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Attitude control of flight vehicle based on
a nonlinear L1 adaptive dynamic inversion approach

CHEN Hai†, HE Kai-feng, QIAN Wei-qi

(Computational Aerodynamics Research Institute, China Aerodynamics Research and Development Center,

Mianyang Sichuan 621000, China)

Abstract: Since the conventional dynamic inversion (DI) controller cannot cancel the system uncertainties efficiently, a

nonlinear L1 adaptive dynamic inversion control approach is proposed. This approach is able to overcome the disadvantage

of conventional DI and improve the control effects with sufficient robustness. Firstly, the attitude control system is divided

into outer loop and inner loop based on the time-scale separation principle. The DI controller is employed to track attitude

angles in the outer loop; a nonlinear L1 adaptive controller is employed to control angular rates in the inner loop. The L1

adaptive controller is composed of the static feedback controller and the adaptive controller. The static feedback controller,

which is achieved by the state feedback, is used to guarantee stability and expected closed-loop performance of the inner

loop; the adaptive controller, which contains state observer, adaptive law and control law, is used to cancel the uncertainties

of system. Then, the stability of the proposed approach is analyzed whose results show the proposed controller is able to

guarantee the stability of the inner loop and error boundedness of the outer loop. Finally, considering multiple uncertainties,

the proposed nonlinear L1 adaptive dynamic inversion approach is applied to the attitude control of a certain unmanned

flight vehicle. Simulation results show the effectiveness and robustness of the control approach.

Key words: flight vehicle; L1 adaptive control; dynamic inversion; attitude control; stability analysis

1 (Introduction)
,

[1].

, ,

.

,

, PI [2] [3] [4]

[5] [6] [7] .

L1 Chengyu Cao Naira Hovakim-

yan 2006 [8–9],

(model reference adaptive control, MRAC)

.

,

,

: 2015−12−24; : 2016−06−08.
† . E-mail: chenhai@mail.nwpu.edu.cn; Tel.: +86 816-2463147.

: .

(11532016), (2015M582810) .

Supported by National Natural Science Foundation of China (11532016) and China Postdoctoral Science Foundation (2015M582810).



1112 33

, . ,

L1 NASA AirSTAR [10]

X–48B[11] [12–13] [14]

[15] [16] [17] .

L1 ,

, . [18]

L1 ,

. [11]

[19] , ,

3 , L1

,

, ,

. [20] L1

, (tail-sitter)

.

[21] PI L1

, ,

.

L1 ,

L1 . ,

, .

, ,

; L1 ,

, . ,

. ,

, ,

L1

.

2 (Problem formulation)
[22]⎧⎪⎪⎨

⎪⎪⎩
φ̇ = p+ (r cosφ+ q sinφ) tan θ,

θ̇ = q cosφ− r sinφ,

ψ̇ = (r cosφ+ q sinφ)/cos θ,

(1)

⎧⎪⎪⎨
⎪⎪⎩
ṗ = (c1r + c2p) q + c3L+ c4N,

q̇ = c5pr − c6(p
2 − r2) + c7M,

ṙ = (c8p− c2r) q + c4L+ c9N,

(2)

: φ, θ, ψ 3 ,

; p, q, r 3

, ;

c1 – c9 ; L, M , N

3 ,

.

,

. , (3) . (3) :

[L̂ M̂ N̂ ]T ,

; [Lc Mc Nc]
T

; [ΔL ΔM ΔN ]T (1) (2)

; [Ld Md Nd]
T

[23].⎧⎪⎨
⎪⎩
L = L̂+ Lc +ΔL+ Ld,

M = M̂ +Mc +ΔM +Md,

N = N̂ +Nc +ΔN +Nd.

(3)

[24],

, , x1 = [φ θ ψ]T,

x2 = [p q r]T.

(1) ,

:⎧⎨
⎩ẋ1(t) = f1(x1, t) +G1(x1, t)u1(t),

y1(t) = C1x1(t),
(4)

:

f1(x1, t) = 03×1, u1(t) = [p q r ]T,

G1(x1, t) =

⎡
⎢⎣ 1 sinφ tan θ cosφ tan θ

0 cosφ sinφ

0 sinφ/cos θ cosφ/cos θ

⎤
⎥⎦ ,

C1 =

⎡
⎢⎣ 1

1

1

⎤
⎥⎦ .

