se = 0

, .

[21], .

3 , k1 k2

. , , k1

k2 .

, ,

k1 k2 , .

4 (20)–(22) ,

, ,

.

5 1 < α < 2, 0 < γ < 1,

, ,

.

6 (36) , β,λ, ηi, θi

, (21) (22) β,λ, ηi, θi .

β,λ, ηi, θi ,

, β,λ, ηi, θi ,

.

7 [20]

, [20],

,

, ,

[20] .

4 (Simulation and result discussion)
,

, 2042.11 kg,

.

1. 2 .

1

Table 1 Main parameters of simulation

J0 = diag{800.27, 839.93, 289.93}/(kg ·m2)

ΔJ = diag{100, 60, 30}/(kg ·m2)

q0 = [0.3 − 0.2 − 0.3 0.8832]T

w0 = [0.06 − 0.04 0.05]T/(rad · s−1)

qd = [0 0 0 1]T

wd = 0.05

⎡
⎢⎣
sin(0.01πt)

sin(0.02πt)

sin(0.03πt)

⎤
⎥⎦ /(rad · s−1)

2

Table 2 Parameters of controller

α = 1.1

β = diag{0.25, 0.25, 0.25}
λ = diag{2.49, 2.49, 2.49}

γ = 0.49

ηi = 10.5, θj = 10.0

pi = qj = 0.01

δ = ε = 0.001

Ei =

{
1, t � 10,

0.25 + 0.1sin(0.5t+ πi/3), t > 10,
(37)

E4 =

{
1, t � 10,

0, t > 10,
(38)

ūci =

{
0, t < 10,

0.1 + 0.05sin(0.5πt), t � 10,
(39)

i = 1, 2, 3.

d(t) =

5[sin(0.1t) sin(0.2t) sin(0.3t)]T(N ·m). (40)
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, 1–6 .

1 , 2

. 1–2 ,

,

(8),

, ,

, 15 s.

1

Fig. 1 Response curves of attitude tracking quaternion errors

2

Fig. 2 Response curves of attitude tracking angular

velocity errors

3 , ,

,

, , ,

, . 4 ,

,

100 N ·m, , ,

, ,

. 5 , 6

. ,

,

, , .

.

3

Fig. 3 Response curves of sliding mode

4

Fig. 4 Response curves of control torques

5

Fig. 5 Estimate of controller gain
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6

Fig. 6 Estimate of uncertain parameters

3 . ,

3.32× 10−6,

4.26× 10−7, 2.51×
10−8, .

13.55 s 14.63 s. ,

,

,

,

.

3

Table 3 Control performance

3.32× 10−6

4.26× 10−7

2.51× 10−8

|Se| < 2e−3 13.55 s

(|qei|, |wei|) < 2e−2 14.63 s

7 [20]

Fig. 7 Response curves of control torques in Ref [20]

, [20]

. 7

[20] .

4 , [20]

, ,

. , ,

.

4 . ,

, [20]

. [20]

6.05× 10−4,

1.55× 10−4,

.

4

Table 4 Control performance summary

|Se| < (|qei|, |wei|) <
2e−3/(t · s−1) 2e−2/(t · s−1)

13.55 14.63

[20] 15.21 17.59

5 (Conclusions)

,

. :

1)

.

;

2)

, .
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