(2) ,

:⎧⎨
⎩ẋ2(t) = A2x2(t)+B2 (ωv2(t)+f2(t, x2)),

y2(t) = C2x2(t),
(5)

:

A2 = 03×3, B2 =

⎡
⎢⎣c3 0 c4
0 c7 0

c4 0 c9

⎤
⎥⎦ ,

C2 =

⎡
⎢⎣1 1

1

⎤
⎥⎦ , f2(t, x2) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c4gr − c9gp
c24 − c3c9

gq
c7

c4gp − c3gr
c24 − c3c9

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

gp = c1rq + c2pq + c3ΔL+ c3Ld+

c4ΔN + c4Nd,

gq = c5pr − c6p
2 + c6r

2 + c7ΔM + c7Md,

gr = c8pq − c2rq + c4ΔL+ c4Ld+

c9ΔN + c9Nd,

ω ; v2(t) ,
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u2(t) = [δa, δe, δr]
T (6)

. (6) , Q ; S ;

b ; c ; δa, δe, δr
; Clδa , Clδr , Cmδa , Cnδa ,

Cnδr ,

, .

v2(t) =

⎡
⎢⎣ Lc

Mc

Nc

⎤
⎥⎦+

⎡
⎢⎣ L̂

M̂

N̂

⎤
⎥⎦ =

QS

⎡
⎢⎣ bClδa 0 bClδr

0 cCmδe 0

bCnδa 0 bCnδr

⎤
⎥⎦u2(t) +

⎡
⎢⎣ L̂

M̂

N̂

⎤
⎥⎦ . (6)

,

,

, .

3 (Controller design)
3.1 (Overall design of controller)

,

, ; L1

, ,

. 1 .

1

Fig. 1 Overall structure of controller

1 : x1c = [φc θc ψc]
T ; u1 =

x2c = [pc qc rc]
T ,

.

3.2 (Dynamic inversion

controller design of outer loop)
x1c,

x̃1 = x1c − x1,

u1 = x2c = G−1
1 (K1x̃1 − f1) , (7)

:

G−1
1 =

⎡
⎢⎣1 0 − cos θ tan θ

0 cosφ cos θ sinφ

0 − sinφ cos θ cosφ

⎤
⎥⎦ , (8)

K1 ∈ R
3×3 ,

, ,

: ;

, 3 .

3.3 L1 (Nonlin-

ear L1 adaptive controller design of inner loop)
L1

v2 = v2m + v2ad, (9)

: v2m ,

; v2ad ,

. K2m

∈ R
3×3,

v2m = −K2mx2. (10)

(10) (9), (9) (5) 1

ẋ2(t) = A2mx2(t) +B2 (ωv2ad(t) + f2(t, x2)) ,

(11)

A2m = A2−B2K2m. K2m , A2m

Hurwitz .

(11) , :

1 ω ,

ω ∈ Ω ⊂ R
3×3, (12)

: ω , ;

Ω .

2 f2(t, 0) , Λ > 0

‖f2(t, 0)‖∞ � Λ, ∀t � 0, (13)

‖x‖∞ x ∞ .

3 f2(t, x2) ,

δ > 0, t dfx(δ) > 0

dft(δ) > 0, ‖x2‖∞ � δ, f2(t, x2)

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
‖∂f2(t, x2)

∂x2

‖
∞

� dfx(δ),

‖∂f2(t, x2)

∂t
‖
∞

� dft(δ).

(14)

,

, , .

1 2 3

f(t, x(t)) : [0,∞)× R
n → R

m, x(t) : t�0

. ρ dx

‖xτ‖L∞ � ρ, ‖ẋτ‖L∞ � dx, τ � 0, (15)

λ(t) σ(t), t ∈
[0, τ ]

f(t, x(t)) = λ(t)‖x(t)‖L∞ + σ(t), (16)

‖λ(t)‖∞ < λρ, ‖λ̇(t)‖∞ < dλ,
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‖σ(t)‖∞ < σb, ‖σ̇(t)‖∞ < dσ,

: λ(t)∈R
m, σ(t)∈Rm, ‖x‖L∞ x L∞ ,

λρ
Δ
= dfx(ρ), σb

Δ
= Λ+ ε, ε , dλ dσ

[25].

1, v2ad,
[26].

1)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

˙̂x2(t) = A2mx̂2(t) +B2 (ω̂(t)v2ad(t)+

λ̂(t)‖x2(t)‖∞ + σ̂(t)),

ŷ2(t) = C2x̂2(t),

(17)

: ω̂(t) ∈ R
3×3, λ̂(t) ∈ R

3×1, σ̂(t) ∈ R
3×1

, x̂2(0) = x2(0).

2)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

˙̂ω(t) = ΓP(ω̂(t),−(x̃T
2 (t)PB2)

T
vT2ad(t)),

˙̂
λ(t) = ΓP(λ̂(t),−(x̃T

2 (t)PB2)
T‖x2(t)‖∞),

˙̂σ(t) = ΓP(σ̂(t),−(x̃T
2 (t)PB2)

T
),

(18)

: ω̂(0) = ω̂0, λ̂(0) = λ̂0, σ̂(0) = σ̂0; Γ ∈ R
+

; x̃2(t)
Δ
= x̂2(t)− x2(t) ; P =

PT > 0 AT
2mP + PA2m = −Q

, Q = QT > 0; P(·, ·) ,

[27].

3)

v2ad(s) = −KdD(s) (η̂(s)−Kg(s)x2c(s)) , (19)

η̂(s) ∈ R
3×1 :

η̂(t)
Δ
= ω̂(t)v2ad(t) + λ̂(t)‖x2(t)‖∞ + σ̂(t), (20)

Kg(s) ∈ R
3×3 ,

. Kg(s)

, [28].

Kg(s) :

Kg = −(
C2A

−1
2mB2

)−1
, (21)

Kd ∈ R
3×3 ; D(s) ∈ R

3×3

,

:

C(s)
Δ
= ωKdD(s)(I3 + ωKdD(s))

−1
, (22)

C(0) = I3, I3 3× 3 .

, Kd D(s)

, L1 ,

, :

H(s)
Δ
= (sI3 −A2m)

−1
B2, (23)

G(s)
Δ
= H(s) (1− C(s)) . (24)

xin(t) xin(s)
Δ
= (sI3 −A2m)

−1
x20

. ρ0, ‖xin‖∞ � ρin,

ρin
Δ
= ‖s(sI3−A2m)

−1‖L1
ρ0. ,

δ > 0,

L
δ

Δ
=

δ̄(δ)

δ
dfx

(
δ̄(δ)

)
, δ̄(δ)

Δ
= δ + γ̄1, (25)

: dfx(·) 3, γ̄1 .

L1 : ρ0,

ρr > ρin :

‖G(s)‖L1
<

ρr − ‖H(s)C(s)Kg(s)‖L1
‖x2c‖∞ − ρin

Lpr
ρr + Λ

. (26)

(26) L1 , (17)–(19)

v2ad.

(9) (6)

u2 = Q−1S−1

⎡
⎢⎣ bClδa 0 bClδr

0 cCmδe 0

bCnδa 0 bCnδr

⎤
⎥⎦

−1

(v2m + v2ad −

⎡
⎢⎣ L̂

M̂

N̂

⎤
⎥⎦). (27)

v2m v2ad
L1 , 2 .

2 L1

Fig. 2 L1 adaptive controller structure

4 (Stability analysis)
4.1 (Outer loop)

(7) (4) 1

ẋ1 = −K1x1 +K1x1c, x1(0) = x10. (28)

, x1c ≡ 0, (28)

. −K1

, [29] ,

(28) .

4.2 (Inner loop)
1, (11)
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:

ẋ2 = A2mx2(t) +B2(ωv2ad(t) +

λ(t)‖x2(t)‖∞ + σ(t)), (29)

λ(t) σ(t) ,{ ‖λ(t)‖∞ < λb, ‖λ̇(t)‖∞ < dλ,

‖σ(t)‖∞ < σb, ‖σ̇(t)‖∞ < dσ, ∀t ∈ [0, τ ].
(30)

(17) 1 (29)

˙̃x2(t) = A2mx̃2(t) +B2(ω̃(t)v2ad(t) +

λ̃(t)‖x2(t)‖∞ + σ̃(t)), (31)

: ω̃(t) = ω̂(t)− ω, λ̃(t) = λ̂(t)− λ(t), σ̃(t) =

σ̂(t)− σ(t).

V (x̃2(t), ω̃(t), λ̃(t), σ̃(t), t) =

x̃T
2 (t)Px̃2(t) +

1

Γ
(tr(ω̃T(t)ω̃(t))+

λ̃T(t)λ̃(t) + σ̃T(t)σ̃(t)), (32)

tr(·) .

t

V̇ (t) = ˙̃xT
2 Px̃2 + x̃T

2 P ˙̃x2 +

2

Γ
(tr(ω̃T ˙̃ω) + λ̃T ˙̃

λ+ σ̃T ˙̃σ). (33)

(31) (33)

V̇ (t) =

x̃T
2

(
AT

2mP+PA2m

)
x̃2+

2vT2adω̃
T(x̃T

2 PB2)
T+2λ̃T(x̃T

2 PB2)
T‖x2‖∞+

2σ̃T(x̃T
2 PB2)

T+
2

Γ
(tr(ω̃T ˙̂ω)+λ̃T ˙̂

λ+σ̃T ˙̂σ)−
2

Γ
(tr(ω̃Tω̇)+λ̃Tλ̇+σ̃Tσ̇). (34)

(18) (34), [30],

V̇ (t)=− x̃T
2Qx̃2 − 2

Γ
(tr(ω̃Tω̇) + λ̃Tλ̇+ σ̃Tσ̇)+

2tr(ω̃T(x̃T
2 PB2)

T
vT2ad)+

2λ̃T(x̃T
2 PB2)

T‖x2‖∞+

2tr(ω̃TP(ω̂,−(x̃T
2 PB2)

T
vT2ad))+

2λ̃TP(λ̂,−(x̃T
2 PB2)

T‖x2‖∞)+

2σ̃T((x̃T
2 PB2)

T
+P(σ̂,−(x̃T

2 PB2)
T
)). (35)

[27] :

ω̃T(x̃T
2 PB2)

TvT2ad+

ω̃TP(ω̂,−(x̃T
2 PB2)

T
vT2ad) � 0,

λ̃T(x̃T
2 PB2)

T‖x2‖∞+

λ̃TP(λ̂,−(x̃T
2 PB2)

T‖x2‖∞) � 0,

σ̃T((x̃T
2 PB2)

T
+ P(σ̂,−(x̃T

2 PB2)
T
)) � 0.

(35) :

V̇ (t) �− x̃T
2Qx̃2− 2

Γ
(tr(ω̃Tω̇)+λ̃Tλ̇+σ̃Tσ̇) �

− x̃T
2Qx̃2+

2

Γ
(|tr(ω̃Tω̇)|+|λ̃Tλ̇|+|σ̃Tσ̇|).

ω , ω̇ = 03×3.

(30) λ(t) σ(t) ,

V̇ (t) � −x̃T
2Qx̃2 +

4

Γ
(λbdλ + σbdσ) . (36)

ω̂(t) ∈ Ω, ‖λ̂(t)‖∞ < λb,

‖σ̂(t)‖∞ < σb, (32)

tr(ω̃Tω̃) + λ̃Tλ̃+ σ̃Tσ̃ �
4( max

ω(t)∈Ω
tr(ωTω) + λ2

b + σ2
b). (37)

x̂2(0) = x2(0) (37)

V (0) � 4

Γ
( max
ω(t)∈Ω

tr(ωTω) + λ2
b + σ2

b). (38)

V (t) >
λm(ρr)

Γ
, (39)

λm(ρr)

λm(ρr)
Δ
= 4( max

ω(t)∈Ω
tr(ωTω) + λ2

b + σ2
b)+

4
λ̄max(P )

λ̄min(Q)
(λbdλ + σbdσ),

: λ̄max(P ) P , λ̄min(Q)

Q .

(37) (39) (32)

x̃T
2 Px̃2 = V (t)− 1

Γ
(tr(ω̃Tω̃) + λ̃Tλ̃+ σ̃Tσ̃) >

4

Γ

λ̄max(P )

λ̄min(Q)
(λbdλ + σbdσ) . (40)

x̃T
2Qx̃2 � λ̄min(Q)

λ̄max(P )
x̃T
2 Px̃2 >

4

Γ
(λbdλ + σbdσ). (41)

(41) (36)

V̇ (t) < 0, (42)

V (t) � V (0) �
4

Γ
( max
ω(t)∈Ω

tr(ωTω) + λ2
b + σ2

b ) �
λm(ρr)

Γ
. (43)
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(39) ,

V (t) � λm(ρr)

Γ
. (44)

V (t) � x̃T
2 Px̃2 � λ̄min(P ) ‖x̃2‖22 .

‖x̃2‖∞�‖x̃2‖2�
√

V (t)

λ̄min(P )
�
√

λm(ρr)

λ̄min(P )Γ
.

(45)

, L1

, Γ

x̃2. Γ , Γ

.

5 (Simulation)
L1

, ,

, L1

( 1)

( 2)

.

5.1 (Nominal case)
,

. 40 rad/s,

[−30, 30]◦, [−400, 400] (◦)/s;

: h = 2000 m, V = 69.05 m/s, θ =

α = 2.66◦, β = 0◦; 200 Hz.

L1

K1 =

⎡
⎢⎣2 2

2

⎤
⎥⎦ , K2m =

⎡
⎢⎣ 56 0 0.32

0 85 0

0.32 0 33

⎤
⎥⎦ ,

Kd =

⎡
⎢⎣40 0 0

0 15 0

0 0 20

⎤
⎥⎦ , D(s) =

⎡
⎢⎣1/s 0 0

0 1/s 0

0 0 1/s

⎤
⎥⎦ ,

Q =

⎡
⎢⎣1 1

1

⎤
⎥⎦ , P =

⎡
⎢⎣0.16 0.16

0.16

⎤
⎥⎦ ,

x̂2(0) = [0 0 0]T, Γ = 5× 106.

Kout =

⎡
⎢⎣3 3

3

⎤
⎥⎦ , Kin =

⎡
⎢⎣12 12

12

⎤
⎥⎦ .

3–5 .

; 1 2

. , 2

, ,

, ,

. 1

, ,

.

3

Fig. 3 Roll angle responses in nominal case

4

Fig. 4 Pitch angle responses in nominal case

5

Fig. 5 Yaw angle responses in nominal case

5.2 (Uncertainty case)
,

, 1 2 ,

1 .

,

.
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, ,

, .

,

6–8 .

1

Table 1 The type and range of uncertainties

0.5◦

0.5◦

10 ms

[−1◦, 1◦]
[−0.2, 0.2] (◦)·s−1

: [−0.5◦, 0.5◦] (α < 30◦), [−1◦, 1◦] (α � 30◦); : 2◦

: [−0.5◦, 0.5◦] (β < 30◦), [−1◦, 1◦] (β � 30◦); :1.5◦

[−50, 50] Pa

−40%

−20%

, 6 10 m/s,

6 10 m/s, 533.4 m,

3 , 5 s, [3.5 3.0 3.0]T m/s,

[120 120 80]T m

6–8 , ;

1 2 .

, ,

2 ,

, ;

1 , , .

, 2

, , ; 1

,

, 1

.

1 ,

1 100

, .

6

Fig. 6 Roll angle responses with measurement errors of attack

angle and sideslip angle

7

Fig. 7 Pitch angle responses with measurement errors of attack

angle and sideslip angle

8

Fig. 8 Yaw angle responses with measurement errors of attack

angle and sideslip angle

6 (Conclusions)
L1

, . ,
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L1 ,

, .

, .

, ,

.
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